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Abstract : Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let T': K — E be a nonself mapping. In this paper,we
establish the weak and strong convergence of a sequence of a modified Ishikawa
iterative process of a nonself I-asymptotically quasi-nonexpansive mapping in a
Banach space. The results obtained in this paper extend and improve the results
in the existing lituratures.
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1 Introduction

Let E be a normed linear space, K be a nonempty, convex subset of F, and T’
be a self map of K. Three most popular iteration procedures for obtaining fixed
points of T, if they exist, are Mann iteration [1], defined by

up € Kjupr = (1 —ap)up + agTun,n>1 (1.1)
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Ishikawa iteration [2], defined by

21 € K, zn1 = (11— an)zn + anTyn,
Yo = (1=Bn)zn+BuT2pn>1 (1.2)

Noor iteration [3], defined by

v € K,voprr = (11— an)vn + anTwy,
Wp = (1 - 671)1)71 + ﬁnTtna
tn, = (1 —7v)vn+v%Tvn,n>1 (1.3)

for certain choices of {a,}, {6.} and {y,} C [0,1].
The multi-step iteration [4], arbitrary fixed order p > 2, defined by

Tny1 = (1—an)zy +anTy,,
y:l = (1—5@)xn+ﬂ;Ty;+l,i:1,2,...,p—2
yot = (=B, 4 B Ty, (1.4)

where, for all n € N,

{an} € (0,1), lim a, =0, Z Q= 00.

n=1

and for allm € N,
{8} c[0,1),1<i<p—1, lim B =0.

Taking p = 3 in (1.4) we obtain iteration (1.3). Taking p = 2 in (1.4) we obtain
iteration (1.2).

Let K be a subset of normed linear space E and T be a self-mapping of K.
Then T is called nonexpansive on K if

[Te =Tyl < [l -yl (1.5)

for all z,y € K. Let F(T) := {zx € K : Tx = x} denotes the set of fixed points of
a mapping 7T

The concept of a quasi-nonexpansive mapping was initiated by Tricomi in 1941
for real functions. Diaz and Metcalf [5] and Dotson [6] studied quasi-nonexpansive
mappings in Banach spaces. Recently, this concept was given by Kirk [7] in metric
spaces which we adapt to a normed space as follows:

T is called a quasi-nonexpansive mapping provided that

[Tz — pl| < [l — pll (1.6)

for all x € K and p € F(T).
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T is called asymptotically quasi-nonexpansive if {\,} C [0, 00) with lim, oo A,
= 0 such that

[Tz —p|l < (1+ M)z —p (1.7)

forall z € K and pe F(T) and n > 1.
Let K be a subset of normed linear space E, T and I be self-mappings on K.
Then T is called I-nonexpansive on K if

[Tz —Ty| < |1z — Iy (1.8)
for all 2,y € K[8]. T is called I-quasi-nonexpansive on K if
[Tz — p|| < Iz — p| (1.9)

forallz € K and p € F(T)N F(I).
T is called I-asymptotically nonexpansive on K if there exists a sequence
{A\,} € [0, 00) with lim,,_. Aj, = 0 such that

T2 = Tyl < (14 X" — Iy (1.10)

forall z,y € Kandn=1,2,....
T is called I-asymptotically quasi-nonexpansive on K if there exists a sequence
{un} C [0, 00) with lim, . u, = 0 such that

IT"z = pll < (1 +un) [ 1"z — pl| (1.11)
foralz e K,pe F=F(T)NF(I)andn=1,2,....

Remark 1.1. There are many results of fized points on nonexpansive and quasi-
nonezxpansive mappings in Banach spaces and metric spaces. For erxample, the
strong and weak convergence of the sequence of certain iterates to a fixed point of
quasi- nonexpansive maps was studied by Petryshyn and Williamson [9]. Their
analysis was related to the convergence of Mann iterates studied by Dotson [6].
Subsequently, the convergence of Ishikawa iterates of quasi-nonexpansive mappings
in Banach spaces was discussed by Ghosh and Debnath [10]. In [11], the weakly
convergence theorem for I-asymptotically quasi-nonexpansive mapping defined in
Hilbert space was proved. In [12], convergence theorems of iterative schemes for
nonexpansive mappings have been presented and generalized.

In [13], Rhoades and Temir considered T" and I self-mappings of K, where T is
an I-nonexpansive mapping and K a nonempty closed convex subset of a uniformly
convex Banach space. They established the weak convergence of the sequence of
Mann iterates to a common fixed point of 7' and I. However, if the domain K
of T is a proper subset of £ and T maps K into F then, the iteration formula
(1.1) may fail to be well defined. One method that has been used to overcome
this in the case of single operator T is to introduce a retraction P : E — K in the
recursion formula (1.1) as follows: u; € K,

Unr1 = (1 —ap)uy + anPTuy,,n > 1.
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In [14], Kiziltunc and Ozdemir considered T' and I nonself-mappings of K,
where T' is an I-nonexpansive mapping. They established the weak convergence
of the sequence of modified Ishikawa iterates to a common fixed point of T" and I.
In [15], Kiziltunc and Yildirim considered T' and I nonself-mappings of K, where
T is an I-nonexpansive mapping. They established the weak convergence of the
sequence of modified multi-step iterative scheme {z,} defined by, arbitrary fixed
order p > 2

Tnp1 = P((1—an)z, +a,Tyl),
v = PO~ B)wn B TY ) =12, p 2
vt = PO B B T, (1.12)

where, for all n € N,

{a,} € (0,1), lim a,, =0, Z Q= 00,

n=1

and for alln € N,
{Bi} Cl0,1),1<i<p—1, lim B =0.

Remark 1.2. Clearly, if T is a self-map, then (1.12) reduces to an iterative
scheme (1.4).

In [16], Nantadilok considered T" and I nonself-mappings of K, where T is
an I-quasi-nonexpansive mapping, and established the weak convergence of the
sequence of modified multi-step iterative scheme {z;,,} defined by (1.12).

2 Preliminaries

Let E be a real Banach space. A subset K of E is said to be a retract of E
if there exists a continuous map P : E — K such that Px = x foallz € K. A
map P : E — E is said to be retraction if P2 = P. It follows that if a map P
is a retraction, then Py = y for all y in the range of P. Recall that a Banach
space FE is said to satisfy Opial’s condition [17] if, for each sequence {z,} in E,
the condition z,, — x implies that

liminf ||z, — z|| < liminf ||z, — y|| (2.1)
for all y € F with y # =.

Define the Ishikawa iterative process for nonself I-asymptotically quasi-nonexpansive
mappings in uniformly convex Banach space E as follows

Tpyr = P((1—an)rn +anl™yn),

for all n € N,where 0 < ay,, 3, < 1.
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Remark 2.1. Clearly, if T is a self-map, then (2.2) reduces to a modified Ishikawa
iterative scheme.

Lemma 2.2 ([18]). Let {an},{bn} and {o,} be sequences of nonnegative real
numbers satisfying the following inequality

an+1 < (1 + op)an + by, Vn > 1.
If > by <ooand )., o, <o, then
(i) im,, o a,, exists.
(it) lim,— o0 an, = 0, if {an} has a subsequence converging to zero.

Lemma 2.3. Let E be a uniformly convexr Banach space, K be a nonempty closed
conver subset of E. Let T, I be nonself mappings of K with P a nonexpansive
retraction, where T is a nonself I-asymptotically quasi-nonexpansive mapping with
{un} C [0,00) such that > 7 u, < oo and I is a nonself asymptotically quasi-
nonezpansive mapping of K with {v,} C [0,00) such that Y, | v, < cc. Let {z,,}
be the sequence defined by (2.2) with F = F(T)NF(I) # ¢. Then limy, oo ||xn —p|
exists for any fized point p of T and I.

Proof. For any p € F(T)NT(I).

s =pll = 1P = an)n +anl"yn) = PO)]
< H(l - an)xn +anl"yn —p||
< (1= an)ll@n = pll+ anll "y = pl
< (1 =ap)||lzn = pll + an(1 4 va)|lyn — 2| (2.3)
and
lym =l = I1P((L= Bu)on + BuT"wa) — P(p)]
< (1= Ba)llwn = pll+ Bull T2 = p
< (U= B)llen = pll+ B [ (1 + ua) 110 = ]
< (1= Ba)llen = pll + B [ (1 + ua) (1 + 0w — ol

(1 + Bntn + Buvn + Brtinvy) |zn — pl| (2.4)
From (2.3) and (2.4), we get

|Znt1 — ol < [1 + anBn(Uun + vn) + 200, Brtunv, + apvy
+ v + Bt | | = pl (2.5)

We can rewrite (2.5) as follows

lznt1 —pll < (1 +v)l2n = pll + ¥n,
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where

Vi = B (Un + V) + 200 Bntinn + QnUn + 0 B + anBptin vy
with 37 | v, < o0, and ¢, = 0 with Y | 9, < .
By Lemma(2.2), lim,,—, ||z, — p|| exists for each p € F(T)N F(I). O

Lemma 2.4. Let E be a uniformly convex Banach space, K be a nonempty closed
conver subset of E. Let T, I be nonself mappings of K where T is a nonself
I-asymptotically quasi-nonexpansive mapping, I is a nonself asymptotically quasi-
nonezxpansive mapping of K, with F = F(T)NF(I) # ¢. Then F = F(T)N F(I)
1s closed.

Proof. Let {pi} be a sequence in F' such that p — p as k — oo. Since K is closed
and {px} is a sequence in K, we must have p € K. Since T : K — E is a nonself
I-asymptotically quasi-nonexpansive mapping, we obtain

I1T"pk —pll < (L+un)|{"pr —pll,
< (14 un)(d +vn)llpe = pll, (2.6)

forallp, € K,pe F=F(T)NF(I) and n > 1.
Taking lim both sides of (2.6), we get

lim | T"pr —pl| <0,n>1
k—oo

which implies that
klim IT"pr — p|| =0,n > 1.

Therefore, we get ||T"p — p|| = 0. In particular, we have ||Tp — p|| = 0. Thus
p € F=F(T)NF(I). This completes our proof. O

In this paper, we consider 7" and I nonself mappings of K, where T" a non-
self I-asymptotically quasi-nonexpansive mapping, more general class of mappings
than those mentioned in the existing literatures. We established weak and strong
convergence theorem of sequence of modified Ishikawa iterative scheme {z,} de-
fined by (2.2) for nonself I-asymptotically quasi-nonexpansive mapping 7', where
I a nonself asymptotically quasi-nonexpansive mapping.

3 Main Results

Theorem 3.1. Let K be a closed convex bounded subset of uniformly conver Ba-
nach space E, which satisfies Opial’s condition, and let T',I be nonself mappings
of K with T an I-asymptotically quasi-nonexpansive mapping, I a nonself asymp-
totically quasi-nonexpansive mapping on K. Then, for xqg € K, the sequence

{zn} of modified Ishikawa iterates converges weakly to a common fized point p of
F(T)NnF(I).
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Proof. Let p € F(T)NF(I). Then, as in Lemma 2.3, it follows that lim,, . ||, —
pl|| exists and so for n > 1, the sequence {z,} is bounded on K. Then by the
reflexibility of E and the boundedness of {x,,}, there exists a subsequence {z,, }
of {x,} such that z,, — p weakly. If p € F(T)NF(I) is nonempty and a singleton,
then the proof is complete.We will assume that F(T) N F(I) is not a singleton.
We show that {z,,} converges weakly to a common fixed point of T and I. Let
{2, } and {z,,} be two subsequences of {z,} which coverge weakly to p and ¢,
respectively. We show that p = ¢q. Suppose that F satisfies Opial’s condition and
that p # ¢ belong to weak limit set of the sequence {z,}. Then z,, — p and
Tn; — q respectively. Since lim, .o ||z, — p|| exists for any p € F(T) N F(I), by
Opial’s condition, we conclude that

lim ||z, —p| = lm [z, —p|
n— 00 k—oo
< lim ”xnk - QH
k—o0
= lim [lz,; — 4|
j—o0
< lim [z, —pl|
j—oo
= lim [lon — pll
n—oo
This is a contradiction. Thus {z,} converges weakly to a common fixed point
of F(T) N F(I). O

Theorem 3.2. Let E be a real Banach space, and let K be a nonempty closed con-
ver nonexrpansive retract of E with P a nonexpansive retraction. Let T : K — E
be a nonself I-asymptotically quasi-nonexpansive mapping with {u,} C [0,00) such
that > 7 u, < 00 and I a nonself asymptotically quasi-nonexpansive mapping of
K with {v,} C [0,00) such that > ", v, < co. Let {z,} be the sequence defined
by (2.2) with F = F(T)NF(I) # ¢. Then {x,} converges strongly to a common
fixed point of T and I if and only if
liminf d(z,, F) =0,

where d(zy, F) = inf{|lz —p|| : p € F = F(T)N F(I)}.

Proof. The neccesity is obvious, so it is omitted. We now prove the sufficiency.
Let p € F = F(T)N F(I). Furthermore, from Lemma 2.3, we obtain

[#ne1 =2l < (L+7)llen —pll (3.1)
where
Yn = Cnfn (un + 'Un) + 200 BnUunVn + QqUn + O‘nﬁnvi + o‘nﬁnunvi

with 3% v, < o0, and ), =0 with Y > | ¢, < c0.
By Lemma 2.2, lim,, o ||z, — pl| exists for each p € F(T) N F(I).
By (3.1), we get

d(@nt1, F)l < (1 +ym)d(@n, F).
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Then, by Lemma2.2, lim,,_, o d(z,, F) exists.

Next, we show that {z,} is a Cauchy sequence in E. In fact, > >~ 7, < 00,
and 1+ x < e?, for all z > 0. From (3.1), for m,n > 1 and p € F(T)N F(I), we
have
(L 4+ Yntm—Dl|Tntm-1 — pll
(1 + '7n+m—1)(1 + ’7n+m—2)|‘xn+m—2 - pH
(L 4+ Yntm—1) (1 + Yntm—2)[Tn+m—2 — p||
exp(Ynt+m—1 + Yntm—2) | Tntm—2 — pl|

[Zntm = pll

VAN VAN VAN VAN

IN

' n+m—1
eXP( > %-) [ — pll

=n

IN

M|y — pl] (3.2)

where M = exp(>_5o,, Vi) < 0.
The assumption liminf,, . d(x,, F) = 0 implies that there exists a subse-
quence {d(x,, ,F)} converging to zero. Therefore, by Lemma 2.1, we get
lim d(z,,F)=0
Let € > 0, there exists a postive number n, such that for all n > n,, d(z,, F) <
55 and from this inequality, there exists p, € F = F(T) N F(I) such that

IM
|0, — poll < 557- Hence, for all n > ng and m > 1, and from (3.2) we have

Hanrm - In” < Hanrm _poH + ”In _pOH
< M||zp, = poll + M||zn, — poll
< 2M||zn, = poll
€
< 2M— =ce.
= oM~ €

This means that {z,} is a Cauchy sequence in E. Since F is a Banach space which
is complete, implies that {z,} is convergent. Assume that z, — p € E. Since
K is closed and {x,} is a sequence in K converging to p, we have that p € K.
Therefore, by Lemma 2.3, F = F(T) N F(I) is closed. Now lim,,_,c d(zp, F) =0
and x,, — p as n — 00, the continuity of d(z, F') implies that d(p, F) = 0. Then
p € F. This completes our proof. O
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