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Abstract : Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let T : K → E be a nonself mapping. In this paper,we
establish the weak and strong convergence of a sequence of a modified Ishikawa
iterative process of a nonself I-asymptotically quasi-nonexpansive mapping in a
Banach space. The results obtained in this paper extend and improve the results
in the existing lituratures.
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1 Introduction

Let E be a normed linear space, K be a nonempty, convex subset of E, and T
be a self map of K. Three most popular iteration procedures for obtaining fixed
points of T , if they exist, are Mann iteration [1], defined by

u1 ∈ K,un+1 = (1 − αn)un + αnTun, n ≥ 1 (1.1)
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Ishikawa iteration [2], defined by

z1 ∈ K, zn+1 = (1 − αn)zn + αnTyn,

yn = (1 − βn)zn + βnTzn, n ≥ 1 (1.2)

Noor iteration [3], defined by

v1 ∈ K, vn+1 = (1 − αn)vn + αnTwn,

wn = (1 − βn)vn + βnT tn,

tn = (1 − γn)vn + γnTvn, n ≥ 1 (1.3)

for certain choices of {αn}, {βn} and {γn} ⊂ [0, 1].
The multi-step iteration [4], arbitrary fixed order p ≥ 2, defined by

xn+1 = (1 − αn)xn + αnTy
1
n,

yi
n = (1 − βi

n)xn + βi
nTy

i+1
n , i = 1, 2, . . . , p− 2

yp−1
n = (1 − βp−1

n xn + βp−1
n Txn. (1.4)

where, for all n ∈ N ,

{αn} ⊂ (0, 1), lim
n→∞

αn = 0,
∞
∑

n=1

αn = ∞.

and for all n ∈ N ,

{βi
n} ⊂ [0, 1), 1 ≤ i ≤ p− 1, lim

n→∞

βi
n = 0.

Taking p = 3 in (1.4) we obtain iteration (1.3). Taking p = 2 in (1.4) we obtain
iteration (1.2).

Let K be a subset of normed linear space E and T be a self-mapping of K.
Then T is called nonexpansive on K if

‖Tx− Ty‖ ≤ ‖x− y‖ (1.5)

for all x, y ∈ K. Let F (T ) := {x ∈ K : Tx = x} denotes the set of fixed points of
a mapping T .

The concept of a quasi-nonexpansive mapping was initiated by Tricomi in 1941
for real functions. Diaz and Metcalf [5] and Dotson [6] studied quasi-nonexpansive
mappings in Banach spaces. Recently, this concept was given by Kirk [7] in metric
spaces which we adapt to a normed space as follows:

T is called a quasi-nonexpansive mapping provided that

‖Tx− p‖ ≤ ‖x− p‖ (1.6)

for all x ∈ K and p ∈ F (T ).
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T is called asymptotically quasi-nonexpansive if {λn} ⊂ [0,∞) with limn→∞ λn

= 0 such that

‖T nx− p‖ ≤ (1 + λn)‖x− p‖ (1.7)

for all x ∈ K and p ∈ F (T ) and n ≥ 1.
Let K be a subset of normed linear space E, T and I be self-mappings on K.

Then T is called I-nonexpansive on K if

‖Tx− Ty‖ ≤ ‖Ix− Iy‖ (1.8)

for all x, y ∈ K[8]. T is called I-quasi-nonexpansive on K if

‖Tx− p‖ ≤ ‖Ix− p‖ (1.9)

for all x ∈ K and p ∈ F (T ) ∩ F (I).
T is called I-asymptotically nonexpansive on K if there exists a sequence

{λ′n} ⊂ [0,∞) with limn→∞ λ′n = 0 such that

‖T nx− T ny‖ ≤ (1 + λ′n)‖Inx− Iny‖ (1.10)

for all x, y ∈ K and n = 1, 2, ....
T is called I-asymptotically quasi-nonexpansive on K if there exists a sequence

{un} ⊂ [0,∞) with limn→∞ un = 0 such that

‖T nx− p‖ ≤ (1 + un)‖Inx− p‖ (1.11)

for all x ∈ K, p ∈ F = F (T ) ∩ F (I) and n = 1, 2, ....

Remark 1.1. There are many results of fixed points on nonexpansive and quasi-
nonexpansive mappings in Banach spaces and metric spaces. For example, the
strong and weak convergence of the sequence of certain iterates to a fixed point of
quasi- nonexpansive maps was studied by Petryshyn and Williamson [9]. Their
analysis was related to the convergence of Mann iterates studied by Dotson [6].
Subsequently, the convergence of Ishikawa iterates of quasi-nonexpansive mappings
in Banach spaces was discussed by Ghosh and Debnath [10]. In [11], the weakly
convergence theorem for I-asymptotically quasi-nonexpansive mapping defined in
Hilbert space was proved. In [12], convergence theorems of iterative schemes for
nonexpansive mappings have been presented and generalized.

In [13], Rhoades and Temir considered T and I self-mappings of K, where T is
an I-nonexpansive mapping andK a nonempty closed convex subset of a uniformly
convex Banach space. They established the weak convergence of the sequence of
Mann iterates to a common fixed point of T and I. However, if the domain K

of T is a proper subset of E and T maps K into E then, the iteration formula
(1.1) may fail to be well defined. One method that has been used to overcome
this in the case of single operator T is to introduce a retraction P : E → K in the
recursion formula (1.1) as follows: u1 ∈ K,

un+1 = (1 − αn)un + αnPTun, n ≥ 1.
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In [14], Kiziltunc and Ozdemir considered T and I nonself-mappings of K,
where T is an I-nonexpansive mapping. They established the weak convergence
of the sequence of modified Ishikawa iterates to a common fixed point of T and I.
In [15], Kiziltunc and Yildirim considered T and I nonself-mappings of K, where
T is an I-nonexpansive mapping. They established the weak convergence of the
sequence of modified multi-step iterative scheme {xn} defined by, arbitrary fixed
order p ≥ 2

xn+1 = P ((1 − αn)xn + αnTy
1
n),

yi
n = P ((1 − βi

n)xn + βi
nTy

i+1
n ), i = 1, 2, . . . , p− 2

yp−1
n = P ((1 − βp−1

n )xn + βp−1
n Txn). (1.12)

where, for all n ∈ N ,

{αn} ⊂ (0, 1), lim
n→∞

αn = 0,

∞
∑

n=1

αn = ∞,

and for all n ∈ N ,

{βi
n} ⊂ [0, 1), 1 ≤ i ≤ p− 1, lim

n→∞

βi
n = 0.

Remark 1.2. Clearly, if T is a self-map, then (1.12) reduces to an iterative
scheme (1.4).

In [16], Nantadilok considered T and I nonself-mappings of K, where T is
an I-quasi-nonexpansive mapping, and established the weak convergence of the
sequence of modified multi-step iterative scheme {xn} defined by (1.12).

2 Preliminaries

Let E be a real Banach space. A subset K of E is said to be a retract of E
if there exists a continuous map P : E → K such that Px = x fo all x ∈ K. A
map P : E → E is said to be retraction if P 2 = P . It follows that if a map P

is a retraction, then Py = y for all y in the range of P . Recall that a Banach
space E is said to satisfy Opial’s condition [17] if, for each sequence {xn} in E,
the condition xn ⇀ x implies that

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖ (2.1)

for all y ∈ E with y 6= x.
Define the Ishikawa iterative process for nonself I-asymptotically quasi-nonexpansive

mappings in uniformly convex Banach space E as follows

xn+1 = P ((1 − αn)xn + αnI
nyn),

yn = P ((1 − βn)xn + βnT
nxn), (2.2)

for all n ∈ N ,where 0 ≤ αn, βn ≤ 1.
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Remark 2.1. Clearly, if T is a self-map, then (2.2) reduces to a modified Ishikawa
iterative scheme.

Lemma 2.2 ([18]). Let {an}, {bn} and {σn} be sequences of nonnegative real
numbers satisfying the following inequality

an+1 ≤ (1 + σn)an + bn, ∀n ≥ 1.

If
∑

∞

n=1
bn <∞ and

∑

∞

n=1
σn <∞ , then

(i) limn→∞ an exists.

(ii) limn→∞ an = 0, if {an} has a subsequence converging to zero.

Lemma 2.3. Let E be a uniformly convex Banach space, K be a nonempty closed
convex subset of E. Let T, I be nonself mappings of K with P a nonexpansive
retraction, where T is a nonself I-asymptotically quasi-nonexpansive mapping with
{un} ⊂ [0,∞) such that

∑

∞

n=1
un < ∞ and I is a nonself asymptotically quasi-

nonexpansive mapping of K with {vn} ⊂ [0,∞) such that
∑

∞

n=1
vn <∞. Let {xn}

be the sequence defined by (2.2) with F = F (T )∩F (I) 6= φ. Then limn→∞ ‖xn−p‖
exists for any fixed point p of T and I.

Proof. For any p ∈ F (T ) ∩ T (I).

‖xn+1 − p‖ = ‖P ((1 − αn)xn + αnI
nyn) − P (p)‖

≤ ‖(1 − αn)xn + αnI
nyn − p‖

≤ (1 − αn)‖xn − p‖ + αn‖I
nyn − p‖

≤ (1 − αn)‖xn − p‖ + αn(1 + vn)‖yn − p‖ (2.3)

and

‖yn − p‖ = ‖P ((1 − βn)xn + βnT
nxn) − P (p)‖

≤ ‖(1 − βn)xn + βnT
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn‖T
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn

[

(1 + un)‖Inxn − p‖
]

≤ (1 − βn)‖xn − p‖ + βn

[

(1 + un)(1 + vn)‖xn − p‖
]

=
(

1 + βnun + βnvn + βnunvn

)

‖xn − p‖ (2.4)

From (2.3) and (2.4), we get

‖xn+1 − p‖ ≤
[

1 + αnβn(un + vn) + 2αnβnunvn + αnvn

+αnβnv
2
n + αnβnunv

2
n

]

‖xn − p‖ (2.5)

We can rewrite (2.5) as follows

‖xn+1 − p‖ ≤ (1 + γn)‖xn − p‖ + ψn,
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where

γn = αnβn(un + vn) + 2αnβnunvn + αnvn + αnβnv
2
n + αnβnunv

2
n

with
∑

∞

n=1
γn <∞, and ψn = 0 with

∑

∞

n=1
ψn <∞.

By Lemma(2.2), limn→∞ ‖xn − p‖ exists for each p ∈ F (T ) ∩ F (I).

Lemma 2.4. Let E be a uniformly convex Banach space, K be a nonempty closed
convex subset of E. Let T, I be nonself mappings of K where T is a nonself
I-asymptotically quasi-nonexpansive mapping, I is a nonself asymptotically quasi-
nonexpansive mapping of K, with F = F (T ) ∩ F (I) 6= φ. Then F = F (T ) ∩ F (I)
is closed.

Proof. Let {pk} be a sequence in F such that pk → p as k → ∞. Since K is closed
and {pk} is a sequence in K, we must have p ∈ K. Since T : K → E is a nonself
I-asymptotically quasi-nonexpansive mapping, we obtain

‖T npk − p‖ ≤ (1 + un)‖Inpk − p‖,

≤ (1 + un)(1 + vn)‖pk − p‖, (2.6)

for all pk ∈ K, p ∈ F = F (T ) ∩ F (I) and n ≥ 1.
Taking lim both sides of (2.6), we get

lim
k→∞

‖T npk − p‖ ≤ 0, n ≥ 1

which implies that

lim
k→∞

‖T npk − p‖ = 0, n ≥ 1.

Therefore, we get ‖T np − p‖ = 0. In particular, we have ‖Tp − p‖ = 0. Thus
p ∈ F = F (T ) ∩ F (I). This completes our proof.

In this paper, we consider T and I nonself mappings of K, where T a non-
self I-asymptotically quasi-nonexpansive mapping, more general class of mappings
than those mentioned in the existing literatures. We established weak and strong
convergence theorem of sequence of modified Ishikawa iterative scheme {xn} de-
fined by (2.2) for nonself I-asymptotically quasi-nonexpansive mapping T , where
I a nonself asymptotically quasi-nonexpansive mapping.

3 Main Results

Theorem 3.1. Let K be a closed convex bounded subset of uniformly convex Ba-
nach space E, which satisfies Opial’s condition, and let T ,I be nonself mappings
of K with T an I-asymptotically quasi-nonexpansive mapping, I a nonself asymp-
totically quasi-nonexpansive mapping on K. Then, for x0 ∈ K, the sequence
{xn} of modified Ishikawa iterates converges weakly to a common fixed point p of
F (T ) ∩ F (I).
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Proof. Let p ∈ F (T )∩F (I). Then, as in Lemma 2.3, it follows that limn→∞ ‖xn−
p‖ exists and so for n ≥ 1, the sequence {xn} is bounded on K. Then by the
reflexibility of E and the boundedness of {xn}, there exists a subsequence {xnk

}
of {xn} such that xnk

⇀ p weakly. If p ∈ F (T )∩F (I) is nonempty and a singleton,
then the proof is complete.We will assume that F (T ) ∩ F (I) is not a singleton.
We show that {xn} converges weakly to a common fixed point of T and I. Let
{xnk

} and {xnj
} be two subsequences of {xn} which coverge weakly to p and q,

respectively. We show that p = q. Suppose that E satisfies Opial’s condition and
that p 6= q belong to weak limit set of the sequence {xn}. Then xnk

⇀ p and
xnj

⇀ q respectively. Since limn→∞ ‖xn − p‖ exists for any p ∈ F (T ) ∩ F (I), by
Opial’s condition, we conclude that

lim
n→∞

‖xn − p‖ = lim
k→∞

‖xnk
− p‖

< lim
k→∞

‖xnk
− q‖

= lim
j→∞

‖xnj
− q‖

< lim
j→∞

‖xnj
− p‖

= lim
n→∞

‖xn − p‖.

This is a contradiction. Thus {xn} converges weakly to a common fixed point
of F (T ) ∩ F (I).

Theorem 3.2. Let E be a real Banach space, and let K be a nonempty closed con-
vex nonexpansive retract of E with P a nonexpansive retraction. Let T : K → E

be a nonself I-asymptotically quasi-nonexpansive mapping with {un} ⊂ [0,∞) such
that

∑

∞

n=1
un <∞ and I a nonself asymptotically quasi-nonexpansive mapping of

K with {vn} ⊂ [0,∞) such that
∑

∞

n=1
vn < ∞. Let {xn} be the sequence defined

by (2.2) with F = F (T ) ∩ F (I) 6= φ. Then {xn} converges strongly to a common
fixed point of T and I if and only if

lim inf
n→∞

d(xn, F ) = 0,

where d(xn, F ) = inf{‖x− p‖ : p ∈ F = F (T ) ∩ F (I)}.

Proof. The neccesity is obvious, so it is omitted. We now prove the sufficiency.
Let p ∈ F = F (T ) ∩ F (I). Furthermore, from Lemma 2.3, we obtain

‖xn+1 − p‖ ≤ (1 + γn)‖xn − p‖ (3.1)

where

γn = αnβn(un + vn) + 2αnβnunvn + αnvn + αnβnv
2
n + αnβnunv

2
n

with
∑

∞

n=1
γn <∞, and ψn = 0 with

∑

∞

n=1
ψn <∞.

By Lemma 2.2, limn→∞ ‖xn − p‖ exists for each p ∈ F (T ) ∩ F (I).
By (3.1), we get

d(xn+1, F )| ≤ (1 + γn)d(xn, F ).
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Then, by Lemma2.2, limn→∞ d(xn, F ) exists.
Next, we show that {xn} is a Cauchy sequence in E. In fact,

∑

∞

n=1
γn < ∞,

and 1 + x ≤ ex, for all x > 0. From (3.1), for m,n ≥ 1 and p ∈ F (T ) ∩ F (I), we
have

‖xn+m − p‖ ≤ (1 + γn+m−1)‖xn+m−1 − p‖

≤ (1 + γn+m−1)(1 + γn+m−2)‖xn+m−2 − p‖

≤ (1 + γn+m−1)(1 + γn+m−2)‖xn+m−2 − p‖

≤ exp(γn+m−1 + γn+m−2)‖xn+m−2 − p‖

...

≤ exp

(

n+m−1
∑

i=n

γi

)

‖xn − p‖

≤ M‖xn − p‖ (3.2)

where M = exp(
∑

∞

i=n γi) <∞.
The assumption lim infn→∞ d(xn, F ) = 0 implies that there exists a subse-

quence {d(xnk
, F )} converging to zero. Therefore, by Lemma 2.1, we get

lim
n→∞

d(xn, F ) = 0

Let ǫ > 0, there exists a postive number no such that for all n ≥ no, d(xn, F ) <
ǫ

2M
and from this inequality, there exists po ∈ F = F (T ) ∩ F (I) such that

‖xno
− po‖ <

ǫ
2M

. Hence, for all n ≥ n0 and m ≥ 1, and from (3.2) we have

‖xn+m − xn‖ ≤ ‖xn+m − po‖ + ‖xn − po‖

≤ M‖xno
− po‖ +M‖xno

− po‖

≤ 2M‖xno
− po‖

≤ 2M
ǫ

2M
= ǫ.

This means that {xn} is a Cauchy sequence in E. Since E is a Banach space which
is complete, implies that {xn} is convergent. Assume that xn → p ∈ E. Since
K is closed and {xn} is a sequence in K converging to p, we have that p ∈ K.
Therefore, by Lemma 2.3, F = F (T ) ∩ F (I) is closed. Now limn→∞ d(xn, F ) = 0
and xn → p as n → ∞, the continuity of d(x, F ) implies that d(p, F ) = 0. Then
p ∈ F . This completes our proof.
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