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1 Introduction

In this paper we study the existence solution to quasilinear impulsive evolution
integrodifferential equation of the form

V' (t) + A(t,v)v(t) f(t,v(t),/o g(t,s,v(s)))ds teJ, t+t;, (1.1)

v(0) = wup, (1.2)
Av(@l) Il(’l}(el)), 1=1,2,...,m, 0<O01<--- <0, <T, (13)

where A(t,v) is the infinitesimal generator of an analytic semigroup in a Banach
space X. Here ug € X; f: J x X x X — X is uniformly bounded and continuous
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in all of its arguments and g : A x X — X is continuous. Here J = [0,7] and
A={(ts):0<s<¢t<T} Let PC([0,T]: X) consist of functions w from [0, 7]
into X, such that v(t) is continuous at ¢t # 6, and left continuous at ¢ = 6;, and
the right limit v(6; ") exists for i = 1,2,3,...,m. Evidently PC([0,T] : X) is a
Banach space with the norm

[vllpc = sup [lo(E)].
te|0,
The problem of existence of solutions of quasilinear evolution equations in Banach

spaces has been studied by many authors [1-9]. Hayden and Massey [10], have
considered analyticity for semilinear equations

du
T + A(t)u = f(t,u).

Pazy [1] considered the following quasilinear equation

u'(t)+ Alt,u)ut) = 0, 0<t<T,
u(0) = o,

and the mild and classical solutions by using fixed point argument. Kato [11]
studied the nonhomogeneous evolution equations. Oka [7] and Oka and Tanaka
[8] discussed the existence of solutions of quasilinear integrodifferential equations
in Banach spaces. An equation of this type occurs in a nonlinear conversation law
with memory

u(t,x) + v(u(t,x)), = /0 b(t — s)v(u(t,x)), ds+ f(t,x), t €[0,T], (1.4)
u(0,z) = ¥(z), xzeR. (1.5)

It is clear that if nonlocal condition (1.2) is introduced to (1.4), then it will also
have better effect than the classical condition u(0,2) = ¥(z). It is interesting to
investigate the existence problem for these of equations in Banach spaces.Recently
Balachandran and Park [4] have studied the existence of solutions of quasilinear
integrodifferential evolution equations by using the Schauder fixed point theorem.

On the other hand, the study of the impulsive differential equations has at-
tracted a great deal of attention. The theory of impulsive differential and inte-
grodifferential equations become an important area of invetigation in recent years.
Many evolution process are characterized by the fact that at certain moments of
time they experience a change of state abruptly. These processes are subject to
short-term perturbations whose duration is negligible in comparison with the dura-
tion of the process. Consequently, it is natural to assume that these perturbations
act instantaneously, that is, in the form of impulses. It is known, for example,
that many biological phenomena involving thresholds, bursting rhythm models
in medicine and biology, optimal control model in economics, pharmacokinetics
and frequency modulated systems, do exhibit impulsive effects. Thus differential
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equations involving impulsive effects appear as a natural description of observed
evolution phenomena of several real world problems. The theory of impulsive dif-
ferential and integrodifferential equations has been studied by several authors [5,
12-15].

2 Preliminaries
Consider the intial value problem

)+ A)z(t) = f(t), 0<s<t<T,
x(s) = v, (2.1)
with the following assumptions:

(E1) The domain D(A(t)) = D of A(t), 0 <t < T is dense in X and independent
of ¢.

(E2) For t € J, the resolvent R(X\; A(t)) = (M — A(t))™! of A(t) exists for all A
with Re A < 0 and there is a constant C' such that

RO A < CJIA +1]7 for ReA <0, t € J.

(E3) There exists constants L and 0 < « < 1 such that

I(A(t) — A(s))A(7)|| < LIt — s|* for t, 5,7 € J.

Theorem 2.1. Under the assumptions (E1) — (E3) there is a unique evolution
system U, (t,s) on 0 < s <t <T, satisfying

(i) Up(t,8)]| < Mg for 0 <s<t<T.

(ii) For 0 < s <t<T,U,(t,s): X — D and t — U,(t,s) is strongly differen-

tiable in X. The derivative &Uv(t, s) € B(X) and it is strongly continuous
on 0 < s <t<T. Moreover,

%Uv(t, s)+ A@)U, (¢, s) =0,

0 _
157Ut 8)l| = AT, 5)|| < Mo(t = 5)~" and
AU (t, s)A™(s)|| < My for 0<s<t<T.

(iii) For every v € D and t € J,U,(t, s)v is differential with respect to s on
0<s<t<Tand

—U,(t,s) = Uy(t,s)A(s)v.
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(iv) Uy(t,s) is strongly continuous for 0 < s <¢ < T and
Uy(t,r) =Uy(t,8)Uy(s,7), r<s<t
U,(t,t) =1.

Note that (E3) and the fact that D is dense in X imply that for every ¢ €
J, —A(t) is the infinitesimal generator of an analytic semigroup. We define the
classical solutions (2.1) as functions z : [s,T] — X which are continuous for s <
t < T, continuously differentiable for s < ¢t <T, z(t) € Dfors <t <T, z(s) =y
and /(t) + A(t)z(t) = f(t) holds for s < t < T. We will call a function z(t) is a
solution of the initial value problem (2.1) if it is a classical solution of this problem.

Theorem 2.2. Let A(t),0 < t < T satisfy the conditions (E1) — (E3) and let
U,(t,s) be the evolution system in Theorem 2.1. If f is Holder continuous on
[0, T] when the initial value problem (2.1) has, for every y € X, a unique solution
x(t) given by

x(t) = Uy(t, 8)y +/ U,(t,7)f(T)dr.

The proofs of the above theorems can be found in [1].

3 Existence Results

In this paper we discuss, the existence of solutions of quasilinear integrodiffer-
ential equations with impulsive condition by using fractional powers of operators
and the Schauder fixed-point theorem. The results generalize the results of [1,
4-6, 15]. Throughout the paper C;’s are positive constants. Let r > 0 and take
B, = {v € X;|v|lpc < r} and assume the following conditions.

(A1) The operator Ag = A(0, ug) is a closed operator with domain D dense in X
and

(AT — Ag) || < C[IA +1]7"  for all A with ReX < 0.

(A2) The operator Ay lis completely continuously operator on X.

(A3) For some a € [0,1) and for any v € B, the operator A(t, Ay “v) is well
defined on D for all ¢t € J. Furthermore for any ¢,7 € J and for v,w € B,.

I[A(t, Ag “v) — A(7, Ay “w)]A(T, Ag “w)| < Cu[[t — 7| + [Jv — w]|”],
where 0 <e <1, 0<p<1.

(A4) For every t,7 € J and v,w € B,

1f(t, Ag o1, Ag “wi) = (7, Ag “va, Ag “wa) || < Col[t=7["+]lvr—v2[|P+[lwr —w2|”].
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(A5) For every s,t,€ J and vy, v € B,
lg(t, s, Ay “v1) — g(t, 5, Ag “v2)|| < Csllvy — va]”
(A6) For every v1,v2 € B,.
[[1:(Ag “v1) — Li(Ag “v2)|| < Callor — va|”.

(A7) ug € D(AS) for some 3 > o and

[AGuol| <.

Under these assumptions, we get the following lemma, They are due to Kato
[16-18]

(K1) [[A@) Ut s)| < (B— ) 'Ni(t =) N >0, 0<a<f,
(K2) A0 A®)="] < Mo, forany 0<t<T
In proposition [19], we have
AF[U(t,0) = Uu(s,0)]A(0) 7| < Cst — 577 (3.1)
and
AY[UL(t,0;) — Uy(s,0:)]|| < Colt —s|* (s —60;) "' Vi=1,2,...,m. (3.2)
Let us take .
folt) = f(t,AO‘%(t),/O g(t, Agv(s))ds)
and I;(v(0;)) = v(0;") — v(6).
Then if follows that the function f,(¢) is Holder continuous such that
[fo(t) = fo(T)l < Crlt = 7|",  where u = min{e, np}.

Lemma 3.1 ([19]). Let the functions f,(t) is continuous on [0,T]. Then for any
0<ta<t:<T, 0< <, the following inequality holds

M&AVumgn@w—Azm@JM@mw
< Calts — o] (Jlog(t: — t2)] + 1), (3.3)

Theorem 3.2. Let the assumptions (A1)—(AT) are satisfied, then there exists at
least one continuously differential solution of the equation (1.1)—(1.3).
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Proof. To study the existence problem, we must introduce a set S of function
v(t), t € J and a transformation w, = Yv defined by w, = Afw, where w is the
unique solution of

% +A,w = f(t, Ao_o‘v(t),/o g(t, s, Ay *v(s))ds), (3.4)
w(0) = wo, (3.5)
Aw(@z) = Ii(v(Hi)), 1= 1,2,3,...,m.

We show that ¥ has a fixed point, that is, there is a function y € S such that
Py =y and so v = Ay is the required solution of our problem (1.1)—(1.3).
Define the set

S={veY:|v@lt)—v()|pc <K|t—71|" fort,7 € J, v(0) =Afuo}, (3.7)

where K is a positive constant and 7 is any number satisfying 0 < n < f—a and Y
is a Banach space PC(J : X) with usual sup norm. From assumption (A7), and the
definition of § it follows that if T is sufficiently small (depending on K, 7, || A§uol|
then

lo(t)|[pc <r forte J.

Hence the operator A,(t) = A(t, Ay “v(t)) is well defined and satisfies the condi-
tions

1(Au(t) = Au(r)AGT T = Csllt = 71+ [lv(t) = v()ipel,
= Gullt =l + Klt =7,
= Cg|t—7’|“,

where p = min{e, np}. Further, if v(0) = A§uo,
Ay(0) = A0, Ay *v(0)) = A(0, Ay “AFuo) = A(0,up) = Ao,
and it follows that for every ¢t € J and A with ReX <0,

1AL = Au ()]
ITAu(t) = Ao ()] AT (5)]

< CuolA[+1)7,
S Cll |t — 7'|H
for every t,7,s € J.

By the assumptions (i)—(iv) there exists a fundamental solution U,(t, s) corre-
sponding to A,(t), and all estimates for fundamental solutions derived in Theorem
2.1 hold uniformly with respect to v € S.

Since, f,(0) = f(0, Ay “v(0),0) is independent of v, we have from the above
inequalities

[fo@)] < My, and [[Li(v(6:))]| < Mo,
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where My > 0 and My > 0 from Lemma 3.1 and using (3.1)-(3.2) we get

AG D [Un(tr, 05)—Us(t2,05)] I (v(6;)) H

0<6;<t;
S M1012|t1 —t2|1ﬂ(|log(t1 —t2)| +1)+M2013|t1 —t2|1ﬂ(t2—9i)71.

\Mﬂfmmwmw#f%me@ﬂ

+

We shall show that the operator ¥ : S — Y defined by

Wo(t) = ASU, (¢, 0)ug + AZ

/OUv(tvs)fv(S)d8+ Z Uv(tuei)li(v(ei))‘| (38)

0< 0;<t

has a fixed point. This fixed point is the solution of equation (1.1)—(1.3). Clearly
S is closed convex and bounded set of Y. First we show that ¥ maps S into itself.
Obviously ¥v(0) = Afug. Forany 0 <a < f<1and 0<t <ty <T, we have

1Wv(t) = Colta)| < (| AG U (tr, 0) = Us(tz, 0)] A5 °[[| A uoll

45 [T+ 45 3D U 0)L(0(60)

0< 0;<ty

AS‘/O 2 Uv(t% S)fv(s)dS + Ag Z Uv(tg, 91)11(’0(91))‘| || .

0< 0;<to

Thus, for T sufficiently small,

H\Ifl)(tl) — \I/’U(tQ)H S 7"014|t1 — t2|ﬁ70‘ + 015M1T|t1 — t2|170‘
+CreMalty — to| ' (ta — 0;) (3.9)
forn<f—aandi=1,2,....,m. Hence ¥ maps S into itself.

Next we show that this operator is continuous on the space Y. Let v1,v3 € S
and set w; = Ay *Wui, wy = Ay “Wua, then

%—FAvj(t)wj = L), (3.10)
w;(0) = w j=1,2, (3.11)
Aw(@z) = Ii(v(Hi)), i=1,2,3,...,m. (312)
Therefore,
M0 02) A O —w) = [Aua(t) ~ Auy (s + For (1) — Feal0).

It is easy to see that the function A, (t)ws(t) and AgA,,' are uniformly Holder
continuous, and so Agws(t) = [AgA;,'| Ay, (t)wz(t) is uniformly Holder continuous.
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Similarly the functions
fvl (t) - fv2 (t) and Il'(’Ul (91)) - Ii(vg (91)) V i= 1, 2, ey

are also uniformly Holder continuous in [7,T], 7 > 0. Hence we have

() = wa)] = Ut (7) =)+ [ U 9)(14(5) = Ay (o)
HFor(3) = Foa()] s+ D7 Uy (80 L1 (6)) = Li(w2(6:))]:

0< 0;<t

Since A§ fo o (t,8) fuy (8)ds+ 302 g, <y Uny (t,0:)1i(v2(0;)) is a bounded function,
it follows that
||A0w2(t)|| < Cl7tﬁ71.

Hence we can take 7 — 0 in the above equation, we get
[w(t) —ws(t)] = / U (8 s>([Av2<s> — Aoy ()ws(5) + [fun (5) = fus(s)])ds
+ Y Un (0T (v1(6:)) = Ti(va(6)))].

0< 0;<t

Since w; = Ay *WPv; and wy = Ay “Pv, and from (A3)-(A6), it follows that

[Toq(t) — Tua(t)]

IN

/0 A5 U (1 )1 (111 Aus () = Aus (5)] w2 (5)]| L fon (5) = fua ()] ) ds
+ Y IAGUw, (8, 00) I I[1: (w1 (6:)) — Ti(wa(6:))]]

0< 0;<t

t
/ Cl8|t—8|_a[019”?)1(8)—02(8)||”86_1+Czo||v1(8)—Uz(S)Hp}dS
0

IN

+Mo Y[t = 05|01 (6:)) — v2(6:)]1”-

i=1
Hence
o) = Wos(t)]] < [Carlt— 5|77+ O
MYt - mﬂ max{|lv; — vo||?} . (3.13)
i=1
This shows that ¥ : § — Y is continuous. This completes the proof. o

Theorem 3.3. Let the assumptions (A1), (A3)-(A6) hold with p = 1. Then the

assertion of Theorem 3.1 is valid and the solution is unique.
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Proof. If p = 1, then from (3.13) shows that for T sufficiently small ¥ is a con-
traction, that is || Qv () — Yua(t)]| < Kljvr — ve| for some K < 1. Hence by the
Banach fixed point theorem ¥ has a unique fixed point. O

In section 4, we discuss the case when U, (¢, s) is compact by using Schauder
fixed point thorem. We need to prove that ¥ is a compact operator (or com-
pletely continuous). We claim that the set WS is contained in a compact subset
of Y. Indeed, the function v(t) of & are uniformly bounded and equicontinu-
ous. By Arzela-Ascoli’s theorem it is sufficient to show that for each ¢ the set
{Tu(t) : v € S} is contained in a compact subset of X.

4 U,(t,s) is compact

Note that a compact (or completely continuous) operator is a continuous oper-
ator which maps a bounded set into a precompact set. We shall make the following
assumptions.

(H1) f is continuous and maps a bounded set into a bounded set.

(H2) I; : X — X,i = 1,2,3,...,m are compact operator, and U,(-,-) is also
compact (U, (t,s) is a compact operator for any ¢ > 0).

Next we show that ¥ is continuous on the space Y. Let v € § and set
w = Ay “W¥v. Then

dw

o +A,w = fu(t), (4.1)
w(0) = o, (4.2)
Aw(t) = Ii(v(éi)), 1=1,2,....m, 0< 0y <,...0, <T. (43)

Let S be a closed convex set in Banach space Y and let ¥ be a continuous operator
from § into Y such that ¥S is contained in S. To show that the closure of ¥S is
compact. Let

S={veY:|vEt)—v()|pec < K|t—7|" fort,7 € [0,T], v(0) = AFuo}.

Consider an operator ¥ on S defined by

u(t) = ASU,(t,0)up + AS /0 Uu(t,8)fuls)ds + > Us(t, 0L (v(6;))

0< 0;<t

= \Ifl’U(t) + \I/QU(t)

where

Uqv(t) = Af [Uv(t,O)uo + /t U, (t, s)fv(s)ds} , 0<s<t<T
0
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and
Wou(t) = Ay > Up(t,0)1(v(6s)), 0<6; <t<T.
0< 0;<t

From our assumptions, ¥ is a coninuous mapping from S to §. Thus we are able

to apply Schauder’s fixed point theorem to obtain a fixed point. For that we need

to prove that ¥ is a compact operator or ¥; and ¥, are both compact operators.
To prove the compactness of ¥s, note that

\Ifgv(t) = AS‘ Z Uv(tvei)li(v(ei))

o< 0;< t
0 it tel0,6,]
— Qo Uv(t, 91)]1(’0(91)) if te (91, 92]
- 0

Zyil Uv(t, HZ)IZ(’U(HZ)) if te (Hm, T]

and that interval [0, 7] is divided into finite subintervals by 6;, i = 1,2,3,...,m,
so that we only need to prove that

Z = {U(,Hl)ll(v(t?l)) e [91,92],’0 S Y} (44)

is precompact in PC([6,02], X ), as the cases for other subintervals are the same.
From the above assumption, we see that for each t € [0, 65], the set

{Uv(t,Hl)Il(v(Gl)) RS S}

is precompact in X.
Using the semigroup property, we get

AG UL, 01) 11 (0(61)) = U (s, 01) L (0(01)]| < [[AG U (¢, 61) = Us (s, 60)] |1 (v(61)

<
S M5019|t— S|1ia (45)

for any ¢,s € [0,T].

Thus, the functions in Z are equicontinuous due to the compactness of Iy
and the strong continuity of U, (+,-). An application of the Arzela-Ascoli’s theorem
justifies the precompactness of Z. Therefore, W5 is a compact operator.

The same argument can be used to prove that the compactness of ¥;. That is,
forany 0 < a < 8 < 1. The set {A§U,(t,0)ug : v € S, ||AJuo|l < r} is precompact
in X, since U, (+,-) is compact.

1AG U (£, 0) 457 [ A uo| < rt” .
For each t € (0,T] and € € (0,¢),

{a5 [ o aneash = {ag | ECATR AT 9 f(s)ds)
= {oer-a [ At olnes)
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is precompact in X since U,(-,-) is compact. Then, as
t—e t
Uv(t,t—e)/ AG[Uy(t — €,8)] fo(s )ds—»Ao‘/ w(t, ) fu(s)ds, as e — 0,
0 0

we conclude that {AO‘ fo (t,8)fu(s)ds:v € S} is precompact in X, using the

total boundedness. Therefore, for each ¢t € [0,T], {(¥1v)(¢) : v € S} is precompact
in X.

Next, we show that the equicontinuity of
P={(Tw)(:):-€[0,T], veS}. (4.6)

The equicontinuity of {A§U, (-, s)uo : - € [0,T], v € S} can be shown using the
condition (4.1), for the secondterm in P, welet 0 < o < < land0<t; <ty <T,
we have

Ag /0 Us(ts, 8) ful(s)ds — A /O Us(t1, ) fo(s)ds

- Ag(/otl[Uv(tz,S) U(tr, ) fuls >ds+/t2 Ulta, )1 (5)d )

ty

< A8/01[Uv<t2,s> Uy (t1, 9)] o (s)ds +/tz||Aa (2, 9) 1 fuls) s
< |lag / [Un(ta, ) — Us(tr, )] fuls)ds
(B - a) Ny (ts — 5)° / 1uls) ds. (4.7)

If ¢, = 0, then the right-hand side of (4.7) can be made small when ¢5 is small
independently of v € S. If t; > 0, then we can find a small number £ > 0 so that
if t; < &, then the right-hand side of (4.7) can be estimated as

45 [0t 9)-0sttr, 901, s
< €B-a) W[t = 5) 7+ (0 - 5) 7 max|fu(s)]
HE=a) Nt =) [ f)lds

ty

to
+(B—a) "Ni(ta—s)™* ) | fu(s)llds

which can be made small when t5 — ¢; is small independently of v € S. If t; > &,
then the right-hand side of (4.7) can be estimated as
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(8= ) Nt — 5)~ / N fuls)ds

ty

a5 [ " Ut )~ Ut )1 ()

t1—§
< / 4G Uy (b, 5) — Us(tr, )] £ (5)|ds
0

+/tl; |AG [Uu(ta, s)=Uu(ty, 5)] fo(s)llds+ (8 — a) "' Ny (tg—s) /t12|fv(s)||ds

t1—§
< / 148U (2, 5) — Un(tr, 5)) o (5) | ds
0
+£(8 = ) TN (t2 = )7 + (01 — 5) 7| max | £u(s)]
HE—a) Mtz =) [ If)lds

ty
Now, as U,(-,-) is compact, U,(t,s) is operators norm continuous for ¢ > 0.
Thus U,(t,s) is operator norm continuous uniformly for ¢ € [£,T]. Therefore,
|AG Uy (t2, s) — Uy(t1, s)]|| and hence

t1—§
/0 1AGU, (t2: 8) — Us(tr, )1 o (5) s

can be made small when t5 — ¢ is small independently of v € §. Accordingly, we
see that the Arzela-Ascoli theorem, and hence W is also a compact operator. Now,
Schauder fixed point theorem implies that ¥ has a fixed point. This completes
the proof.

Remark 4.1. When there is no impulsive initial condition (1.3), Theorem 3.1
reduces to the results proved in [4]. However the Banach space here in PC whereas
in [4] it is C. This is the main difference from that paper.

5 Example
Consider the following nonlinear parabolic integrodifferential equation
0
a—j + X4 = 2mea(v,t, z, Dz, ey DD
t
= f(v,t,z,Dz, ...7D2m_1z,/ g(v,t,8,2,Dz, ...,D2m_1z)>ds,
0
(5.1)
0z )
9 Oon Sr={(v,t):vedQ, 0<t<T} 0<j<m-—1, (5.2)
u(v,0) = 0on Qo= {(v,0):veIN}, (5.3)
Azlimy, = ILi(z) = / di(q, s)cos*v(s)ds, 1<i<n (5.4)
Q
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in a cylinder Q7 = Qx (0, T) with coefficients in Qr, where Q is a bounded domain
in R"™, 9 the boundary of €2, z is the outward normal and d; € C(Q x ; R"™) for
each i = 1,2,...,n. Here the parabolicity means that for any vector y # 0 and for
arbitrary values of z, Dz, ..., D*™ 1z,

(=1)™Re{S|a| =2m aa(v,t, 2, Dz,..., D*" " '2)y*} > Cly[*™, C > 0.

If 2o(v) € C?™~1(Q), then Agz = Yjal = 2maa(v,t, 2, Dz, ey DPTLDY2 s a
strongly elliptic operator with continuous coefficients. So the condition (i) holds.
Let us take X to be LP(2), 1 < p < co. Then Ay' maps bounded subsets of L?(f)
in to bounded subsets of W?2"™P(Q), so it is a completely continuous operator in
Lr(Q).

Further, if (2m —1)/2m < a < 1, then [6]

|DPAg — azlg, < Cl2l5, , 0<|6] <2m—1,

where C depends only on a bound on the coefficients Ay, on a module of strong
ellipticity and on a modulus of continuity of the leading coefficients. Here the
norm is defined as

p

22 =0 S /Q D% (0)Pdv

[a]<j

for any nonnegative integer j and a real number p, 1 < p < oco. It follows that
if f and a, are continuously differentiable in all variables, then (A4) and (A3)
hold with o = p = 1. Hence there exist fundamental operator solution U, (¢, s) for
the equation (5.1)—(5.4). The nonlinear functions f, g satisfy the conditions (A4),
(A5) and I; also satisfy the condition (A6). Hence by the above theorem there
exist a local solution for the equation (5.1)—(5.4).
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