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1 Introduction

Difference equations have played an important role in analysis of mathematical
models of biology, physics and engineering. Rational difference equations is an
important class of difference equations where they have many applications in real
life for example the difference equation z,+1 = % which is known by Riccati
Difference Equation has an applications in Optics and Mathematical Biology (see
[1]) . Many researchers have investigated the behavior of the solution of rational

difference equations. For example see Refs. [1, 2, 3,4, 5, 6, 7, 8, 9, 10, 11, 12].
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Cinar [2] investigated the positive solutions of the rational difference equation

aTp—1
x =
nhl T T + by Th—1
Yalcinkaya [3] investigated the global behaviour of the rational difference equa-
tion
Ty
Tn+1 = @ + - km
n

El-Owaidy et al. [4] studied the dynamics of the recurcive sequence

QTpn—1

Tyl = ————.
" B+ yxh_,

Elsayed [5] investigated the qualitative behavior of the solution of the difference
equation

2
bz,

B E—
n n—

Hamza et al. [6] studied the asymptotic stability of the nonnegative equilib-
rium point of the difference equation

Awn—l
Tn+1 =

=l

—_—
B+ CT] zn-2i

Our aim in this paper is to investigate the solutions of the difference equation

Awn7(2k+1)
2k+1
—A+ H Tp—i
i=0

forn=0,1,2,... (1.1)

Tn+1 =

where k is a positive number and initial conditions are non zero real numbers with
2k+1
Hi:O Xr_g }é A.
Let I be an interval of real numbers and let f : I¥*1 — I be a continuously
differentiable function. Then for every set of initial conditions x_x, x_g41, ..., g €
I, the difference equation

Tnt1 = [ (@n, Tn-1, ey k), n=0,1,... (1.2)
has a unique solution {z, },~ ;.
Definition 1.1. (Periodicity) A sequence {xn}, ., of Eq.(1.2) is said to be pe-

riodic with period p if

Tntp = Ty for all n > —k.
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2 Main Results
2k+1

Theorem 2.1. Assume that [[;"q ©—; = p and p # A. Let {xn}f:7(2k+l) be a
solution of Eq.(1.1). Then for n =0,1,...

Antly 2kt 1 1 n+1 .
To(ktl)ntl = (_T;))nﬂ), Tkt )nt2 = <Z) T_(ory (~A+p)" T,
At oy 1" n
T2(k4+1)n+3 = (_T;ﬂnﬂ), L2(k+1)n+4 = (Z) T (2k—2) (=A+p) i )
An+1$_ 1 n+1 N
L2(k+1)n+2k+1 = Wa L2(k+1)n+2k+2 = (Z) xo (—A -H?) .

Proof. Forn = 0 the result holds. Now assume that n > 0 and that our assumption
holds for n — 1. Then

AT _(op41 1\" .
L2(k+1)n—(2k+1) = (—Aijrp)")’ To(k+1)n—(2k) = n T _(2k) (—A+p)",

AT _ (o1 1\" n
Tkt D)n—(2k—1) = (_Tj_p)n), Tkt 1)n—(2k—2) = <Z> T_(ok—2) (mA+D)",

A"z 1\" "
T(k+1)n—1 = ma To(k+1)n = <Z> zo (—A+p)".

It follows from Eq.(1.1) that

B Ax2(k+l)n—(2k+1)
L2(k+1)n+1 = 2%l

—A+ ‘Ho T2(k+1)n—i

and we have from the above equalities

2k+1
H L2(k+1)n—i = P-
i=0

Then
A"r_(2k41)
P c -7
( + )’ﬂ"r _A+p
_ AT (gp 41y
(_A+p)n+l
Hence, we have
A e oy
T2k4+1)n+1 = & a1

(—A+p)n+1 :
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Also, we get from Eq.(1.1) that
AZo(kt1)n—(2k)

2k ’
A4+ T Zoesiyn—i
i=—1

L2(k+1)n+2 =

We have from Eq.(1.1) and the above equalities

2k
A
H L2(k+1)n—i = P

o4 —A+p
Then
T2(k+1)n+2 AG)" j(%) 1(4;14 o)
—A+ a5

1 n+1 L
— (Z) T_(2k) (—A +p)n+ .

Hence, we have

1 n+1 1
Lo(k+1)n+2 = (Z) T_(op) (A +p)"

Similarly, one can obtain the other cases. Thus, the proof is completed. o

Theorem 2.2. FEq.(1.1) has a periodic solutions of period (2k+2) iff p = 2A and
will be take the form {x,(gkﬂ),x,(gk), iy T, X0y T1y T2y wevy T2t 2, }

Proof. Firstly, assume that there exists a prime period (2k 4 2) solution T_(2k+1)5
T_(2k)yeers T1, L0y L1, L2500y Togpg2,... of Bg.(1.1).
We have from the form of solution of Eq.(1.1) that

Ao 1\ n
T_(2k+1) = (_T;ﬂnﬂ), T_ (o) = <Z) T_(ory (~A+p)" T,
An+1(E, k1 1 n+1 .
T_(2k—1) = (_T;?)n_ﬂ)a T_(2k—2) = (Z) T (2k—2) (—A+p) o )
AnJrlI, 1 n+1 .
= 0= (5) mea
Then p = 2A.

Secondly, suppose that p = 2A. Then we have

L2(k+1)n+1 = T—(2k+1)> L2(k+1)n+2 = L—(2k),

L2(k4+1)n+3 = L—(2k—1)s L2(k+1)n+4 = L—(2k—2)>

T2(k+1)n+2k+1 — T—1, L2(k+1)n+2k+2 = L0-
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Thus, we obtain a period (2k + 2) solution.
The proof is completed. O

In view of Theorem 2.1 we will give the following corollaries without proofs.

Corollary 2.3. Assume that A = 1, x_(a541),T_(2k),---»To > 0 and p > 2. Let
{@n}o’ _(art1) be a solution of Eq.(1.1). Then

. { 0,
nlLH;OxQ(kJrl)nJri =

Corollary 2.4. Assume that A > 0, *_(2p11),T—(2k),--»T0o > 0 and p > A.
Let {xn}zo:_(%H) be a solution of Eq.(1.1). Then all solutions of Eq.(1.1) are
positive.

Corollary 2.5. Assume that A > 0, T_(2x41),T—(2k);-To < 0 and p > A.
Let {xn}zo:_(%H) be a solution of Eq.(1.1). Then all solutions of Eq.(1.1) are
negative.

References

[1] T.I. Saary, Modern Nonlinear Equations, McGraw Hill, Newyork, 1967.

[2] C. Cinar, On the positive solutions of the difference equation z,41 =

55— Applied Mathematics and Computation 156 (2004) 587-590.

[3] 1. Yalcinkaya, On the difference equation x, 1 = a5, Discrete Dynamics
in Nature and Society, Article ID 805460, 2008, 8 pages.

[4] HM. El-Owaidy, A.M. Ahmet, A.M. Youssef, On the dynamics of the recur-

sive sequence T, = ﬁ‘ffy”;;l , Applied Math. Letters 18 (9) (2005) 1013—
n—2
1018.

[5] E.M. Elsayed, Qualitative behavior of difference equation of order two, Math-
ematical and Computer Modelling 50 (2009) 1130-1141.

[6] A.E. Hamza, R. Khalaf-Allah, Global behavior of a higher order difference
equation, Journal of Mathematics and Statistics 3 (1) (2007) 17-20.

[7] R. Abu-Saris, C. Cinar, 1. Yalcinkaya, On the asymptotic stability of z,4; =
HInnk Computers & Mathematics with Applications 56 (5) (2008) 1172

Tn+Tn—k

1175

[8] C. Cinar, On the positive solutions of the difference equation z,y; =
Tt -, Applied Mathematics and Computation 158 (2004) 813-816.

—14zpx,—

[9] V.L. Kocic, G. Ladas, Global Behavior of Nonlinear Difference Equations of
High Order with Applications, Kluwer Academic Publishers, Dordrecht, 1993.



126 Thai J. Math. 9 (2011)/ C. Karatas and I. Yalcinkaya

[10] D. Simsek, C. Cinar, I. Yalcinkaya, On the recursive sequence Tpy1 =
Sn—(Bk19) , Taiwanese Journal of Mathematics 12 (5) (2008) 1087—

I+en _4®n_9...Tp_(5k+4a)

1099.

[11] 1. Yalgankaya, C. Cinar, D. Simsek, Global asymptotic stability of a system
of difference equations, Applicable Analysis 87 (6) (2008) 689-699.

[12] I Yalginkaya, On the global asymptotic stability of a second order system
of difference equations, Discrete Dynamics in Nature and Society, Article ID
860152, 2008, 12 pages.

(Received 23 January 2010)
(Accepted 5 November 2010)

THAI J. MATH. Online @ http://www.math.science.cmu.ac.th/thaijournal



