
Thai Journal of Mathematics
Volume 9 (2011) Number 1 : 95–119

www.math.science.cmu.ac.th/thaijournal
Online ISSN 1686-0209

A Hybrid Method for Generalized

Equilibrium, Variational Inequality

and Fixed Point Problems
of Finite Family of Nonexpansive Mappings

Sommay Peathanom and Withun Phuengrattana
1

Mathematics Program, Faculty of Science and Technology,
Nakhon Pathom Rajabhat University,

Nakhon Pathom 73000, Thailand
e-mail : sommay@npru.ac.th,

phun26 m@hotmail.com

Abstract : In this paper, we introduce a new iterative method for finding a
common element of the set of solutions of a generalized equilibrium problem, the
set of common fixed points of a finite family of nonexpansive mappings and the set
of solutions of the variational inequality problem for an inverse-strongly monotone
mapping in real Hilbert spaces. Furthermore, we prove that the proposed itera-
tive method converges strongly to a common element of the above three sets. Our
result improve and extend the corresponding results of Kangtunyakarn and Suan-
tai [A. Kangtunyakarn, S. Suantai, A new mapping for finding common solutions
of equilibrium problems and fixed point problems of finite family of nonexpan-
sive mappings, Nonlinear Analysis: Theory, Methods & Applications 71 (2009)
4448–4460], Takahashi and Takahashi [S. Takahashi, W. Takahashi, Viscosity ap-
proximation methods for equilibrium problems and fixed point problems in Hilbert
spaces, J. Math. Anal. Appl. 331 (2007) 506–515] and many others.

Keywords : Fixed point; Generalized equilibrium problem; Variational inequal-
ity; Nonexpansive mapping; Inverse-strongly monotone mapping.

2010 Mathematics Subject Classification : 46C05; 47H09; 47H10.

1Corresponding author email: phun26 m@hotmail.com (W. Phuengrattana)

Copyright c© 2011 by the Mathematical Association of Thailand.

All rights reserved.



96 Thai J. Math. 9 (2011)/ S. Peathanom and W. Phuengrattana

1 Introduction

Let C be a nonempty closed convex subset of real Hilbert space H and G :
C ×C → R be a bifunction, where R is the set of real number. Let Ψ : C → H be
a nonlinear mapping. The generalized equilibrium problem for G and Ψ is to find
u ∈ C such that

G (u, v) + 〈Ψu, v − u〉 ≥ 0, ∀v ∈ C. (1.1)

The set of solutions for the problem (1.1) is denoted by GEP (G, Ψ), i.e.,

GEP (G, Ψ) = {u ∈ C : G (u, v) + 〈Ψu, v − u〉 ≥ 0, ∀v ∈ C} .

The equilibrium problem for G is to find u ∈ C such that

G (u, v) ≥ 0, ∀v ∈ C. (1.2)

The set of solutions (1.2) is denoted by EP (G). Many problems in physics, op-
timization, and economics require some elements of EP (G), see [1, 2, 3]. Sev-
eral iterative methods have been proposed to solve the equilibrium problem, see
[2, 4, 5, 6, 7, 8, 9]. The variational inequality problem is to find u ∈ C such that

〈Ψu, v − u〉 ≥ 0, ∀v ∈ C. (1.3)

The set of solutions of the variational inequality is denoted by V I(Ψ, C).
If the case of Ψ ≡ 0, then the problem (1.1) is reduced to the problem (1.2). In

the case of G ≡ 0, the problem (1.1) reduces to the variational inequality problem
(1.3).

It is well known that (1.1) contains as special cases for instance minimax prob-
lems, optimization problems, Nash equilibrium problems in noncooperative games,
complementarity problems, fixed point problems and variational inequalities and
others, see for instance [1, 2, 7, 9, 10, 11, 12].

A bounded linear operator A on H is called strongly positive with coefficient
γ̄ if there is a constant γ̄ > 0 with the property 〈Ax, x〉 ≥ γ̄ ‖x‖2

. A map-
ping A : C → H is called α-inverse-strongly monotone, see [13], if there ex-

ists a positive real number α such that 〈x − y, Ax − Ay〉 ≥ α ‖Ax − Ay‖2
for

all x, y ∈ C. It is obvious that any α-inverse-strongly monotone mapping A is
monotone and Lipschitz continuous. A mapping T : C → C is called nonexpansive
if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. We denote by F (T ) the set of fixed points
of T , i.e., F (T ) = {x ∈ C : x = Tx}. Goebel and Kirk [14] showed that F (T ) is
always closed convex, and also nonempty provided T has a bounded trajectory.
Recall that a mapping f : C → C is contraction if there exists a constant α ∈ (0, 1)
such that ‖f(x) − f(y)‖ ≤ α ‖x − y‖, for all x, y ∈ C.

In 2007, Tada and Takahashi [15] and Takahashi and Takahashi [7] considered
iterative methods for finding a common element of a equilibrium problem and the
set of fixed points of a nonexpansive mapping. On the other hand, Takahashi
and Toyoda [16] and Yao et al. [17] introduced an iterative method for finding a
common element of the set of solutions of the variational inequality problem for an
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inverse-strongly monotone mapping and the set of fixed points of a nonexpansive
mapping. Further, Moudafi [18] and Takahashi and Takahashi [12] introduced
an iterative method for finding a common element of the set of solutions of a
generalized equilibrium problem and the set of fixed points of a nonexpansive
mapping. Recently, Colao et al. [19] introduced a new general iterative method
for finding a common element of the set of solutions of a equilibrium problem and
the set of common fixed points of finite family of nonexpansive mappings in a
Hilbert space.

Very recently, Kangtunyakarn and Suantai [4] introduced a new mapping and
the iteration method to obtain strong convergence to a common element of the
set of solutions of a equilibrium problem and the set of common fixed points of
finite family of nonexpansive mappings under some sufficient suitable conditions,
as follows:

For a finite family of nonexpansive mappings T1, T2, ..., TN and sequence {ξn,i}
N

i=1
in [0, 1], they defined the mapping Kn : C → C as follows:

Un,1 = ξn,1T1 + (1 − ξn,1) I,

Un,2 = ξn,2T2Un,1 + (1 − ξn,2)Un,1,

Un,3 = ξn,3T3Un,2 + (1 − ξn,3)Un,2,

...

Un,N−1 = ξn,N−1TN−1Un,N−2 + (1 − ξn,N−1)Un,N−2,

Kn = Un,N = ξn,NTNUn,N−1 + (1 − ξn,N )Un,N−1.

For x1 ∈ C, let {un} and {xn} be the sequences defined by







G (un, v) +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C;

xn+1 = αnγf (xn) + βxn + ((1 − β) I − αnA)Knun, for all n ∈ N.

In this paper, motivated by above results, we introduce a general iterative
method (3.1) below for finding a common element of the set of solutions of a gen-
eralized equilibrium problem, the set of common fixed points of a finite family of
nonexpansive mappings and the set of solutions of the variational inequality prob-
lem for an inverse-strongly monotone mapping in real Hilbert spaces. We obtain
a strong convergence theorem which improves and extends the corresponding re-
sults of Kangtunyakarn and Suantai [4], Takahashi and Takahashi [12], and many
others.

2 Preliminaries

Let C be closed convex subset of a Hilbert space H , let PC be the metric
projection of H onto C, i.e., for x ∈ H , PC satisfies the property ‖x − PCx‖ =
miny∈C ‖x − y‖. It is well known that PC is a nonexpansive mapping of H onto
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C and satisfies ‖PCx − PCy‖2 ≤ 〈x − y, PCx − PCy〉 for all x, y ∈ H . Moreover,
PCx ∈ C is characterized by the following properties:

〈x − PCx, y − PCx〉 ≤ 0 and ‖x − PCx‖2
+ ‖y − PCx‖2 ≤ ‖x − y‖2

for all x ∈ H and y ∈ C. It is easy to see that

u ∈ V I (A, C) if and only if u = PC (u − λAu)

where λ > 0. It is also known that Hilbert space H satisfies Opial’s condition [20],
that is, for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H with y 6= x.
A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H ,

p ∈ Tx and q ∈ Ty imply 〈x − y, p − q〉 ≥ 0. A monotone mapping T is maximal
if the graph G(T ) of T is not properly contained in the graph of any monotone
mappings. It is known that a monotone mapping T is maximal if and only if
for (x, p) ∈ H × H, 〈x − y, p − q〉 ≥ 0 for all (y, q) ∈ G(T ) implies p ∈ Tx. Let
A : C → H be a monotone, L-Lipschitz continuous mapping and let NCu be the
normal cone to C at u ∈ C, i.e., NCu = {w ∈ H : 〈u − v, w〉 ≥ 0, ∀v ∈ C} . Define

Tu =

{

Au + NCu, u ∈ C;
∅, u /∈ C.

Then T is the maximal monotone and 0 ∈ Tu if and only if u ∈ V I(A, C); see
[21].

Lemma 2.1. Let H be a real Hilbert space. Then, for all x, y ∈ H,

(i) ‖x + y‖2 ≤ ‖x‖2
+ 2 〈y, x + y〉.

(ii) ‖x − y‖2
= ‖x‖2 − 2 〈x, y〉 + ‖y‖2

.

(iii) ‖λx + (1 − λ) y‖2
= λ ‖x‖2

+(1 − λ) ‖y‖2−λ (1 − λ) ‖x − y‖2
, for λ ∈ [0, 1].

Lemma 2.2. ([22]) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 = (1 − αn) sn + αnβn, ∀n ≥ 0

where {αn} , {βn} satisfy the conditions:

(i) {αn} ⊂ [0, 1] ,
∑∞

n=1 αn = ∞,

(ii) lim supn→∞ βn ≤ 0 or
∑∞

n=1 |αnβn| < ∞.

Then limn→∞ sn = 0.
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Lemma 2.3. ([23]) Let {xn} and {zn} be bounded in a Banach space X and
let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Suppose xn+1 = βnxn + (1 − βn) zn for all integer n ≥ 0 and

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖xn − zn‖ = 0.

Lemma 2.4. ([6]) Let A be a strongly positive linear bounded operator on a Hilbert

space H with coefficient γ̄ and 0 < ρ ≤ ‖A‖−1
. Then ‖I − ρA‖ ≤ 1 − ργ̄.

For solving the generalized equilibrium problem, we assume that the bifunction
G : C × C → R satisfies the following conditions:

(A1) G (x, x) = 0, ∀x ∈ C;

(A2) G is monotone, i.e. G (x, y) + G (y, x) ≤ 0, ∀x, y ∈ C;

(A3) ∀x, y, z ∈ C, limt→0+ G (tz + (1 − t)x, y) ≤ G (x, y);

(A4) ∀x ∈ C, y 7→ G (x, y) is convex and lower semicontinuous.

Lemma 2.5. ([1]) Let C be a nonempty closed convex subset of H and let G be a
bifunction from C ×C into R satisfying (A1)− (A4). Let r > 0 and x ∈ H. Then,
there existe z ∈ C such that

G (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C. (2.1)

Lemma 2.6. ([2]) Assume that G : C ×C → R satisfies (A1)− (A4). For x ∈ H
and r > 0, define a mapping Tr : H → C as follows :

Tr (x) =

{

z ∈ C : G (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for all z ∈ H. Then, the following hold:

(B1) Tr is single-valued;

(B2) Tr is firmly nonexpansive, i.e. ‖Trx − Try‖
2 ≤ 〈Trx − Try, x − y〉, ∀x, y ∈

H;

(B3) F (Tr) = EP (G);

(B4) EP (G) is closed and convex.

Remark 2.7. Replacing x with x−rΨx ∈ H in (2.1), then there exists z ∈ C such
that G (z, y)+ 〈Ψx, y − z〉+ 1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C. It follows by Lemma 2.6

that z = Tr (I − rΨ) (x) and it is easy to see that F (Tr (I − rΨ)) = GEP (G, Ψ).
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Definition 2.8. ([4]) Let C be a nonempty convex subset of a real Banach space.
Let T1, T2, ..., TN be a finite family of nonexpansive mappings of C into itself, and
let ξ1, ξ2, ..., ξN be real numbers such that 0 ≤ ξi ≤ 1 for every i = 1, 2, ..., N .
Define a mapping K : C → C as follows:

U1 = ξ1T1 + (1 − ξ1) I,

U2 = ξ2T2U1 + (1 − ξ2)U1,

U3 = ξ3T3U2 + (1 − ξ3)U2,

...

UN−1 = ξN−1TN−1UN−2 + (1 − ξN−1)UN−2,

K = UN = ξNTNUN−1 + (1 − ξN )UN−1.

Such a mapping K is called the K-mapping generated by T1, T2, ..., TN and ξ1, ξ2, ..., ξN .

Lemma 2.9. ([4]) Let C be a nonempty closed convex subset of a strictly convex
Banach space. Let T1, T2, ..., TN be a finite family of nonexpansive mappings of
C into itself, with

⋂N

i=1 F (Ti) 6= ∅ and let ξ1, ξ2, ..., ξN be real numbers such that
0 < ξi < 1 for every i = 1, 2, ..., N − 1 and 0 < ξN ≤ 1. Let K be the K-mapping
generated by T1, T2, ..., TN and ξ1, ξ2, ..., ξN . Then F (K) =

⋂N
i=1 F (Ti).

Lemma 2.10. ([4]) Let C be a nonempty closed convex subset of a Banach space.
Let T1, T2, ..., TN be a finite family of nonexpansive mappings of C into itself and
{ξn,i}

N

i=1 sequence in [0, 1] such that ξn,i → ξi, as n → ∞, (i = 1, 2, ..., N). More-
over, for every n ∈ N, let K and Kn be the K-mappings generated by T1, T2, ..., TN

and ξ1, ξ2, ..., ξN , and T1, T2, ..., TN and ξn,1, ξn,2, ..., ξn,N respectively. Then, for
every x ∈ C, we have limn→∞ ‖Knx − Kx‖ = 0.

Lemma 2.11. ([4]) Let H be a Hilbert space, C a nonempty closed convex subset
of H, T1, T2, ..., TN be a finite family of nonexpansive mappings of H into itself
with

⋂N
i=1 F (Ti) 6= ∅, and let G : C × C → R be a bifunction satisfying (A1) −

(A4). For every n ∈ N, let Kn be a K-mapping generated by T1, T2, ..., TN and

ξn,1, ξn,2, ..., ξn,N with {ξn,i}
N

i=1 ⊂ [a, b] where 0 < a ≤ b < 1. For a sequence {rn}
in (0,∞), let Trn

: H → C be defined by

Trn
(x) =

{

z ∈ C : G (z, y) +
1

rn

〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

.

If lim infn→∞ rn > 0, limn→∞
rn

rn+1
= 1 and limn→∞ |ξn,i − ξn−1,i| = 0, ∀i ∈

{1, 2, ..., N}, then

(i) limn→∞

∥

∥Kn+1Trn+1
wn − Kn+1Trn

wn

∥

∥ = 0,

(ii) limn→∞ ‖Kn+1wn − Knwn‖ = 0,

for every bounded sequence {wn} in H.
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3 Main Result

In this section, we prove a strong convergence theorem for finding a common
element of the set of solutions of a generalized equilibrium problem, the set of
common fixed points of a finite family of nonexpansive mappings and the set of
solutions of the variational inequality problem for an inverse-strongly monotone
mapping in real Hilbert spaces.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let G be a bifunction from C ×C into R satisfying (A1)− (A4), Ψ : C → H a
β-inverse-strongly monotone mapping, A : C → H a ρ-inverse-strongly monotone
mapping, f : C → C a contraction mapping with constant α ∈ (0, 1). Let {Ti}

N

i=1

be a finite family of nonexpansive mappings of C into itself and let {ξn,i}
N−1
i=1 ⊂

(0, 1), {ξn,N} ⊂ (0, 1] , {ξi}
N−1
i=1 ⊂ (0, 1), ξN ∈ (0, 1] be such that ξn,i → ξi for all

i = 1, 2, ..., N . Let Kn : C → C be a K-mapping generated by T1, T2, ..., TN and
ξn,1, ξn,2, ..., ξn,N . Suppose that Ω :=

⋂N

i=1 F (Ti)
⋂

GEP (G, Ψ)
⋂

V I (A, C) 6= ∅.
Let B be a strongly positive bounded linear operator on H with coefficient γ̄ > 0
and ‖B‖ = 1 and let 0 < γ < γ̄

α
. For x1 ∈ C, let {xn}, {yn} and {un} be the

sequences generated by















G (un, v) + 〈Ψxn, v − un〉 +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C;

yn = PC (un − λnAun) ;

xn+1 = αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn

(3.1)

for all n ∈ N, where {αn} , {βn} ⊂ (0, 1), {λn} ⊂ [a, b] for some 0 < a < b < 2ρ
and {rn} ⊂ [c, d] for some 0 < c < d < 2β satisfying:

(i)
∑∞

n=1 αn = ∞, limn→∞ αn = 0,

(ii) lim infn→∞ λn > 0 and limn→∞ |λn+1 − λn| = 0,

(iii) lim infn→∞ rn > 0 and limn→∞
rn

rn+1
= 1,

(iv) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn}, {yn} and {un} converge strongly to the point z0 ∈ Ω, where z0 =
PΩ (I − (B − γf)) z0.

Proof. Since limn→∞ αn = 0, we may assume, without loss of generality that αn ≤
(1 − βn) ‖B‖−1

and 1−αn (γ̄ − αγ) > 0 for all n ∈ N. Since B is a strongly positive
bounded linear operator on H , we have ‖B‖ = sup {|〈Bx, x〉| : x ∈ H, ‖x‖ = 1}.
Observe that

〈((1 − βn) I − αnB)x, x〉 = 1 − βn − αn 〈Bx, x〉

≥ 1 − βn − αn ‖B‖

≥ 0, ∀x ∈ H.
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By Lemma 2.4, we have ‖(1 − βn) I − αnB‖ ≤ 1 − βn − αnγ̄.
We shall divide our proof into 7 steps.

Step 1. We will show that {xn} is bounded. For any x, y ∈ C and rn ∈ (0, 2β),
we have

‖(I − rnΨ)x − (I − rnΨ) y‖2
= ‖(x − y) − rn (Ψx − Ψy)‖2

= ‖x − y‖2 − 2rn 〈x − y, Ψx − Ψy〉 + r2
n ‖Ψx − Ψy‖2

≤ ‖x − y‖2 − 2rn

(

β
∥

∥

∥
‖Ψx − Ψy‖2

∥

∥

∥

)

+ r2
n ‖Ψx − Ψy‖2

= ‖x − y‖2 − rn (2β − rn) ‖Ψx − Ψy‖2

≤ ‖x − y‖2
(3.2)

which implies that I−rnΨ is nonexpansive. The same as in (3.2), for λn ∈ (0, 2ρ),
we have I −λnA is nonexpansive. Remark 2.7 implies that the sequence {un} and
{xn} are well defined. Inview of the iterative sequence (3.1), we have

0 ≤ G (un, v) + 〈Ψxn, v − un〉 +
1

rn

〈v − un, un − xn〉

= G (un, v) +
1

rn

〈v − un, un − (xn − rnΨxn)〉

for all v ∈ C. It follows from Lemma 2.6 that un = Trn
(xn − rnΨxn) for all n ∈ N.

Let z∗ ∈ Ω. For each n ∈ N, we have z∗ = Knz∗ = Trn
(z∗ − rnΨz∗). By

Lemma 2.6, we have

‖un − z∗‖2
= ‖Trn

(xn − rnΨxn) − Trn
(z∗ − rnΨz∗)‖2

≤ 〈un − z∗, (xn − rnΨxn) − (z∗ − rnΨz∗)〉

=
1

2

(

‖un − z∗‖2
+ ‖(xn − rnΨxn) − (z∗ − rnΨz∗)‖2

−‖(un − z∗) − ((xn − rnΨxn) − (z∗ − rnΨz∗))‖2
)

=
1

2
‖un − z∗‖2 +

1

2

(

‖(xn − rnΨxn) − (z∗ − rnΨz∗)‖2

−‖(un − xn) − rn (Ψz∗ − Ψxn)‖2
)

,

and it follows by nonexpansiveness of I − rnΨ that

‖un − z∗‖2 ≤ ‖xn − z∗‖2 − ‖(un − xn) − rn (Ψz∗ − Ψxn)‖2

≤ ‖xn − z∗‖2
. (3.3)

For z∗ ∈ V I (A, C), we have z∗ = PC (z∗ − λnAz∗). Since PC and I − λnA are
nonexpansive mappings, by (3.1), we have

‖yn − z∗‖2
= ‖PC (un − λnAun) − PC (z∗ − λnAz∗)‖2

≤ ‖un − z∗‖2 . (3.4)
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Thus, (3.3) and (3.4) imply that

‖yn − z∗‖ ≤ ‖un − z∗‖ ≤ ‖xn − z∗‖ (3.5)

and so

‖xn+1 − z∗‖ = ‖αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn − z∗‖

= ‖αn (γf (xn) − Bz∗) + βn (xn − z∗) + ((1 − βn) I − αnB) (Knyn − z∗)‖

≤ αn ‖γf (xn) − Bz∗‖ + βn ‖xn − z∗‖ + (1 − βn − αnγ̄) ‖yn − z∗‖

≤ αn ‖γf (xn) − Bz∗‖ + βn ‖xn − z∗‖ + (1 − βn − αnγ̄) ‖xn − z∗‖

= αn ‖γf (xn) − Bz∗‖ + (1 − αnγ̄) ‖xn − z∗‖

≤ αn‖γf (xn) − γf (z∗)‖ + αn ‖γf (z∗) − Bz∗‖ + (1 − αnγ̄) ‖xn − z∗‖

≤ αnγα ‖xn − z∗‖ + αn ‖γf (z∗) − Bz∗‖ + (1 − αnγ̄) ‖xn − z∗‖

= (1 − αn (γ̄ − γα)) ‖xn − z∗‖ + (γ̄ − γα)αn

‖γf (z∗) − Bz∗‖

(γ̄ − γα)

≤ max

{

‖xn − z∗‖ ,
‖γf (z∗) − Bz∗‖

(γ̄ − γα)

}

. (3.6)

It follows from (3.6) that

‖xn+1 − z∗‖ ≤ max

{

‖x1 − z∗‖ ,
‖γf (z∗) − Bz∗‖

(γ̄ − γα)

}

for all n ∈ N.

Hence, {xn} is bounded, so {un}, {yn}, {Knyn}, {Ψxn}, {f(xn)} and {Aun} are
also bounded.

Step 2. We will show that limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ ‖yn+1 − yn‖ =
0 and limn→∞ ‖un+1 − un‖ = 0. From un = Trn

(xn − rnΨxn) and un+1 =
Trn+1

(xn+1 − rn+1Ψxn+1), we have

G (un, v) + 〈Ψxn, v − un〉 +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C (3.7)

and

G (un+1, v) + 〈Ψxn+1, v − un+1〉 +
1

rn+1
〈v − un+1, un+1 − xn+1〉 ≥ 0, ∀v ∈ C.

(3.8)
Putting v = un+1 in (3.7) and v = un in (3.8), we get

G (un, un+1) + 〈Ψxn, un+1 − un〉 +
1

rn

〈un+1 − un, un − xn〉 ≥ 0

and

G (un+1, un) + 〈Ψxn+1, un − un+1〉 +
1

rn+1
〈un − un+1, un+1 − xn+1〉 ≥ 0.
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Adding the above two inequalities, the monotonicity of G implies that

〈Ψxn+1 − Ψxn, un − un+1〉 +

〈

un − un+1,
un+1 − xn+1

rn+1
−

un − xn

rn

〉

≥ 0.

This together with nonexpansiveness of I − rnΨ, we have

0 ≤

〈

un − un+1, rn (Ψxn+1 − Ψxn) +
rn

rn+1
(un+1 − xn+1) − (un − xn)

〉

=

〈

un+1 − un,−rn (Ψxn+1 − Ψxn) −
rn

rn+1
(un+1 − xn+1) + (un − xn)

〉

= 〈un+1 − un, un − un+1〉+
〈

un+1 − un, (xn+1 − rnΨxn+1) − (xn − rnΨxn) +

(

1 −
rn

rn+1

)

(un+1 − xn+1)

〉

≤ −‖un+1 − un‖
2

+ ‖un+1 − un‖×
(

‖(xn+1 − rnΨxn+1) − (xn − rnΨxn)‖ +

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖

)

≤ −‖un+1 − un‖
2 + ‖un+1 − un‖

(

‖xn+1 − xn‖ +

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖

)

,

which implies

‖un+1 − un‖
2 ≤ ‖un+1 − un‖

(

‖xn+1 − xn‖ +

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖

)

and hence

‖un+1 − un‖ ≤ ‖xn+1 − xn‖ +

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖ . (3.9)

By nonexpansiveness of PC and I − λn+1A, we have

‖yn+1 − yn‖ = ‖PC (un+1 − λn+1Aun+1) − PC (un − λnAun)‖

≤ ‖(un+1 − λn+1Aun+1) − (un − λnAun)‖

= ‖(un+1 − λn+1Aun+1) − (un − λn+1Aun) − (λn+1 − λn)Aun‖

≤ ‖(un+1 − λn+1Aun+1) − (un − λn+1Aun)‖ + |λn+1 − λn| ‖Aun‖

≤ ‖un+1 − un‖ + |λn+1 − λn| ‖Aun‖ . (3.10)

Putting zn = 1
1−βn

(xn+1 − βnxn), we have xn+1 = βnxn + (1 − βn) zn. Since

zn =
1

1 − βn

(xn+1 − βnxn) =
αnγf (xn) + ((1 − βn) I − αnB)Knyn

1 − βn

,
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we have

zn+1 − zn =
αn+1γf (xn+1) + ((1 − βn+1) I − αn+1B)Kn+1yn+1

1 − βn+1

−
αnγf (xn) + ((1 − βn) I − αnB)Knyn

1 − βn

=
αn+1

1 − βn+1
(γf (xn+1) − BKn+1yn+1) +

αn

1 − βn

(BKnyn − γf (xn))

+ Kn+1yn+1 − Knyn. (3.11)

Combining (3.9), (3.10) and (3.11), we get

‖zn+1 − zn‖ ≤
αn+1

1 − βn+1
(‖γf (xn+1)‖ + ‖BKn+1yn+1‖)

αn

1 − βn

(‖BKnyn‖ + ‖γf (xn)‖) + ‖Kn+1yn+1 − Knyn‖

≤ ‖Kn+1yn+1 − Knyn‖ + M (αn + αn+1)

≤ ‖Kn+1yn+1 − Knyn+1‖ + ‖Knyn+1 − Knyn‖ + M (αn + αn+1)

≤ ‖Kn+1yn+1 − Knyn+1‖ + ‖yn+1 − yn‖ + M (αn + αn+1)

≤ ‖un+1 − un‖ + |λn+1 − λn| ‖Aun‖ + ‖Kn+1yn+1 − Knyn+1‖

+ M (αn + αn+1)

≤

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖ + ‖xn+1 − xn‖ + |λn+1 − λn| ‖Aun‖

+ ‖Kn+1yn+1 − Knyn+1‖ + M (αn + αn+1)

where

M = max

{

sup
n

‖γf (xn+1)‖ + ‖BKn+1yn+1‖

1 − βn+1
, sup

n

‖BKnyn‖ + ‖γf (xn)‖

1 − βn

}

,

it follows that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤

∣

∣

∣

∣

1 −
rn

rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖ + |λn+1 − λn| ‖Aun‖

+ ‖Kn+1yn+1 − Knyn+1‖ + M (αn + αn+1) .

This together with the conditions (i) − (iv) we obtain by Lemma 2.11 that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, by Lemma 2.3, we have limn→∞ ‖zn − xn‖ = 0. Consequence,

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖βnxn + (1 − βn) zn − xn‖

= lim
n→∞

(1 − βn) ‖zn − xn‖ = 0.
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By (3.9) and (3.10), we have limn→∞ ‖yn+1 − yn‖ = limn→∞ ‖un+1 − un‖ = 0.

Step 3. We will show that limn→∞ ‖xn − Knyn‖ = 0. Since

‖xn − Knyn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Knyn‖

= ‖xn − xn+1‖ + ‖αn (γf (xn) − BKnyn) + βn (xn − Knyn)‖

≤ ‖xn − xn+1‖ + αn ‖γf (xn) − BKnyn‖ + βn ‖xn − Knyn‖ ,

we have

‖xn − Knyn‖ ≤
1

1 − βn

(‖xn − xn+1‖ + αn ‖γf (xn) − BKnyn‖) .

By (i) and Step 2, we obtain limn→∞ ‖xn − Knyn‖ = 0.

Step 4. We will show that limn→∞ ‖un − yn‖ = 0, limn→∞ ‖un − xn‖ = 0,
limn→∞ ‖Kyn − yn‖ = 0 and limn→∞ ‖Kxn − xn‖ = 0. Set wn = γf (xn) −
BKnyn and let δ > 0 be a constant such that δ > max {supn ‖wn‖ , supn ‖xn − z∗‖}.
By nonexpansiveness of Kn and PC and ρ-inverse-strongly monotonicity of A to-
gether with (3.3), we have

‖xn+1 − z∗‖2 = ‖αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn − z∗‖2

= ‖(1 − βn) (Knyn − z∗) + βn (xn − z∗) + αn (γf (xn) − B (Knyn))‖2

≤ ‖(1 − βn) (Knyn − z∗) + βn (xn − z∗)‖2
+ 2 〈αn (γf (xn) − B (Knyn)) ,

(1 − βn) (Knyn − z∗) + βn (xn − z∗) + αn (γf (xn) − B (Knyn))〉

= ‖(1 − βn) (Knyn − z∗) + βn (xn − z∗)‖2
+ 2αn 〈wn, xn+1 − z∗〉

≤ (1 − βn) ‖Knyn − z∗‖2
+ βn ‖xn − z∗‖2

+ 2αn ‖wn‖ ‖xn+1 − z∗‖

≤ (1 − βn) ‖yn − z∗‖2 + βn ‖xn − z∗‖2 + 2αnδ2 (3.12)

≤ (1 − βn)
(

‖(un − λnAun) − (z∗ − λnAz∗)‖2
)

+ βn ‖xn − z∗‖2
+ 2αnδ2,

and so

‖xn+1 − z∗‖2 ≤ (1 − βn)
{

‖un − z∗‖2 − λn (2ρ − λn) ‖Aun − Az∗‖2
}

+ βn ‖xn − z∗‖2
+ 2αnδ2

≤ (1 − βn)
{

‖xn − z∗‖2 − λn (2ρ − λn) ‖Aun − Az∗‖2
}

+ βn ‖xn − z∗‖2
+ 2αnδ2

= ‖xn − z∗‖2 − (1 − βn)λn (2ρ − λn) ‖Aun − Az∗‖2
+ 2αnδ2.

It follows that

(1 − βn)λn (2ρ − λn) ‖Aun − Az∗‖2 ≤ ‖xn − z∗‖2 − ‖xn+1 − z∗‖2
+ 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖)

+ 2αnδ2.
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Since {λn} ⊂ [a, b] for some 0 < a < b < 2ρ, we have

(1 − βn) a (2ρ − b) ‖Aun − Az∗‖2 ≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖) + 2αnδ2.
(3.13)

Since limn→∞ αn = 0, limn→∞ ‖xn − xn+1‖ = 0, lim supn→∞ βn < 1 and {xn} is
bounded, (3.13) implies that limn→∞ ‖Aun − Az∗‖ = 0. By nonexpansiveness of
I − λnA and firmly nonexpansiveness of PC , we have

‖yn − z∗‖2 = ‖PC (un − λnAun) − PC (z∗ − λnAz∗)‖2

≤ 〈(un − λnAun) − (z∗ − λnAz∗) , yn − z∗〉

=
1

2

(

‖(un − λnAun) − (z∗ − λnAz∗)‖2
+ ‖yn − z∗‖2

−‖(un − yn) − λn (Aun − Az∗)‖2
)

≤
1

2

(

‖un − z∗‖2
+ ‖yn − z∗‖2

−
(

‖un − yn‖
2 − 2λn 〈un − yn, Aun − Az∗〉+λ2

n ‖Aun − Az∗‖2
))

=
1

2

(

‖un − z∗‖2
+ ‖yn − z∗‖2 − ‖un − yn‖

2
+ 2λn 〈un − yn, Aun − Az∗〉

−λ2
n ‖Aun − Az∗‖2

)

and so

‖yn − z∗‖2 ≤ ‖un − z∗‖2 − ‖un − yn‖
2

+ 2λn 〈un − yn, Aun − Az∗〉

− λ2
n ‖Aun − Az∗‖2

≤ ‖xn − z∗‖2 − ‖un − yn‖
2

+ 2λn 〈un − yn, Aun − Az∗〉

− λ2
n ‖Aun − Az∗‖2

.

It follows that

‖xn+1 − z∗‖2 ≤ (1 − βn) ‖yn − z∗‖2
+ βn ‖xn − z∗‖2

+ 2αnδ2

≤ (1 − βn)
(

‖xn − z∗‖2 − ‖un − yn‖
2 + 2λn 〈un − yn, Aun − Az∗〉

−λ2
n ‖Aun − Az∗‖2

)

+ βn ‖xn − z∗‖2
+ 2αnδ2

≤ ‖xn − z∗‖2 − (1 − βn) ‖un − yn‖
2

+ 2λn (1 − βn) 〈un − yn, Aun − Az∗〉 + 2αnδ2,
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which implies that

(1 − βn) ‖un − yn‖
2 ≤ ‖xn − z∗‖2 − ‖xn+1 − z∗‖2

+ 2λn (1 − βn) 〈un − yn, Aun − Az∗〉 + 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖)

+ 2λn (1 − βn) ‖un − yn‖ ‖Aun − Az∗‖ + 2αnδ2.

Since limn→∞ ‖Aun − Az∗‖ = 0, limn→∞ αn = 0, limn→∞ ‖xn − xn+1‖ = 0,
lim supn→∞ βn < 1, and the sequence {xn}, {yn} and {un} are bounded, it follows
that limn→∞ ‖un − yn‖ = 0. By nonexpansiveness of Trn

(I − rnΨ), we have

‖xn+1 − z∗‖2 ≤ (1 − βn) ‖yn − z∗‖2
+ βn ‖xn − z∗‖2

+ 2αnδ2

≤ (1 − βn) ‖un − z∗‖2
+ βn ‖xn − z∗‖2

+ 2αnδ2

= (1 − βn) ‖Trn
(xn − rnΨxn) − Trn

(z∗ − rnΨz∗)‖2 + βn ‖xn − z∗‖2

+ 2αnδ2

≤ (1 − βn) ‖(xn − rnΨxn) − (z∗ − rnΨz∗)‖2 + βn ‖xn − z∗‖2 + 2αnδ2

= (1 − βn) ‖(xn − z∗) − rn (Ψxn − Ψz∗)‖2
+ βn ‖xn − z∗‖2

+ 2αnδ2

= (1 − βn)
(

‖xn − z∗‖2 − 2rn 〈xn − z∗, Ψxn − Ψz∗〉

+r2
n ‖Ψxn − Ψz∗‖2

)

+ βn ‖xn − z∗‖2
+ 2αnδ2

≤ (1 − βn)
(

‖xn − z∗‖2 − rn (2β − rn) ‖Ψxn − Ψz∗‖2
)

+ βn ‖xn − z∗‖2
+ 2αnδ2

= ‖xn − z∗‖2 − rn (2β − rn) (1 − βn) ‖Ψxn − Ψz∗‖2 + 2αnδ2

and so

rn (2β − rn) (1 − βn) ‖Ψxn − Ψz∗‖2

≤ ‖xn − z∗‖2 − ‖xn+1 − z∗‖2
+ 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖) + 2αnδ2.

Since {rn} ⊂ [c, d] for some 0 < c < d < 2β, we have

c (2β − d) (1 − βn) ‖Ψxn − Ψz∗‖2

≤ ‖xn − z∗‖2 − ‖xn+1 − z∗‖2
+ 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖) + 2αnδ2.

Since limn→∞ αn = 0, limn→∞ ‖xn − xn+1‖ = 0, lim supn→∞ βn < 1 and {xn} is
bounded, it implies that limn→∞ ‖Ψxn − Ψz∗‖ = 0. By (3.3), (3.4) and (3.12), we
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have

‖xn+1 − z∗‖2 ≤ (1 − βn) ‖un − z∗‖2
+ βn ‖xn − z∗‖2

+ 2αnδ2

≤ (1 − βn)
(

‖xn − z∗‖2 − ‖(un − xn) − rn (Ψz∗ − Ψxn)‖2
)

+ βn ‖xn − z∗‖2 + 2αnδ2

≤ (1 − βn)
(

‖xn − z∗‖2 − ‖un − xn‖
2

+ 2rn 〈un − xn, Ψz∗ − Ψxn〉

−r2
n ‖Ψz∗ − Ψxn‖

2
)

+ βn ‖xn − z∗‖2
+ 2αnδ2

≤ ‖xn − z∗‖2 − (1 − βn) ‖un − xn‖
2

+ 2rn (1 − βn) 〈un − xn, Ψz∗ − Ψxn〉 + 2αnδ2

and so

(1 − βn) ‖un − xn‖
2 ≤ ‖xn − z∗‖2 − ‖xn+1 − z∗‖2

+ 2rn (1 − βn) 〈un − xn, Ψz∗ − Ψxn〉 + 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖)

+ 2rn (1 − βn) 〈un − xn, Ψz∗ − Ψxn〉 + 2αnδ2

≤ ‖xn − xn+1‖ (‖xn − z∗‖ + ‖xn+1 − z∗‖)

+ 2rn (1 − βn) ‖un − xn‖ ‖Ψz∗ − Ψxn‖ + 2αnδ2. (3.14)

Since limn→∞ ‖Ψxn − Ψz∗‖ = 0, limn→∞ αn = 0, limn→∞ ‖xn − xn+1‖ = 0,
lim supn→∞ βn < 1 and the sequence {xn}, {yn} and {un} are bounded, it follows
from (3.14) that limn→∞ ‖un − xn‖ = 0. Since

‖xn − Knxn‖ ≤ ‖xn − Knyn‖ + ‖Knyn − Knun‖ + ‖Knun − Knxn‖

≤ ‖xn − Knyn‖ + ‖yn − un‖ + ‖un − xn‖

and

‖Knyn − yn‖ ≤ ‖Knyn − Knxn‖ + ‖Knxn − xn‖ + ‖xn − yn‖

≤ ‖Knxn − xn‖ + 2 ‖xn − yn‖

≤ ‖Knxn − xn‖ + 2 (‖xn − un‖ + ‖un − yn‖) ,

it follows by Step 3 and Step 4 that

lim
n→∞

‖xn − Knxn‖ = 0 and lim
n→∞

‖Knyn − yn‖ = 0.

Let K be the K-mapping generated by T1, T2, ..., TN and ξ1, ξ2, ..., ξN . From

‖Kyn − yn‖ ≤ ‖Kyn − Knyn‖ + ‖Knyn − yn‖

and
‖Kxn − xn‖ ≤ ‖Kxn − Knxn‖ + ‖Knxn − xn‖ ,
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it follows by Lemma 2.10 that

lim
n→∞

‖Kyn − yn‖ = 0 and lim
n→∞

‖Kxn − xn‖ = 0.

Step 5. We will show that there exists a unique element z0 ∈ H such that
z0 = PΩ (I − (B − γf)) z0. Observe that PΩ (I − (B − γf)) is a contraction of H
into itself and from Lemma 2.4, we have that ‖I − B‖ ≤ 1 − γ̄. Indeed, for all
x, y ∈ H , we have

‖PΩ (I − (B − γf)) (x) − PΩ (I − (B − γf)) (y)‖

≤ ‖(I − (B − γf)) (x) − (I − (B − γf)) (y)‖

= ‖(I − B) (x − y) + γ (f (x) − f (y))‖

≤ ‖I − B‖ ‖x − y‖ + γ ‖(f (x) − f (y))‖

≤ (1 − γ̄) ‖x − y‖ + γα ‖x − y‖

= (1 − (γ̄ − γα)) ‖x − y‖ .

Hence PΩ (I − (B − γf)) is a contraction. Since H is complete, there exists a
unique element z0 ∈ H such that z0 = PΩ (I − (B − γf)) z0.

Step 6. We will show that lim supn→∞ 〈(γf − B) z0, xn − z0〉 ≤ 0. We choose
a subsequence {yni

} of {yn} such that lim supn→∞ 〈(γf − B) z0, Kyn − z0〉 =
limi→∞ 〈(γf − B) z0, Kyni

− z0〉. Since {yni
} is bounded, there exists a subse-

quence {ynij
} of {yni

} which converges weakly to z ∈ C. Without loss of gen-

erality, we can assume that yni
⇀ z. From limn→∞ ‖Kyn − yn‖ = 0, we obtain

Kyni
⇀ z. Therefore we have

lim sup
n→∞

〈(γf − B) z0, Kyn − z0〉 = lim
i→∞

〈(γf − B) z0, Kyni
− z0〉

= 〈(γf − B) z0, z − z0〉 .

Next we prove that z ∈ Ω. First, we show that z ∈ GEP (G, Ψ). Indeed, we
observe that un = Trn

(xn − rnΨxn) and

G (un, v) + 〈Ψxn, v − un〉 +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C.

By (A2), we deduce that

〈Ψxni
, v − uni

〉 +

〈

v − uni
,
uni

− xni

rni

〉

≥ G (v, uni
) , ∀v ∈ C. (3.15)

From limn→∞ ‖un − yn‖ = 0 and yni
⇀ z, we get uni

⇀ z.
Put zt = tv+(1− t)z for all t ∈ (0, 1] and v ∈ C. Consequently, we get zt ∈ C.

From (3.15), it follows that

〈Ψxni
, zt − uni

〉 +

〈

zt − uni
,
uni

− xni

rni

〉

− G (zt, uni
) ≥ 0
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and hence

〈Ψzt, zt − uni
〉 ≥ 〈Ψzt, zt − uni

〉 − 〈Ψxni
, zt − uni

〉 −

〈

zt − uni
,
uni

− xni

rni

〉

+ G (zt, uni
)

= 〈Ψzt − Ψuni
, zt − uni

〉 + 〈Ψuni
− Ψxni

, zt − uni
〉

−

〈

zt − uni
,
uni

− xni

rni

〉

+ G (zt, uni
) .

Since 〈Ψzt − Ψuni
, zt − uni

〉 ≥ 0, above inequality implies

G (zt, uni
) ≤ 〈Ψzt, zt − uni

〉 +

〈

zt − uni
,
uni

− xni

rni

〉

− 〈Ψuni
− Ψxni

, zt − uni
〉 .

By Step 4, we know that limn→∞ ‖un − xn‖ = 0, it follows by Lipschitz continuity

of Ψ that limi→∞ ‖Ψuni
− Ψxni

‖ = 0. Since
uni

−xni

rni

→ 0 as i → ∞, it follows

from (A4) that

G (zt, z) ≤ lim
i→∞

G (zt, uni
)

≤ lim
i→∞

〈Ψzt, zt − uni
〉

= 〈Ψzt, zt − z〉 .

Owing to (A1) and (A4), we get that

0 = G (zt, zt) ≤ tG (zt, v) + (1 − t)G (zt, z)

≤ tG (zt, v) + (1 − t) 〈Ψzt, zt − z〉

= tG (zt, v) + (1 − t) t 〈Ψzt, v − z〉 ,

and hence G (zt, v) + (1 − t) 〈Ψzt, v − z〉 ≥ 0. Letting t → 0, we have

G (z, v) + 〈Ψz, v − z〉 ≥ 0.

This implies that z ∈ GEP (G, Ψ).
Next, assume that there exists j ∈ {1, 2, ..., N} such that z 6= Tjz, by Lemma 2.9

we have z 6= Kz. Since limn→∞ ‖un − xn‖ = 0, we have xni
⇀ z. From

limn→∞ ‖Kxn − xn‖ = 0 and Opial’s condition, we get

lim inf
i→∞

‖xni
− z‖ < lim inf

i→∞
‖xni

− Kz‖

≤ lim inf
i→∞

(‖xni
− Kxni

‖ + ‖Kxni
− Kz‖)

= lim inf
i→∞

‖Kxni
− Kz‖

≤ lim inf
i→∞

‖xni
− z‖ .

This is a contradiction. Hence, z ∈
⋂N

i=1 F (Ti).
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Let T be the maximal monotone mapping define by

Tu =

{

Au + NCu, u ∈ C
∅, u /∈ C.

For any given (u, w) ∈ G(T ), hence w−Au ∈ NCu. Since yn ∈ C, by the definition
of NC , we have 〈u − yn, w − Au〉 ≥ 0. From yn = PC (un − λnAun), we have

〈u − yn, yn − (un − λnAun)〉 ≥ 0,

and so
〈

u − yn,
yn − un

λn

+ Aun

〉

≥ 0.

By the ρ-inverse monotonicity of A, we have 〈u − yni
, w〉 − 〈u − yni

, Au〉 ≥ 0 and
so

〈u − yni
, w〉 ≥ 〈u − yni

, Au〉

≥ 〈u − yni
, Au〉 −

〈

u − yni
,
yni

− uni

λni

+ Auni

〉

=

〈

u − yni
, Au − Auni

−
yni

− uni

λni

〉

= 〈u − yni
, Au − Ayni

〉 + 〈u − yni
, Ayni

− Auni
〉 −

〈

u − yni
,
yni

− uni

λni

〉

≥ 〈u − yni
, Ayni

− Auni
〉 −

〈

u − yni
,
yni

− uni

λni

〉

.

Since limn→∞ ‖un − yn‖ = 0, yni
⇀ z and by Lipschitz continuity of A, we obtain

〈u − z, w〉 ≥ 0. Since T is maximal monotone, hence 0 ∈ Tz. This shows that
z ∈ V I(A, C). Thus, z ∈ Ω. By Step 5, we have 〈(γf − B) z0, z − z0〉 ≤ 0. It
follows that

lim sup
n→∞

〈(γf − B) z0, xn − z0〉 = lim sup
n→∞

〈(γf − B) z0, (xn − Knyn) + (Knyn − z0)〉

= lim sup
n→∞

〈(γf − B) z0, Knyn − z0〉

= lim sup
n→∞

〈(γf − B) z0, Kyn − z0〉

= lim
i→∞

〈(γf − B) z0, Kyni
− z0〉

= 〈(γf − B) z0, z − z0〉 ≤ 0.

Step 7. Finally we show that {xn}, {un} and {yn} converge strongly to z0.



A Hybrid Method for Generalized Equilibrium, Variational Inequality ... 113

Indeed, from (3.1), we have

‖xn − z0‖
2

= ‖αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn − z0‖
2

= ‖((1 − βn) I − αnB) (Knyn − z0) + βn (xn − z0) + αn (γf (xn) − Bz∗)‖2

≤ ‖((1 − βn) I − αnB) (Knyn − z0) + βn (xn − z0)‖
2

+ 2αn 〈γf (xn) − Bz0, xn+1 − z0〉 ,

=

∥

∥

∥

∥

(1 − βn) ((1 − βn) I − αnB) (Knyn − z0)

(1 − βn)
+ βn (xn − z0)

∥

∥

∥

∥

2

+ 2αn 〈γf (xn) − Bz0, xn+1 − z0〉

≤ (1 − βn)

∥

∥

∥

∥

((1 − βn) I − αnB) (Knyn − z0)

(1 − βn)

∥

∥

∥

∥

2

+ βn ‖xn − z0‖
2

+ 2αn 〈γf (xn) − Bz0, xn+1 − z0〉

= (1 − βn)

∥

∥

∥

∥

((1 − βn) I − αnB) (Knyn − z0)

(1 − βn)

∥

∥

∥

∥

2

+ βn ‖xn − z0‖
2

+ 2αn 〈γf (xn) − γf (z0) , xn+1 − z0〉 + 2αn 〈γf (z0) − Bz∗, xn+1 − z0〉

≤
‖((1 − βn) I − αnB) (Knyn − z0)‖

2

1 − βn

+ βn ‖xn − z0‖
2

+ 2αnγα ‖xn − z0‖ ‖xn+1 − z0‖ + 2αn 〈γf (z0) − Bz0, xn+1 − z0〉

≤
(1 − βn − αnγ̄)

2 ‖xn − z0‖
2

1 − βn

+ βn ‖xn − z0‖
2

+ αnγα
(

‖xn − z0‖
2
+ ‖xn+1 − z0‖

2
)

+ 2αn 〈γf (z0) − Bz0, xn+1 − z0〉

=

(

1 − αn (2γ̄ − γα) +
α2

nγ̄2

1 − βn

)

‖xn − z0‖
2
+ αnγα ‖xn+1 − z0‖

2

+ 2αn 〈γf (z0) − Bz0, xn+1 − z0〉 ,

which implies

‖xn+1 − z0‖
2 ≤

1

1 − αnγα

(

1 − αn (2γ̄ − γα) +
α2

nγ̄2

1 − βn

)

‖xn − z0‖
2

+
2αn

1 − αnγα
〈γf (z∗) − Bz0, xn+1 − z0〉

=
1

1 − αnγα
(1 − αn (2γ̄ − γα)) ‖xn − z0‖

2

+
αn

1 − αnγα

(

2 〈γf (z0) − Bz0, xn+1 − z0〉 +
αnγ̄2

1 − βn

‖xn − z0‖
2

)

=
1

1 − αnγα
(1 − αnγα − 2αn (γ̄ − γα)) ‖xn − z0‖

2

+
αn

1 − αnγα

(

2 〈γf (z0) − Bz0, xn+1 − z0〉 +
αnγ̄2

1 − βn

‖xn − z0‖
2

)

,
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and so

‖xn+1 − z0‖
2 ≤

(

1 −
2αn (γ̄ − γα)

1 − αnγα

)

‖xn − z0‖
2

+
αn

1 − αnγα

(

2 〈γf (z0) − Bz0, xn+1 − z0〉 +
αnγ̄2

1 − βn

‖xn − z0‖
2

)

=

(

1 −
2αn (γ̄ − γα)

1 − αnγα

)

‖xn − z0‖
2

+
2 (γ̄ − γα)

2 (γ̄ − γα)

αn

1 − αnγα

×

(

2 〈γf (z0) − Bz0, xn+1 − z0〉 +
αnγ̄2

1 − βn

‖xn − z0‖
2

)

=

(

1 −
2αn (γ̄ − γα)

1 − αnγα

)

‖xn − z0‖
2

+
2αn (γ̄ − γα)

1 − αnγα

×

(

〈γf (z0) − Bz0, xn+1 − z0〉

γ̄ − γα
+

αnγ̄2

2 (γ̄ − γα) (1 − βn)
‖xn − z0‖

2

)

.

(3.16)

Set κn = 2αn(γ̄−γα)
1−αnγα

and δn = 〈γf(z0)−Bz0,xn+1−z0〉
γ̄−γα

+ αnγ̄2

2(γ̄−γα)(1−βn) ‖xn − z0‖
2

for

all n ∈ N. We can rewrite (3.16) as ‖xn+1 − z0‖
2 ≤ (1 − κn) ‖xn − z0‖

2
+ κnδn.

By our hypotheses it is easily verified that
∑∞

n=1 κn = ∞ and lim supn→∞ δn ≤ 0.
Therefore, by Lemma 2.2, we can conclude that ‖xn − z0‖ → 0. Since ‖un − xn‖ →
0 and ‖un − yn‖ → 0, it follows that ‖un − z0‖ → 0 and ‖yn − z0‖ → 0. This com-
pletes the proof.

As direct consequences of Theorem 3.1, we have the following three corollaries.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let G be a bifunction from C × C into R satisfying (A1) − (A4), f : C → C

a contraction mapping with constant α ∈ (0, 1). Let {Ti}
N

i=1 be a finite family of

nonexpansive mappings of C into itself and let {ξn,i}
N−1
i=1 ⊂ (0, 1), {ξn,N} ⊂ (0, 1] ,

{ξi}
N−1
i=1 ⊂ (0, 1), ξN ∈ (0, 1] be such that ξn,i → ξi for all i = 1, 2, ..., N . Let

Kn : C → C be a K-mapping generated by T1, T2, ..., TN and ξn,1, ξn,2, ..., ξn,N .

Suppose that Ω :=
⋂N

i=1 F (Ti)
⋂

EP (G) 6= ∅. Let B be a strongly positive bounded
linear operator on H with coefficient γ̄ > 0 and ‖B‖ = 1 and let 0 < γ < γ̄

α
. For

x1 ∈ C, let {xn} and {un} be the sequences generated by







G (un, v) +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C;

xn+1 = αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knun

for all n ∈ N, where {αn} , {βn} ⊂ (0, 1) and {rn} ⊂ (0,∞) satisfying:

(i)
∑∞

n=1 αn = ∞, limn→∞ αn = 0,

(ii) lim infn→∞ rn > 0 and limn→∞
rn

rn+1
= 1,
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(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} and {un} converge strongly to the point z0 ∈ Ω,
where z0 = PΩ (I − (B − γf)) z0.

Proof. Let λn = 1 for all n ∈ N and Ψx = 0 and Ax = 0 for all x ∈ C in
Theorem 3.1. Since un ∈ C, we get that un = PCun. Then yn = un. Therefore
the conclusion follows.

Remark 3.3. Putting βn = β, ∀n ∈ N in Corollary 3.2, we obtained Theorem 3.1
in [4].

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let Ψ : C → H a β-inverse-strongly monotone mapping, A : C → H a ρ-
inverse-strongly monotone mapping and f : C → C a contraction mapping with
constant α ∈ (0, 1). Let {Ti}

N

i=1 be a finite family of nonexpansive mappings

of C into itself and let {ξn,i}
N−1
i=1 ⊂ (0, 1), {ξn,N} ⊂ (0, 1] , {ξi}

N−1
i=1 ⊂ (0, 1),

ξN ∈ (0, 1] be such that ξn,i → ξi for all i = 1, 2, ..., N . Let Kn : C → C be a
K-mapping generated by T1, T2, ..., TN and ξn,1, ξn,2, ..., ξn,N . Suppose that Ω :=
⋂N

i=1 F (Ti)
⋂

V I (Ψ, C)
⋂

V I (A, C) 6= ∅. Let B be a strongly positive bounded
linear operator on H with coefficient γ̄ > 0 and ‖B‖ = 1 and let 0 < γ < γ̄

α
. For

x1 ∈ C, let {xn}, {yn} and {un} be the sequences generated by











un = PC (xn − rnΨxn) ;

yn = PC (un − λnAun) ;

xn+1 = αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn

for all n ∈ N, where {αn} , {βn} ⊂ (0, 1), {λn} ⊂ [a, b] for some 0 < a < b < 2ρ
and {rn} ⊂ [c, d] for some 0 < c < d < 2β satisfying:

(i)
∑∞

n=1 αn = ∞, limn→∞ αn = 0,

(ii) lim infn→∞ λn > 0 and limn→∞ |λn+1 − λn| = 0,

(iii) lim infn→∞ rn > 0 and limn→∞
rn

rn+1
= 1,

(iv) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn}, {yn} and {un} converge strongly to the point z0 ∈ Ω, where z0 =
PΩ (I − (B − γf)) z0.

Proof. In Theorem 3.1, put G(x, y) = 0 for all x, y ∈ C. Then, we obtain that
〈Ψxn, v − un〉 + 1

rn
〈v − un, un − xn〉 ≥ 0, ∀v ∈ C, ∀n ∈ N. This implies that

〈v − un, (xn − rnΨxn) − un〉 ≤ 0, ∀v ∈ C. So, we get that PC (xn − rnΨxn) = un

for all n ∈ N. Then, we obtain the desired result from Theorem 3.1.

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let G be a bifunction from C × C into R satisfying (A1) − (A4), f : C → C
a contraction mapping with constant α ∈ (0, 1). Let T be a nonexpansive mapping
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of C into itself. Suppose that Ω := F (T )
⋂

EP (G) 6= ∅. For x1 ∈ C, let {xn} and
{un} be the sequences generated by







G (un, v) +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C;

xn+1 = αnf (xn) + βnxn + (1 − βn − αn)Tun

for all n ∈ N, where {αn} , {βn} ⊂ (0, 1), and {rn} ⊂ [c, d] for some 0 < c < d < ∞
satisfying:

(i)
∑∞

n=1 αn = ∞, limn→∞ αn = 0,

(ii) lim infn→∞ rn > 0 and limn→∞
rn

rn+1
= 1,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} and {un} converge strongly to the point z0 ∈ Ω, where z0 = PΩf (z0).

Proof. In Theorem 3.1, put λn = 1 for all n ∈ N and Ψx = 0 and Ax = 0 for all
x ∈ C. Since un ∈ C, we get that un = PCun. Then yn = un. Put N = 1, T1 = T
and ξn,1 = 1 for all n ∈ N. Then Kn = T . Hence, we obtain the desired result
from Theorem 3.1.

Recall that a mapping T : C → C is called strictly k-pseudocontractive map-
ping, see [13], if there exists k with 0 ≤ k < 1 such that

‖Tx − Ty‖2 ≤ ‖x − y‖2
+ k ‖(I − T )x − (I − T ) y‖2

, for all x, y ∈ C.

If k = 0, then T is nonexpansive mapping. Putting A = I − T , where T : C → C
is a strictly k-pseudocontractive mapping. We know that

〈x − y, Ax − Ay〉 ≥
1 − k

2
‖Ax − Ay‖2

, for all x, y ∈ C.

That is A is 1−k
2 -inverse-strongly monotone mapping. Now, using Theorem 3.1

we state a strong convergence theorem for strictly k-pseudocontractive mapping
as follows.

Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let G be a bifunction from C×C into R satisfying (A1)−(A4), Ψ : C → C be a
strictly k-pseudocontractive mapping, A : C → C be a strictly l-pseudocontractive
mapping, f : C → C a contraction mapping with constant α ∈ (0, 1). Let {Ti}

N

i=1

be a finite family of nonexpansive mappings of C into itself and let {ξn,i}
N−1
i=1 ⊂

(0, 1), {ξn,N} ⊂ (0, 1] , {ξi}
N−1
i=1 ⊂ (0, 1), ξN ∈ (0, 1] be such that ξn,i → ξi for all

i = 1, 2, ..., N . Let Kn : C → C be a K-mapping generated by T1, T2, ..., TN and
ξn,1, ξn,2, ..., ξn,N . Suppose that Ω :=

⋂N
i=1 F (Ti)

⋂

GEP (G, Ψ′)
⋂

V I (A′, C) 6= ∅,
where Ψ′ = I − Ψ and A′ = I − A. Let B be a strongly positive bounded linear
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operator on H with coefficient γ̄ > 0 and ‖B‖ = 1 and let 0 < γ < γ̄
α
. For x1 ∈ C,

let {xn}, {yn} and {un} be the sequences generated by















G (un, v) + 〈Ψ′xn, v − un〉 +
1

rn

〈v − un, un − xn〉 ≥ 0, ∀v ∈ C;

yn = PC (un − λnA′un) ;

xn+1 = αnγf (xn) + βnxn + ((1 − βn) I − αnB)Knyn

for all n ∈ N, where {αn} , {βn} ⊂ (0, 1), {λn} ⊂ [a, b] for some 0 < a < b < 1 − l
and {rn} ⊂ [c, d] for some 0 < c < d < 1 − k satisfying:

(i)
∑∞

n=1 αn = ∞, limn→∞ αn = 0,

(ii) lim infn→∞ λn > 0 and limn→∞ |λn+1 − λn| = 0,

(iii) lim infn→∞ rn > 0 and limn→∞
rn

rn+1
= 1,

(iv) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn}, {yn} and {un} converge strongly to the point z0 ∈ Ω, where z0 =
PΩ (I − (B − γf)) z0.
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