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Abstract : Using the concept of pre-6-open sets and semi-f-open sets, we in-
troduce and investigate two forms of faint continuity which are called faint pre-
f-continuity and faint semi-f-continuity. We obtain their characterizations, their
basic properties and their relationships with other forms of functions between
topological spaces. Also some results of Noiri-Popa, El-Atik and Nasef are im-
proved. Finally, we discuss the product of faintly pre-f-continuous and faintly
semi-f-continuous functions.
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1 Introduction

In 1982, Long and Herrington [1] defined a weak form of continuity called
faintly continuous by making use of #-open sets. They obtained a large num-
ber of properties concerning such functions and among them, showed that every
weakly continuous function is faintly continuous and faint continuity is equivalent
to almost continuity in the sense of Signal [2] if the range is almost regular. Re-
cently, Noiri and Popa [3] introduced and investigated three weaken forms of faint
continuity which are called faint semicontinuity and faint precontinuity and faint
[-continuity. In 2005, El Atik [4] defined pre-6-open sets in topological spaces and
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investigate some of their properties. The purpose of the present paper is to intro-
duce and investigate another form of faint continuity namely fain pre-8-continuity.
Some characterizations and basic properties of this new type of functions are ob-
tained. Also, we investigate the relationships between new sorts and several weak
forms of faint continuity.

2 Preliminaries

Throughout the present paper, (X, 7) and (Y, o) denote topological spaces and
f:(X,7) = (Y,0) presents a (single valued) function from a topological space
(X, 7) into a topological space (Y, ). Let A be a subset of a space X. The closure
(resp. interior) of A is denoted by CI(A) (resp. Int(A)), respectively. A subset
A of X is said to be v-open [5] or b-open [6] or sp-open [7] (resp. a-open [8],
semi-open [9], preopen [10], S-open [11]) if A C Cl(Int(A)) U Int(CI(A)) (resp.
A C Int(Cl(Int(A))), A C Cl(Int(A)), A C Int(Ci(A))). The complement of
a y-open (resp. a-open, semi-open, preopen, (-open) set is called v-closed [5]
(resp. a-closed [8], semi-closed [12], preclosed [13], B-closed [11]). The family of
all y-open (resp. a-open, semi-open, preopen, (3-open) sets of X is denoted by
~O(X) (resp. 7*(X, 1), SO(X, 1), PO(X,7), BO(X,T)). The family of all y-open
(resp. a-open, semi-open, preopen) sets of X containing a point z € X is denoted
by v(X,z) (resp. 7%(X,x), S(X,z), P(X,z), 8(X,x)). The intersection of all
~-closed (resp. a-closed semi-closed, preclosed, 8-closed) sets of X containing A is
called 7-closure [5] (resp. a-closure [8], semi-closure [12], preclosure [13], 3-closure
[11]) of A and is denoted by vCI(A) (resp.aCl(A), SCI(A), PCI(A), BCI(A)),
respectively.

A point x € X is called a f-cluster [14] (resp. semi-f-cluster [15], pre-6-
cluster [4]) point of a subset A of X if CI(V) N A # ¢ (resp. spClL(V)N A # ¢,
poClL(V) N A # ¢), for every V € 7 (resp. V € SO(X), V € PO(X)) respectively.
The set of all #-cluster (resp. semi-f-cluster, pre-6-cluster) points of A is called
f-closure [14](resp. semi-6-closure [15], pre-6-closure [4]) of A, respectively, and is
denoted by Clg(A)(resp. spCl(A), peCIl(A)). If A = Cly(A)(resp. A = s9CI(A),
A = pyCI(A)), then A is said to be f-closed [14] (resp. semi-6-closed [15], pre-6-
closed [4]) respectively. The class of all #-closed (resp. semi-f-closed, pre-6-closed)
in X is denoted by 0C(X) (resp. soC(X), pgC(X)) respectively. The complement
of a f-closed (resp. semi-f-closed, pre-6-closed) set is said to be #-open [14] (resp.
semi-f-open [15], pre-f-open [4]) respectively. An equivalent definition of §-open
sets is given in [1]. A subset A is said to be -open if for each x € A, there
exists an open set U such that x € U C Cl(U) C A. The family of all §-open
(resp. semi-f-open, pre-f-open) sets in X is denoted by Xg(resp. Sp(X), Pp(X))
respectively. The family of all #-open (resp. semi-6-open, pre-6-open) sets of X
containing a point z is denoted by (X, x)(resp. So(X,x), Pp(X,x)) respectively.
It follows from [14, Lemma 3] that the collection of f-open sets in a space (X, T)
forms a topology 79 of X. Therefore the space (X, 79) will be simply denoted by
Xp. The union of all 8-open (resp. semi-6-open, pre-6-open) sets of X contained
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in A is called 6-interior [14] (resp. semi-f-interior [15], pre-f-interior [4]) and is
denoted by Intg(A) (resp. sgInt(A), poInt(A)) respectively. Similarly, o Int(A)
[8], vInt(A), sInt(A) and pInt(A) are defined in [16], [12] and [10], respectively. A
subset A is a semi-regular [15] (preregular [17]) if it is both semi-open (preopen)
and (semiclosed) preclosed. The family of all semi-regular (preregular) sets of X is
denoted by SR(X) (PR(X)) respectively. It is shown in [14] that Cly(V) = Cl(V)
for every open set V' of X and Cly(S5) is closed in X for every subset S of X. It
was shown that in [4] that PyO(X) a topology on X.

Definition 2.1. A function f : (X,7) — (Y,0) is said to be semicontinuous
[9] (resp. precontinuous [10], a-continuous [8], y-continuous [5], [(-continuous
[11]) if f7X(V) € SO(X,7) (resp. f~1(V) € PO(X,7), f~1(V) € aO(X, 1),
F71(V) eyO(X, 1), f~Y(V) € BO(X,T)) for every open set V of Y.

Definition 2.2. A function f: (X,7) — (Y, 0) is said to be faintly continuous [1]
(resp. faintly semi-continuous [3], faintly precontinuous [3] , faintly a-continuous
[18, 19], faintly b-continuous [19], faintly 5 -continuous [3], faintly m-continuous
[20], quasi 0-continuous[8]) if for each point x € X and each 0-open set V' contain-
ing f(x), there exists an open (resp. semi-open, preopen, a-open, b-open, [3-open,
mx-open) set U containing x such that f(U) CV .

3 Faintly Pre-0(Semi-f)-Continuous Functions

Definition 3.1. A function f : (X,7) — (Y,0) is said to be faintly pre-0-
continuous (resp. faintly semi-0-continuous) if for each x € X and each 0-open
set V of Y containing f(x), there exits U € Pyp(X,x) (resp. U € Sp(X,x)) such
that f(U) C V.

The proofs of the following two theorems are not difficult and are thus omitted.

Theorem 3.1. The following are equivalent for a function f: (X,7) — (Y,0):

(a) f is a faintly pre-0-continuous,

(b) f:(X,7)— (Y,00) is pre-8-continuous,

(c) f7HV) € Py(X,x) for every V € oy,

(d) f~H(F)

(e) peCIL(f~Y(B)) C f~1(Clg(B)) for every subset B of Y,
(f) f~1(Inte(G)) C poInt(f~1(G)).

Theorem 3.2. The following are equivalent for a function f: (X,7) — (Y,0):

is pre-0-closed in (X, 7) for every 0-closed subset F of (Y, o),

(a) f is a faintly semi-0-continuous,

(b) f:(X,7)— (Y,00) is semi-0-continuous,
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(c) f7H(V) € So(X,x) for every V € gy,

(d) f~H(F) is semi-0-closed in (X,T) for every O-closed subset F of (Y, o),
(e) soCU(f~1(B)) C f~!(Clg(B)) for every subset B of Y,

(f) f~1(Inte(G)) C seInt(f~1(G)).

If (Y,0) is a regular space, we have 0 = oy and the next theorem follows
immediately from the definitions.

Definition 3.2. A function f : (X,7) — (Y,0) is said to be pre-0-continuous
(resp.  semi-0-continuous, strongly 0-continuous [21]) if f~1(V) € PpO(X,7)
(resp. f~1(V) € SpO(X,7), f~1(V) € Xp) for every open set V of Y.

Theorem 3.3. Let Y be a regular space. Then a function f: X — Y is a pre-0-
continuous (resp. semi-0-continuous) if and only if it is faintly pre-0-continuous
(resp. faintly semi-0-continuous).

Let f : X — Y be a function. A function g : X — X X Y defined by
g(x) = (z, f(x)) for every x € X is called the graph function of f.

Theorem 3.4. A function f : (X,7) — (Y,0) is faintly pre-0-continuous (resp.
faintly semi-0-continuous) if the graph function g : X — X XY is faintly pre-6-
continuous (resp. faintly semi-0-continuous).

Proof. Let x € X and V be a #-open set of Y containing f(z). Then X x V
is f-open in X x Y ([1, Theorem 5]) and contains g(x) = (x, f(x)). Therefore
there exits U € Py(X,x)(resp. U € Sp(X,x)) such that ¢g(U) C X x V. This
implies that f(U) C V. Thus f is faintly pre-6-continuous (resp. faintly semi-6-
continuous). O

4 Comparisons

In this section, we investigate the relationships among several weak forms of
continuity which are implied by weak continuity.

Theorem 4.1. A function [ : (X,7) — (Y,0) is faintly pre-6-continuous (resp.
faintly semi-0-continuous) if and only if f~1(V) € Po(X,7) (resp. f~YV) €
So(X, 7)) for every 6-open set V of Y.

Proof. This follows immediately from Definition 3.1. O
Definition 4.1. A function f : (X,7) — (Y, 0) is said to be:
(a) weakly continuous [22] if f=2(V) C Int(f~1(CU(V))), for every V € o.

(b) almost weakly continuous [23] if f=1(V) C Int(CL(f~1(CL(V)))), for every
Veo.
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Lemma 4.2. ([10]) If A ¢ X. Then x € pCI(A) if and only if for each G €
PO(X),z€ G, GNA# ¢.

Lemma 4.3. ([4])

(i) Let A € PO(X), then pCl(A) is preregular and pCl(A) = pgCIl(A).

(ii) If A is pre-8-open, then A is the union of preregular sets.

Lemma 4.4. ([4]) The following hold for a subset A of a topological space (X,T):

(i) A is preregular if and only if A is pre-0-clopen.

(ii) If A is a preopen set, then pCIl(A) is preregular.

(i1i) A is preregular if and only if A= pInt(pCI(A)).

Lemma 4.5. ([24]) For a subset A of a topological space X, the following proper-
ties hold:

(i) If A is a semi-open set, then sCl(A) is semi-regular,
(i1) If A is a semi-regular set, then it is semi-6-open.

Theorem 4.6. For a function f: (X,7) — (Y, o) the following hold:
(a) faintly pre-6-continuity implies faint pre-continuity.

(b) faintly semi-6-continuity implies faint semi-continuity.

Proof. This follows directly from Lemma 4.4 and Lemma 4.5. (|

From the definitions and Theorems 3.1 and 3.2, we have the following rela-
tionships:
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quasi-f-continuity weak continuity » almost weak continuity

|

faint semi-f-continuity faint continuity faint pre-f-continuity

|

faint a-continuity

faint semi-continuity faint pre-continuity

faint ~-continuity

|

faint §-continuity

However the converses are not true in general by Examples 4.5, 4.6 of [3],
Example 2 of [1] and the following examples.

Example 4.2. Let X =Y = {a,b,c,d}, 7 = {X,¢,{a},{b},{a,b}} and 0 =
{Y, ¢, {a,b},{a,b,c}}. The function defined by f(a) = a, f(b) = d, f(c) =
b, f(d) = d is faint semi-0-continuous but not faint quasi-0-continuous because
F1({d}) = {b,d} is pre-0-open but not quasi-0-open, for a 0-open set {d}.

Example 4.3. Let (X,7) and (Y,0) be define as in Example 4.2. The function
defined by f(a) =d, f(b) =c¢, f(c) =0, f(d) = a is faint pre-continuous but not
faint pre-0-continuous because f~1({d}) = {a} is preopen but not pre-8-open, for
a B-open set {d}.

Example 4.4. Let X =Y = {a,b,¢c,d}, 7 = {Y,¢,{a,b},{a,b,c}} and 0 =
{X,0,{a},{b},{a,b}}. The function defined by f(a) = ¢, f(b) = d, f(c) =
a, f(d) = b is faint semi-continuous but not faint semi--continuous because
f~Y{e,d}) = {a,b} is semi-open but not semi-0-open, for a O-open set {c,d}.

El-Atik [4] has shown that if each subset of a space X is preregular, then
PO(X,7) = PyO(X, 7). Also, Noiri and Popa [24] have shown that if each subset
of a space X is semiregular, then SO(X, 1) = SpO(X, 7). Consequently we have
the following result.

Theorem 4.7. Let every subset in (X, T) is preregular (resp. semi-regular). Then
a function f: (X,7) — (Y,0) is faintly pre-0-continuous (resp. faintly semi-0-
continuous) if and only if faintly precontinuous (resp. faintly semicontinuous).

Proof. Tt follows from Lemma 4.2, Lemma 4.3 and Lemma 4.4 (resp. by Lemma 4.5).
O
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A space X is said to be submaximal if each dense subset of X is open in X
and extremely disconnected (ED for short) if the closure of each open set of X is
open in X.

Theorem 4.8. If (X, 1) is submazimal ED, then the following are equivalent for
a function f: (X,7) — (Y,0):

(a) f is faintly pre-6-continuous;
(b) f is faintly semi-0-continuous;
(c) [ is faintly precontinuous;

(d) f is faintly semicontinuous;
(e) [ is faintly a-continuous;

(f) [ is faintly ~-continuous;

(9) [ is faintly B-continuous;

(h) f is faintly continuous.

Proof. This follows directly from the fact that if (X, 7) is submaximal ED, then
T = PO(X,7) = SO0(X,7) = 7™ = v0(X,7) = PO(X,7) = SO(X,7) =
BO(X,1). O

Theorem 4.9. Let either (X, 7) be a cofinite a cocountable topology or two point
Sierpinski space. Then the following are equivalent for a function f : (X,7) —
(¥, 0):

(a) f is faintly semi-0-continuous;
(b) f is faintly semi-continuous;

(c) [ is faintly continuous.
Proof. Tt follows from Lemma 4.5 in [24] and Corollary 2 of [25]. O

Theorem 4.10. For a function f: (X,7) — (Y, 0), the following properties hold:

(a) If every subset X is preopen and closed, then each of faintly pre-0-continuous
and faintly precontinuous are equivalent.

(b) If every subset X is semiopen and closed, then each of faintly semi-6-
continuous and faintly semicontinuous are equivalent.

(c) If (X,T) is an indiscrete space, then faintly pre-0-continuous (resp. faintly
semi-0-continuous) and faintly precontinuous (resp. faintly semicontinuous)
are equivalent.

Proof. This follows from Theorem 2.9 in [4] (resp. Lemma 4.5 in [24]). O
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5 Some basic properties

In this section, using properties of PyO(X, 7) (resp. SpO(X, 7)), we investigate
restrictions, compositions products for faintly pre-6-continuous (resp. faintly semi-
f-continuous) functions.

Theorem 5.1. If f : (X,7) — (Y,0) is faintly pre-0-continuous (resp. faintly
semi-0-continuous) and Xo € PyO(X,T) (resp. Xo € SeO(X, 7)), then the restric-
tion f|Xo: Xo — Y is faintly pre-0-continuous (resp. faintly semi-0-continuous).

Proof. We prove only the case of faint pre-6-continuity since the order is shown
similarly. Let V be any 6-open set of Y. By Theorem 3.1, we have f~1(V) €
PyO(X, 1) and hence by definition of PyO(X,7), (f|Xo) 2 (V) = f~1(V)N Xy €
PyO(Xp). Therefore, it follows from Theorem 3.1 that f|Xo is faintly pre-6-
continuous. o

Theorem 5.2. If f : X — Y is faintly pre-0-continuous (resp. faintly semi-0-
continuous) and g 1 Y — Z is quasi 0-continuous, then g o f is faintly pre-0-
continuous (resp. faintly semi-0-continuous).

Proof. Let G be any open set in Z. Then g~ !(G) is #-open in Y and hence
(go /)~ HG) = f~1(¢71(Q)) is pre-f-open (semi-f-open) in X. Therefore g o f is
faintly pre-6-continuous (resp. faintly semi-6-continuous). O

From the implication between faint continuous function, we have the following
result.

Theorem 5.3. The following hold for functions f : X —Y andg:Y — Z:

(a) If [ is faintly pre-0-continuous (resp. faintly semi-0-continuous) and g is
strongly 0-continuous, then go f is faintly precontinuous (resp. faintly semi-
continuous).

(b) If f is faintly precontinuous (resp. faintly semicontinuous) and g is faintly
pre-0-continuous (resp. faintly semi-0-continuous), then go f is faintly pre-
continuous (resp. faintly semicontinuous).

Noiri and Popa [3] studied the product theorems for faintly semicontinuous
(resp. faintly precontinuous, faintly (-continuous) functions. Also, Nasef [19]
studied the product theorems for faintly a-continuous (resp. faintly vy-continuous)
functions. We investigate the product theorems for faintly pre-6-continuous (resp.
faintly semi-f-continuous) functions.

Let {Xx : A € A} and {Y) : A € A} be two families of spaces with the
same index set A. For each A € A, let f) : X, — Y, be a function. The
product space [[{Xx : A € A} will be denoted by [[{ X} and the product function
1/ : 11 XA — []Yn is simply denoted by f: [ Xx — [[Ya.

Lemma 5.4. ([26]) Let {Y)\ : A € A} be a family of spaces. Then [[(Yx)s C
(IT¥2)e-
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Since the class of PyO(X,7) (resp. SpO(X,7) is a topology on X, then the
product of pre-6-open sets (resp. semi-6-open sets) is pre-6-open (resp. semi-6-
open). Then we have the following result.

Theorem 5.5. Let {X) : A € A} and {Y) : A € A} be two families of spaces with
the same index set A. For each A € A, let fy : X\ — Y\ be a function. Then
a function f : [[Xx — [IYx defined by f(zy) = (fa(z)) is pre-6-continuous
(semi-0-continuous) if and only if f is pre-6-continuous (semi-0-continuous) for
each A € A.

Proof. We prove only the case of pre-f-continuity since the order is shown sim-
ilarly. Let V\ € 7y,. Then by pre-f-continuity of fy, we have f~YJ]Vy) =
[1/5'(Va) € PRO(ITYa). If W € mpyy,, then W = U;cx (ITVa,), where Vi, €

PyO([IY2). Therefore f=1(W) = f=H(U;ea(TIVa,)) = Ujea F7HTTWA) €
PyO(J] X»). Then f is pre-6-continuous. O

Theorem 5.6. If a function f : X — [[Y\ is faintly pre-9-continuous (resp.
faintly semi-0-continuous) functions, then Py o f : X — Y, is faintly pre-0-
continuous (resp. faintly semi-0-continuous) for each A\ € A, where Py is the
projection of [[Yx onto Y.

Proof. Follows from the fact Py is continuous. (|

Theorem 5.7. If f : [[Xx — [[Y) is faintly pre-0-continuous (resp. faintly
semi-0-continuous) functions, then fy : Xy — Y\ is faintly pre-0-continuous (resp.
faintly semi-0-continuous) for each X € A.

Proof. Suppose that f : [[ Xy — []Y) is faintly pre-6-continuous (resp. faintly
semi-f-continuous). By Theorem 3.1 (resp. Theorem 3.2) and Lemma 5.4 , we have
f:TIXx — ([ Ya)e is pre-6-continuous (resp. semi-f-continuous). It follows from
Theorem 5.5 that f : Xo — (Yx)x is pre-6-continuous (resp. semi-f-continuous).
Therefore by Theorem 3.1 (resp. Theorem 3.2) fy : X\ — Y, is faintly pre-6-
continuous (resp. faintly semi-6-continuous). O
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