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1 Introduction and Inequalities

Definition 1.1. Assume that {X; : i € Z} is a real-valued random variable se-
quence on a probability space (2 B P). Let R, denote the o-algebra generated by
(X;:m<i<mn). Set

am)=swp s {|P(AB) - P(A)P(B)|}
m>1 A€R™__ , BER®

m4+n
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The sequence {X;} is said to be strong mizing if a(n) — 0 as n — oo.

Since Rosenblatt [1] introduced the strong mixing coefficient, one has been
recognizing its importance more and more. One can refer to Chanda [2], Gorodeskii
3], Withers [4], Liang et al. [5], Liang and Una-Alvarez [6] and Xing et al. [7] for
further understanding.

In this paper, we’ll prove the following maximal inequalities for strong mixing
sequences.

Theorem 1.2. Let 1 <r < 2,6 >0 and {X;,i > 1} be a strong mizing sequence
of random variables with zero mean. Assume that

a(n) < Cn~? for some C >0 and 0> r(r+03)/(29). (1.1)

Then, for any € > 0, there exists a positive constant K = K (e, r, 9,60, C) such that

n n r/2
r r 2
E max |5;I" < K neg;mxg + (Z} ||XZ-||T+5> : (1.2)

Remark 1.3.

(1) Although the mizing coefficient condition of Theorem 1.2 in this paper is
stronger than that of Theorem 1.2 of Xing et al. [7], the bound of the result
(1.2) is smaller than that of Theorem 1.1 of Xing et al. [7].

(2) Since the result (1.2) holds without the assumption that E|X;|"*° < oo,
Theorem 1.1 improves Theorem 1 in Huang and Xing [8].

(3) Since the up-boundary of the inequality (1.2) contains the information of
moment summations, it may be of much efficiency in exploring the asymp-
totical property of weighted sums.

Theorem 1.4. Let {X;,i > 1} be a strong mizing sequence of random variables
with zero mean and a(i) satisfy

> a2/ < oo (1.3)
i=1
for some u > 2. Then, we have

E max |S;]* < Clog2(2n)z 1 X512 (1.4)
i=1

1<5<

To illustrate the applications of the inequalities above, we explore the strong
consistency of Gasser-Miiller estimator of fixed design regression estimate under
strong mixing errors by Theorem 1.2 and obtain the almost sure convergence rate
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n=1/2 (loglog n)l/f logg/2 n with any 0 < £ < 2 for strong mixing sequences by The-
orem 1.2, which closes to the optimal achievable convergence rate for independent
random variables under an iterated logarithm.

Throughout this paper, we always suppose that C' denotes constant which
only depends on some given numbers and may vary from one appearance to the
next, a, = O(b,) represents a,, < Cb,, a, < b, means a,, = O(b,), [z] denotes
the integer part of z, | X||, = (E|X|")"" and a A b = min{a,b}. The paper
is organized as following. Section 2 contains the applications of the maximal
inequalities, section 3 provides the proofs of the maximal inequalities.

2 Applications

In this section, we’ll show the applications of Theorem 1.2 and Theorem 1.4.
Firstly, let us investigate the strong consistency of Gasser-Miiller estimator of fixed
design regression estimate. Let A be a compact set in R. Consider observations

Y = g(@ni) &5, i=1,2,...,n

where 1, Zp2, ..., Tnn € A are fixed points, g is a bounded real valued function
on A and e, €9, ...,&, are random errors with Fe; = 0,7 = 1,2, ...,n. The general
linear smooth estimate is defined by the formula

gn(r) = Zwm(x)yi, r€ACR
i=1

where weight functions wy;,i = 1,2,...,n, depend on the fixed design points
Tnil, Tn2, ..., Tnn and the number of observations n. Assume

£ K ()
j=1

where 0 = zp0 < zp1 < -+ < 2y = 1, 0 < hy, — 0, K(+) is a probability
density function and g(-) is bounded and integrable in [0, 1]. Denote Gasser-Miiller
estimator by

By the proof of Theorem 2.3 in Xing et al. [7] and Theorem 1.2, we can obtain
the following theorem.

Theorem 2.1. Let2 > r > p > 1 and {&;} be a strong mizing sequence of random
variables. Assume

(i) Ee; = 0,sup;>; Elei|" < oo. (2.2)
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(i) a(n) <Cn=% for some 0 >rp/(2(r—p)). (2.3)

(iii) K(u) is continuous almost everywhere in R, nonincreasing in [0, 00), non-
decreasing in (—00,0) and lim|,| o [u|K (u) = 0. There evists a majorcant
H(u) which is bounded, symmetric, nonincreasing in [0,00) and integrable
over R, such that K(u) < H(u) for u € R.

(iv) There exists two constants C1 and Co such that % < Tpi — Tnic1 < % for
1=1,2,....n.

(v) (nhy)~t=O0(n~1/P), (2.4)
Then at every continuous point x € A of the function g, we obtain
gu(@) = (@), a.s. (2.5)

Next, we will investigate almost sure convergence rate for a-mixng sequeces
by Theorem 1.4. The result is

Theorem 2.2. Let {X;,i > 1} be a strong mizing sequence of random variables
with EX; = 0, the mizing coefficient «(i) satisfying

> ali) ) < oo (2.6)
1=1

for some n > 0 and sup;>; E|X;|"T™ < oo for some 1 < v < 2 and 1 = vn/2.
Let S, =" | X;. Then, we have, for any 0 < £ < 2,

S,/ (n(loglogn)?¢log® n)/* — 0 a.s. (2.7)
Proof. Set b, = (n(loglog n)?&log® n)/?, Xy = X,I(|Xi| < b,) and Sj; =
>7_ (X1 — EX;1). By subsequence method, it is sufficient to prove that

-1 ]
Zln P(lréljaécn |S;| > eby) < 00 (2.8)

for any € > 0. We first show that

J

Z EX;

i=1

b ! max
1<j<n

= 0. (2.9)

Since E|X;|I(|X;] > by) < L M E|X; |V I(|X;] > by) < bL7V"™ | we can get

D EIXGI(1X] > ba) < nby "

=1
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By this and EFX; = 0, we have

J
= b,' max | EXI(|Xi| <by)

1<j<n |4

max
1<g<n

Z EXi

J

IN

B> XX > )
i=1
nb, '™ — 0.

IN

Hence, (2.9) holds. From (2.9), it follows that for sufficiently large n,

P ( max |S;| > sbn>
1<j<n

=P <1ré1a<x |S;| > ebn, JX;i| > bn> +P < max. |S;| > €bn, V| X;| < bn)
<j<n

<1I£113JX"|X | >b ) <Iéla<Xn ZXM > eb )

J
<max | Xi| > bn )—I—P(max |S;1] > eby, — max ZEX“
1<i<n 1<j<n 1<j<n =1

IA

IA

< ZP (| X;| > b))+ P <1I£1Ja<xn [S1] > sbn/2> .
i=1 ==

Thus, we need only to prove that

Z D P(IXil > ba) < o0,

Il = Zn 'p ( max |S1] > abn/2) (2.10)

n=1

By Markov inequality, it follows that

o0 n o0 n

= Zn—l ZP(|XZ'| > b,) < Zn‘l Zb;”E|Xi|” < ib;” < 00.
= i=1 =1 n=1
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By Theorem 1.4, we have

_ -1 .
I = >n P<1@Ja§n|sﬂ|>ebn/2)

n=1

o0
1, 2
C E n'b,?E max |S;|
1<j<n

<
n=2
< oY a2 10g%2n) Y X2,
n=2 i=1
< 0N n Tt log?n Y (BIXGPT(X| < b)) T
n=2 i=1
= CerlbﬁlogznZ (bZFE (1X3)2H7 b2 1(1 X, < bn))2/(2+")
n=2 i=1

<CY 0,2 log?n > (B2FE (X[ /) (1] < b,)) Y T

n=2 i=1
=C i —1;—2 2 = 24+n—v—m Jv+m . 2/(2+n)
= n ', log” n Y (b BE|X; [T I(|X;] < by))
n=2 i=1
<C Z b, " log*n
n=2
< oQ.
Now we complete the proof of Theorem 2.2. O

Remark 2.3. For the case v = 2, we can obtain that the almost sure convergence
rate of Sn/n is n=/2(loglogn)Y¢log® % n with any 0 < & < 2, which closes to
the optimal rate obtained under the iterated logarithm for independent random
variables.

3 Proofs

Let k = [(n/2)*] and m = [(n/2)!7*], where 0 < A < 1 which will be given
later on. Obviously,

n < 2(m+ 1)k, Cn* <k < 2n*, m < 2n' > (3.1)

Fix n and redefine X; as X; = X; for 1 <7 < n and X; = 0 for ¢ > n. For
1=1,2,...,[8]+1(1 <j <n), put

JA@I-1)k A2k

Vi= Y XuZi= Y X

2(1—1)k+1 (21—1)k+1
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and S7; = Zlizl Yi, S21 = Zi:l Zi-

Lemma 3.1.

max |S;|" < C{ max |Sll| Jnax, |SQl|T} (3.2)
1<j<n 1<I<

Proof. By (3.1) and so-called C,. inequality, we immediately get (3.2). It is easy
to observe that

T

4 27‘—1

T

|Sl 1|T < 2" 1 max (_Sl,l)

3.3
1<i<m—+1 ( )

max Sy,

1<l< 1<Ii<m+1

O

Let M;, Ny, J\A/[/l, N be as in Xing et al. [7]. Then, by the proof of Lemma 3.1
in Xing et al. [7], we have the following lemma.

Lemma 3.2. If 0 > r(r +9)/(20), then for any T > 0, there exist positive con-
stants Cr = C(7,1,8,0) < 00 and C, = C(r) < 0o such that

m—+1 r/2
Z E (MY < O, <Z 1 X ||T+5> +7C.E  Jpax [S1.4]", (3.4)
=1
m+1

r/2
Z > (Ylj\zlr—l) <C <Z ||X ||T+5> +7C.E Ilnax |Sl l| (3.5)
=1

Lemma 3.3. If 0 > r(r +6)/(20), then

m—+1 r/2
T‘< kA
S NCYLET DOETRN ol T B SR
m—+1 T/2
T‘< kA
£ s <0 S mar e (Sixita) f @)

Proof. From the proof of Lemma 3.2 in Xing et al. [7] and Lemma 3.2, we can get
the desired results and so the details are omitted here. [l

Proof of Theorem 1.2. It follows from Lemma 3.1 and Lemma 3.3,

2(m+1)

r/2
Ema (S <03 S0 (BN + Bz (ZHXHM) Y

1<j<n
=I= =1
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Using so-called Cr-inequality for F|Y;|", E|Z;|" mentioned above, and noting (3.3),
we have

A

E max [S;]"

n n r/2
r—1 r 2
max < o!lk Z}E|Xi| +(2||Xi||r+5>

n

n r/2
Con N BT+ <Z ||Xi|72«+5>
=1

=1

IN

Applying the result to E|Y;|", E|Z;|" in (3.8),

" n r/2
E max |S;|" < C k’\(r_l)ZE|Xi|r+ <Z|Xi|72«+5>
i=1 i=1

1<j<n

n n r/2
2(r— T
< ]S B (z uxz-naﬁ)
=1 =1

Repeating ¢ times in this way for E|Y;|", E|Z;|" in (3.8), we obtain

n n r/2
T )\t(’r—l) T . 2
Elréljagxnlsﬂ <C<n ;E|XZI + <Z} ||XZ||T+5>

for integer ¢ > 1. Since 0 < A < 1, \{(r —1) < ¢ for some ¢ > 1. Hence (1.2) holds.
The proof is completed.

In order to prove Theorem 1.4, we need

Lemma 3.4. (Stout [9]) Let S, = >.i, X;. If ES} < CZ;C:l | X;||2 for some
u > 2, then

1<j<n

E max |S;[* < Clog®(2n) Y _[IX:]12.
=1

Proof of Theorem 1.4. By Theorem 7.3 in Roussas and Ioannidies [10] and the
condition (1.3), we have

ESy <O |IXill,
i=1
which, together with Lemma 3.4, yields the desired result (1.4).
Acknowledgements : The authors are grateful to an anonymous referee for

his/her careful reading and providing detailed lists of comments and suggestions
which greatly improved the presentation of the paper.



On the Maximal Inequalities for Partial Sums of Strong Mixing Random ... 19

References

1]

8]

[9]
[10]

M. Rosenblatt, A Central Limit Theorem and a Strong Mixing Condition,
Proc. N. A. S. 42 (1956) 43-47.

K.C. Chanda, Strong mixing properties of linear stochastic processes, J. Appl.
Probability 11 (1974) 401-408.

V.V. Gorodetskii, On the Strong Mixing Properties for Linear Processes.
Theory of Probability and its Applications 22 (1977) 441-413.

C.S. Withers, Conditions for Linear Processes to be Strong Mixing, Z.
Wahrsch. Verw. Crebiete. 57 (1981) 477-480.

H. Liang, D. Li, Y. Qi, Strong convergence in nonparametric regression with
truncated dependent data, Journal of Multivariate Analysis 100 (2009) 162—
174.

H.Y. Liang, J. Utia-Alvarez, A Berry-Esseen bound in kernel density estima-
tion for strong mixing censored samples, Journal of Multivariate Analysis 100
(2009) 1219-1231.

G. Xing, S. Yang, A. Chen, . A maximal moment inequality for c—mixing
sequences and its applications. Statistics and Probability Letters 79 (2009)
1429-1437.

J. Huang, G. Xing, A moment inequality for a—mixing sequences and its
application. Journal of Jiangxi Normal University (Natural Sciences Edition)
32 (2009) 585-588.

W.F. Stout, Almost sure convergence. Academic press, New York, 1974.
G.G. Roussas, D.A. Toannidies, Moment inequalities for mixing sequences of

random variables, Stochastic Anal. Appl. 5 (1987) 61-120.

(Received 8 April 2010)
(Accepted 8 November 2010)

THAI J. MATH. Online @ http://www.math.science.cmu.ac.th/thaijournal



