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Abstract : We prove the existence of fixed points of a generalized weakly contrac-

tive map in T-orbitally complete metric spaces. This result generalizes the results
of Babu and Alemayehu [1] and Rhoades [2] when the space under consideration
is bounded.
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1 Introduction

In 1997, Alber and Guerre-Delabriere [3] introduced the concept of weakly con-
tractive maps in Hilbert spaces and proved the existence of fixed points. Rhoades
[2] extended this concept to Banach spaces and established the existence of fixed
points.

Throughout this paper, (X, d) is a metric space which we denote simply by X
and T:X — X a selfmap of X. We denote RT = [0, o), N, the set of all natural
numbers and R, the set of all real numbers. We write
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O = {p: [0,00) — [0,00)/(i) ¢ is continuous (ii) ¢ is non-decreasing
(iii) () > 0 for t > 0 and (iv) ¢(0) = 0}.
A selfmap T : X — X is said to be a weakly contractive map if there exists a
¢ € ¢ with lim; o ¢(t) = oo such that

d(Tz,Ty) < d(z,y) — o(d(z,y)) forall z,y € X. (1)

Here we observe that every contraction map 7" on X with contraction constant k
is a weakly contractive map with ¢(¢) = (1 —k)t, ¢t > 0. But its converse need not
be true.

Theorem 1.1. (Rhoades [2]) Let (X, d) be a complete metric space and T a weakly
contractive map. Then T has a unique fixed point in X.

A selfmap T : X —X is said to be a generalized weakly contractive map if
there exists a ¢ € ® such that

d(Tz,Ty) < M(z,y) — o(M(z,y)) forall z,y € X, (2)
where M (z,y) = max {d(:z:, y),d(x, Tx),d(y, Ty), %[d(z, Ty) + d(y, Ta:)]} .

Remark 1.2. (Babu and Alemayehu [1]) Every weakly contractive map defined on
a bounded metric space with a positive diameter is a generalized weakly contractive
map, but it’s converse need not be true.

Theorem 1.3. (Babu and Alemayehu [1]) Let (X,d) be a complete metric space
and T : X — X be a selfmap. If T is a generalized weakly contractive map on X,
then T has a unique fived point in X .

If X is a complete metric space which is bounded, then by Remark 1.2, The-
orem 1.1 follows as a corollary to Theorem 1.3. In fact in this case, Theorem 1.3
is a generalization of Theorem 1.1 (Example 3.2 of Babu and Alemayehu, [1]).

For zp € X,0(x9) = {T™zo/n = 0,1,2,...} is called the orbit of xo, where
T° = I, I the identity map of X.

A metric space X is said to be T-orbitally complete if every Cauchy sequence
which is contained in O(x) for all 2 in X converges to a point of X.

Here we note that every complete metric space is T- orbitally complete for any
T, but a T- orbitally complete metric space need not be a complete metric space.
For more details, we refer Turkoglu, Ozer and Fisher [4].

In this paper, we prove the existence of fixed points of a generalized weakly
contractive map in T-orbitally complete metric spaces. Our theorems generalize
the results of Babu and Alemayehu [1] and Rhoades [2].

We use the following lemma to prove our main result, whose proof is well
known. But for completeness sake we present it’s proof.

Lemma 1.4. Suppose (X,d) is a metric space. Let {x,} be a sequence in X
such that d(zn,xny1) — 0 as n — oo. If {zn} is not a Cauchy sequence then
there exist an € > 0 and sequences of positive integers {m(k)} and {n(k)} with
m(k) > n(k) > k such that d(xp k), Tnk)) > € A(Zm)—1, Tn)) < € and
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(3) imk—oo A(@m(k)—1, Tn(k)+1) = €
(1) limg_ oo d(wm(k),!ﬂn(k)) =€
(i) Nmg oo A(Zpm (i) -1, Tn(k)) = €.

Proof. 1f {x,,} is not a Cauchy sequence then there exists an € > 0 and sequences
of positive integers {m(k)} and {n(k)} such that m(k) > n(k) > k satisfying

AT ()5 Tr(k)) = € (1.4.1)
We choose m(k), the least positive integer satisfying (1.4.1). Then we have
m(k) > n(k) > k with d(;vm(k),xn(k)) > e and d(l‘m(k),l, ,’En(k)) <e. (1.4.2)

We now prove (i).
(i) By using the triangle inequality, we have
€ < d@mk), Tnky) < A@m(k), Tk —1) T AT —15 Tnk)+1)
+d(Zn(k)+15 Tn(k))-

By taking limit inferior as k — oo, we get

e< likm inf d(;vm(k),xm(k),l) + hkm inf d(l‘m(k),l, :En(k)Jrl)

+hkm inf d(xn(k)Jrl,CL'n(k)).
Now, on using d(x,, xn1+1) — 0 as n — 0o, we get

€ < liminf d(Zpm k) =1, Tn(k)+1)- (1.4.3)

k—o0

Now,

AT (k)y—1> Tn)+1) < A Tpur)—15 Trk)) + ATy, Tnr)+1)
< e d(Tp(ry, Tnk)+1)-

Now taking limit superior as k — oo, we get

lim sup d(@p, (k)15 Tr(k)+1) < € + Hmsup d(@p, (x)—1, Tn(k)+1) = €

k—o0 k—o0

Therefore,
lim sup d(Tp, ()1, Tr(k)+1) < € (1.4.4)

k—oo

From (1.4.3) and (1.4.4), we get

likm inf d(@p, (k)15 Tr(ky1) = Hmsup d(2y, (), Tnk)+1) = €

00 k—o00

so that

lim d(2y, (k) -1, Tn(k)+1) exists and  Hm d(2p,(g)—1, Tpir)+1) = €

k—oo k—o0
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Hence (i) holds.
(ii) We have, d(y, (), Tn(k)) = ¢, and hence

< limi . 4.
e < liminf d(zpm k), Tn(r)) (1.4.5)
Now,
ATy, Tary) < ATk Tmk)—1) + ATmk)—1> Tn(r))
< d(@Tm(k)s Tm(r)—1) + €

This implies,

lim sup d(@p, k), Tn(ky) < UM Sup d(Zpk)s Tmky—1) + 6

k—oo k—o0

so that
lim sup d(@p, (x), Tn(k)) < € (1.4.6)

k—oo

From (1.4.5) and (1.4.6), we get

< limi <l <e.
e < liminfd(@pm ), Tnw)) < hkm SUP d(Lom (k) Tn(k)) < €

— 00

Therefore, limg oo d(Zp(k), Tn(k)) = €. Hence (ii) holds.
(iii) We have, d(2p,(x)—1,Tn(k)) < €. Hence

lim sup d(@p, (k) -1, Tn(k)) < € (1.4.7)
k—oo
Now,
€ < d(Tmhys Tnk)) < A @m)> Tmky—1) + ATmi) -1, Tn(k))-
Hence

< Timi . '
€ < liminf d(2, k), Tmk)—1) + hkrr_l)géf d(Z (k)15 Tn(k))

k—o0

Thus by using the property d(x,,zn4+1) — 0 as n — 0o we have

€ < liminf d(;vm(k),l , ;vn(k)). (1.4.8)

k—o0

From (1.4.7) and (1.4.8), we get

€ < liminf d(2pm k) -1, Tn(k)) < Hmsup d(p k)1, Tn)) < €

k—o0 k—o00

Hence, limg oo d(Zp(k)—1,Tn(k)) = €. Hence (iii) holds. This completes the proof
of the lemma. O
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2 Main Result

Theorem 2.1. Let (X,d) be a T-orbitally complete metric space. Assume that
for some xo € X, there exists a @z, € ® such that

d(Tx, Ty) < M(x,y) = ¢ao(M(2,y)) for all z,y € O(ao), (2.1.1)

where M(z,y) = max {d(z,y),d(z,Txz),d(y,Ty), [d(z, Ty) + d(y,Tx)]}. Then
the sequence {T"xzo} is Cauchy in X, lim, oo T"xg = 2, 2 € X and z is a fived
point of T. Further, z is unique in the sense that O(xg) contains one and only
one fixed point of T.

Proof. If M(z,y) = 0 for some z,y € O(xp), then we are through. Suppose
M(x,y) # 0 for all z,y € O(zg). We define a sequence {x,} by x, = T"xg for n
=0,1,2,.. .Ifz, =x,41 for some n, then the conclusion of the theorem follows
trivially. So, without loss of generality, we assume that =, # x,41 for all n = 0,
1,2,... . Let a, = d(xp, xp+1) for n =0, 1, 2,... . Note that a,, > 0 for all n = 0,
1, 2,... . Now by using (2.1.1), we have

Qp41 = d(szrl; xn+2) = d(TInv TInJrl)
< M (@, Tng1) = Pag (M (Tn, Tny1)) (2.1.2)

< M(Xpy Try1)

= max{d(zn, Tpt1), d(@n, Tn+1), A(Tnt1, Tni2),
3 [d(@n, Tng2) + d(@ni1, Tni1)]}

= ma“x{d(xnu xn-‘rl)u d(x’ni-‘rl7 xn+2)7
sld(zn, Tpi2)]}

< max{d(zn, InJrl)a d(anrlv anrQ)v
d(Tn, Tpg1) + d(@ng1, Tuga)]}

= max{an, Ap41, %(O‘n + an+1)}
= max{ayn, Apt1}- (2.1.3)
Hence it follows that a,11 < ay, for all n = 0, 1, 2,... . So, {ay,} is a strictly

decreasing sequence of real numbers. Let lim,, ..o, = @, « € R and a > 0. Now,
from (2.1.3), we have

ant1 < M(zp,py1) < ap forall n=0,1,2,....

On letting n — oo, we get limy, 0o M (2p, Tnt1) = @ Let @ > 0. From (2.1.2),
we have

ant1 < M(xp, Tni1) — Qoo (M(Zp, Xnt1)) for each n=0,1,2,....
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On taking limits as n — oo, we get a < a — p,, (@), a contradiction. So a = 0.
We now show that the sequence {x,} C O(x) is Cauchy. Otherwise, there
exists an >0 and sequences of positive integers {m(k)} and {n(k)} with m(k) >
n(k) > k such that d(zy, k), Tn(k)) = €, d(Tmk)—1, Tnk)) < € and from Lemma 1.4
we have
lim d(Zmk)—1, Tn(k)+1) = € Jim d(Z (ks Tr(k)) = €

k—o0

and
lim d(l‘m(k),l, ,’En(k)) — € (2.1.5)

k—o0

Hence,

AT (ks Tr(k)+1) + AT (k)y+15 Tr(r))
ATy (ky—1, T (k) + A(Tr(k)+15 Tn(k))
M(xm(k)flu :En(k)) — P=zo (M(:Em(k)*h xn(k)))
Fd( T (k)15 Tn(k))
max{d(Tm(k)—15 Tn(k)), ATmk)—1> Tmk))s ATn(k)s Tn(k)+1)
1
3 (AT (k)15 Tra(i)+1) + A @ (k) Trnie) )]}
— Qo (Max{d(Tr (k) =1, Zn(k))> ATmk)—1> Tm(k)),
1
d(@n (k) Tn(k)+1) 5@ m(k) 15 Tniry+1) + A(Zniry Eme )11
Fd( T (k)15 Tn(k))
< max{e, d(Tm)—1, Tm(k))> A Tn(k)> Tn(k)+1)
1
3 (AT (k)15 Tra(k)+1) + A @ (k) Trnie) )]}
— Qo (Max{d(Tr (k) =1, Zn(k))> ATmk)—1> Tm(k)),
1
d(@n (k) Tn(k)+1); 5@ m(k) 15 Tnihy+1) + A(Zniry Eme) )]}
Fd( T (k)15 Tn(k))-

€ < d(Tym(k)s Tn(k))

IN

Now on taking limits as kK — oo and using (2.1.5), we have
e < max{e, 0,0, e} — ¢, (max{e,0,0,€e}) = € — vz, (€) <,

a contradiction. Therefore, {z,} C O(zg) is Cauchy. Since X is T-orbitally
complete, lim,, o, z, = z (say), z € X.
We now show that Tz = z. Suppose Tz # z. We consider,

d(TCL‘n,TZ) < M(xnaz) —QDJCU(M(LL'”,Z))
= max{d(zn,2),d(Tn, Tnyi1),d(z,Tz), %[d(mn, Tz)+d(z,2nt1)]}
—Quo (max{d(xn, 2),d(n, Tnt1), d(z,T2),

%[d(:bn, Tz)+ d(z,2n41)]}).
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On letting n — oo, it follows that d(z,Tz) < d(z,Tz) — pz,(d(2,Tz)), a con-
tradiction. Hence Tz = z. Uniqueness of z follows trivially from the inequality
(2.1.1). O

Corollary 2.2. Let (X,d) be a T-orbitally complete bounded metric space. As-
sume that for some xg € X, there exists @z, € ® such that

d(Tz,Ty) < d(z,y) — @uo ((d(z,y)) for all z,y € O(xg). (2.2.1)

Then the sequence {T"xo} is Cauchy in X, lim, oo T"xg = 2,2 € X and z is a
fized point of T. Further, z is unique in the sense that O(xg) contains one and
only one fized point of T.

Proof. By Remark 1.2 we have that the inequality (2.2.1) implies the inequality
(2.1.1). Thus the conclusion of the corollary follows from Theorem 2.1. O

Remark 2.3.
(i) If X is bounded then Theorem 1.1 follows as a corollary to Corollary 2.2.
(i) Theorem 1.3 follows as a corollary to Theorem 2.1.

(iii) The following example shows that Corollary 2.2 is a generalization of Theo-
rem 1.1 and Theorem 2.1 is a generalization of Theorem 1.3, when the space

X is bounded.

Example 2.4. Let X = [0, 1] with the usual metric. We define T : X — X by
e 5 il w€0, 3]
x, if x€ (%, ]

1, then O(z0) = {3, 9, 55....} and O(zg) = O(zo) U {0}. X is T-
orbitally complete and satisfies the inequality (2.2.1) with ., : [0,00) — [0,00)
defined by

Let o = 1

t .
Loif 0<t<1

</7x0(t) = L )
3 Zf t> 1.

Since the inequality (1) fails to hold for any x,y € (3,1] with  # y and for any
p € @, T is not a weakly contractive map on X.

Also, we observe that T is not a generalized weakly contractive map on X, for
let z,y € (3,1] with v #y. Then M(z,y) = |z —y|, so that for any p € ®,T fails
to satisfy (2).

Thus T is neither a weakly contractive map nor a generalized weakly contractive
map on X, and hence Theorem 1.1 and Theorem 1.3 are not applicable. But,
T satisfies the inequality (2.2.1). Since O(xg) is bounded, by Remark 1.2, the
inequality (2.1.1) holds so that T satisfies all the hypotheses of Theorem 2.1; and
0 is the unique fized point of T in O(xo).
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Remark 2.5. Under the hypotheses of Theorem 2.1, T may have more than one
fixed point in X. It is illustrated in the following example.

Example 2.6. Let X = R with the usual metric. We define T : X — X by
T(x) = [z]. For any x¢ € X,0(x¢) = {xo, [zo], [T0], ...} and O(xg) = O(xg). Then
T satisfies all the conditions of Theorem 2.1 with @z, (t) = t,t > 0 and T has a
unique fized point [xo] in O(xg), but T has more than one fized point in X. In
fact, T has infinitely many fized points in X .

The following example shows that if the inequality (2.1.1) holds in O(xg)
instead of O(zg) for some ¢ in X, then 7" may not have a fixed point.

Example 2.7. Let X = {0,1} U {5 : n € N}U{l + 527 : n € N} with
the usual metric. We defineT: X - XbyT0O=1,T1 =0 T(2n) = 2n1+1 and
T(1+5) =1+ 52r. Let zp = 1+ 1,0(x) = {1+ 5143514+ 55, } and
O(z0) = O( 0) U{1}. Then the inequality (2.1.1) holds for all z,y in O(xy) with
Yz, (t) = 2,6 > 0. But the inequality (2.1.1) fails to hold in O(xo) for any ¢ € .
For, atw-landy—l—i— 1, we have d(Tz,Ty) =1+ 5 and

22_4’

M(z,y) = max{d(x,y),d(x,T:E),d(y,Ty), [d(x,Ty)—i—d(y,Tx)]}

Il

=

©

"
—N

Therefore, d(Tx,Ty) = 2 £ 1 — = M(z,y) — o((M(z,y)) for any ¢ € ®.
Further, for x =0 and y =1, d(T:c Ty =14£1—-p(1)=Mz,y) —e(M(z,y))
for any ¢ € ®. Thus the inequality (2.1.1) fails to hold on O(xg) for xp =1+ %
and T has no fized points in X.

The following is an example in support of Theorem 2.1.

Example 2.8. Let X = {0,1,2} U{> ", & : n € N} with the usual metric. We
define T: X — X by TO =1, T1_0 T2=2and T (X1 o 5) =S & Let
zo =141, then O(zo) = {31y % : n € N} and O(x0) = O(zo) U{2}. We define
Ozo : BT — RT bygomo(t)—Q,t>0 LetwaO(:vo)

Case () =309, Y= Zm and n > m. In this case, | Tx—Ty| =

1=0 21
%Eizmﬂ 20 10 =0l = Do 0 0= To] = e ly= Tyl = g, o= Tyl =
Dimmi2 3 ly=Tz| = Z?:er+1 %. Therefore,
1
M(xay) = max {d(m, y)7 d(x, Tx), d(y,Ty), 5 [d(m, Ty) —|— d(y7T$)]}
n+1 1
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and M(x,y) — a0 (M(2,y)) = $ 3207 1 &, so that [Tx — Ty| < M(z,y) —
Puo (M (2,y)) holds.

Case (ii): & =2,y = Y1y 50 Now, [Te—Ty| = 2= 3775 5| = s [T

1= 021' =0 2°
:1|2—Zi:o% :2n7| —Tz[=0, ly—Ty| = 5=, ly—Tz| = | % —2| =
koo M(2) = max{d(a,v), die Ta), dly, Ty), Hla, Ty) + dly, T} = L and
M(2,y) — 0oy (M(7,y)) = 57 — 557 = zarr. Hence, |Tx — Ty| = M(z,y) —

Puo (M (2,y)) holds.

Thus, from case (i) and case (ii), we have T is a weakly contractive map on
O(z0) with g, (t) = L.t >0. Therefore, T satisfies all the conditions of Theorem
2.1. Further, the sequence {T"xo} converges to 2 and 2 is the unique fized point
of T in O(xo).

The following is an example in support of Corollary 2.2, in abstract spaces.

Example 2.9. Let Co = {y = {yn}320 /yn — 0 as n — oo} with the metric d,
defined by d(x,y) = ||z — y|| = sup{|zn — yn|/n € N}, where z = {x,}52, and
y ={yn}%y in Co. With this metric d on Cy, Cy is a complete metric space. Let
o = (0 0, 0 ywr = (1,4, 5,002 = (0,3, %,.),23 = (0,0,5,%,.),...,2, =
(0,0,0,. ,n, n+1,...),... Now, let X = {xg, 21,22, ..., Tn,...}. We define T on X
by T:UO = z9 and Txy, = Tpy1 for n = 1,2,.... Then O(z1) = {x1,22,23,...}
and O(x1) = O(z1) U {zo}. Since the sequence O(xy) converges to g, every
Cauchy sequence in O(x1) converges to :vo Hence X is T-orbitally complete

We define <pm1 : RY — RT by ¢, () = t > 0. Then gy € ®. Let z, =

1+t’
(0,0,0,. ,n, n+1,...) and 4+, = (0,0,0,. ,n+k, n+i+1,...) be in O(xl). Now,
ATn, TTpik) = A(Tnt1, Tntkt1) = [|Tnt1 — Tt || = n_-l-l and d(T'zo, Txyn) =
d(zg, Tnt1) = ||zo — :Cn+1|\ = % Now, d(zy,Tnik) = ||Tn — Tnykl| = L and
1 2
d(wo,20) = llzo—an]| = & Since, g = + =[5 —747] = & ~lrmrn) = 5~ 52

we have d(T:vn,Txn+k) = d(Xn, Tnik) — Poy (A(Tn, Tnyk)). Thus, T satisfies the
inequality (2.2.1) and all the hypotheses of Corollary 2.2 with T"x1 — x¢ as n —
oo and T has a unique fized point xo in O(x1). Here we observe that T is not
a contraction. For, if T is a contraction, then there exists a q € (0,1), such
that d(Txp, Txpnik) < q.d(Tn,ZTnik). This implies n+r1 < q. n, i.e., HLH < q.
Now as n — oo, we have lim,_ nil < gq, te, 1 < gq, a contradiction. Thus,
Corollary 2.2 is a generalization of Banach contmction principle, when the space

under consideration is bounded.
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