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1 Introduction

Let X be a normed space and C' a nonempty subset of X, T a self-mapping
on C. T is said to be nonexpansive on C' if for all z,y € C' the following inequality
holds: || Tz — Ty| < ||z — y||. T is called asymtotically nonexpansive if there
exists a sequence {u,} C [0,00) with lim, e un, = 0 such that [|T"x — T"y|| <
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(I4uy)||z—yl| for all z,y € C'andn > 1. T is said to be uniformly L-Lipschitzian if
|77z —T"y|| < L||z—y| for all 2,y € C and n > 1, where L is a positive constant.
Denote by F(T') the set of fixed points of T', that is, F(T) = {z € C: Tx = z}. T'is
called asymptotically quasi-nonexpansive if there exists a sequence {u,} C [0,00)
with lim, . u, = 0 such that for all x € C, the following inequality holds:
[Tmz —q| < (1+un)|z— gl for all ¢ € F(T) and n > 1.

It is clear from this definition that every asymptotically nonexpansive mapping
with a fixed point is asymptotically quasi-nonexpansive.

In 1967, Diaz and Metcalf [7] gave the concept of quasi-nonexpansive map-
pings. In 1972, Goebel and Kirk [8] introduced the notion of asymptotically
nonexpansive mappings. The iterative approximation problems for nonexpan-
sive mapping, asymptotically nonexpansive mapping and asymptotically quasi-
nonexpansive mapping were studied extensively by Browder ([1], [2]), Goebel and
Kirk [8], Liu [9], Wittmann [18], Reich [11], Shoji and Takahashi [14], Chang et
al. [3] in the settings of Hilbert spaces and uniformly convex Banach spaces.

In 2001, Xu and Ori [19] introduced the following implicit iteration process
for a finite family of nonexpansive mappings {7} : i € J} (here J ={1,2,...,N})
with {a,} is a real sequence in (0,1), and an initial point z¢ € C:

x1 =1z + (1 — aq) Ty,

o =aoxy + (1 — ag)Thxa,

zn =anzn-1+ (1 —an)Tyzy,

tyy1 =an1ZN + (1 —ani1) TN 12N 41,

which can be written in the following compact form:

T = ap@p-1 + (1 —ap)Tha, Yn =1, (1.1)

where T, = Ty (moq ) (here the mod N function takes values in J). Xu and Ori
proved the weak convergence of this process to a common fixed point of the finite
family of nonexpansive mappings in a Hilbert space.

In [20], Zhou and Chang studied the weak and strong convergence of this
implicit iteration process to a common fixed point for a finite family of asymptot-
ically nonexpansive mappings and a finite family of nonexpansive mappings. In
[5], Chidume and Shahzad proved that Xu and Ori’s iteration process converges
strongly to a common fixed point for a finite family of nonexpansive mappings if
one of the mappings is semi-compact. In 2003, Sun [16] defined an implicit iter-
ation process for a finite family of asymptotically quasi-nonexpansive mappings
{T; : i € J} with {a,} a real sequence in (0, 1), and an initial point xy € C, as
follows:
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1 =120 + (1 — 1)y,

xo =ox1 + (1 — ag)Thas,

rn =anry-1+ (1 —an)Tnew,

2
N1 =anp12n + (1 —ani)Tien1,

2
xTon =aanTan—1 + (1 — aon)TNTN,

3
TaN+1 =Q2N+1T2N + (1 - a2N+1)T1 T2N+1,

which can be written in the following compact form:
Ty = QpTp—1 + (1 — ozn)Tikxn Vn > 1, (1.2)
where n = (k — 1)N +i,i € J. More precisely, Sun proved the following results.

Theorem 1.1 ([16], Theorem 3.1, p.354). Let C' be a nonempty closed convex sub-
set of a Banach space X. Let {T; :i € J} be N asymptotically quasi-nonexpansive
self-mappings of C with w;, € [0,00) such that Y.~ uy, < 0o for alli € J and
F= ﬂfil F(T;) # 0. Suppose that xg € C and {a,} C (s,1—35) for some s € (0,1).
Then the sequence {xy} defined by the implicit iteration process (1.2) converges
strongly to a common fized point in F if and only if liminf,, . d(x,, F) = 0.

Theorem 1.2 ([16], Theorem 3.3, p.355). Let C' be a nonempty bounded closed
convex subset of a uniformly convexr Banach space X. Let {T; :i € J} be N uni-
formly L-Lipschitzian asymptotically quasi-nonerpansive self-mappings of C with
Wi, € [0,00) such that Y .~ | win < 0o for all i € J and F = ﬂfil F(T;) # 0.
Suppose that there exists one semi-compact member T in {T; : i € J} and that
xo € C and {a,} C (s,1—s) for some s € (0,1). Then the sequence {x,} defined
by the implicit iteration process (1.2) converges strongly to a common fized point
in F.

In 2006, Rhoades and Soltuz [12] noted that the existence of (I — tT7)~! for
all ¢ € (0,1), 4« = 1,2,...N, and all p > 1 should be assumed in order to have
the iteration (1.2) well-defined. In 2007, Shahzad and Zegeye [13] introduced and
studied the class of generalized asymptotically quasi-nonexpansive mappings and
they proved the new strong convergence of the modified implicit iteration process
(1.2) to a common fixed point of finite family of generalized asymptotically quasi-
nonexpansive mappings.

Recently, Thianwan and Suantai [17] introduced a new implicit iteration process
for a finite family of nonexpansive mappings. Let X be a normed linear space and
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C' a nonempty convex subset of X. Let {T; : ¢ € J} be a finite family of non-
expansive self-mappings of C' and suppose that F = ﬂf\;l F(T;) # 0, the set of
common fixed points of 73,7 = 1,2,...N. A new implicit iteration process for a
finite family of nonexpansive mappings is defined as follows, with {a,,} and {3, }
are two real sequences in [0, 1], zo € C:

1 =aqx0 + 1o + (1 — oy — Bi)Thay,
xo =aox1 + foTox1 + (1 — ag — P2)Thxa,

zn =anZn-1+ OnTnen-1+ (1 —an — On) TNz,

TN+1 =aN+1ZN + Onv1TN1en + (1 — anyr — By41) TNF1ZN 415

which can be written in the following compact form:
Tp = T + BnTn@n-1+ (1 —an — Bn)Thzn, Yn > 1, (1.3)
where Tn = Tn(mod N)-

We note that Xu and Ori’s iteration is a special case of (1.3). If 8, = 0,
then the implicit iterative scheme (1.3) reduces to Xu and Ori’s iteration (1.1).
Thianwan and Suantai [17] established the following theorems:

Theorem 1.3 ([17], Theorem 2.2, p.225). Let X be a uniformly conver Banach
space and let C' be a nonempty closed convex subset of X. Let {T; : i € J} be N
nonexpansive self-mappings of C with F = NI, F(T;) # 0. Suppose that {T; : i €
J} satisfies condition (B). Let {a,} and {B3,} be real sequences in [0, 1] such that
an By is in [0,1] for alln > 1 and 0 < liminf,,_, a, < limsup,,_, (o, +6,) <
1. From an arbitrary o € C, define the sequence {x,} by (1.8). Then {x,}
converges strongly to a common fized point of the mappings {T; : i € J}.

Theorem 1.4 ([17], Theorem 2.3, p.226 ). Let X be a uniformly convexr Banach
space and let C' be a nonempty closed convex subset of X. Let {T; : i € J} be N
nonexpansive self-mappings of C with F = NN, F(T;) # 0. Suppose that one of the
mappings in {T; : i € J} is semi-compact. Let {ay,} and {B,} be real sequences
in [0,1] such that oy, + By is in [0,1] for all n > 1 and 0 < liminf,, . @, <
limsup,, o (an + Bn) < 1. From an arbitrary o € C, define the sequence {x,}
by (1.3). Then {x,} converges strongly to a common fized point of the mappings
{Tl NS J}

Theorem 1.5 ([17], Theorem 2.6, p.227 ). Let X be a uniformly convex Banach
space which satisfies Opial’s condition and let C be a nonempty closed convex
subset of X. Let {T; : i € J} be N nonexpansive self-mappings of C with F =
NN F(T;) # 0. Let {an} and {B,} be real sequences in [0,1] such that o, + B, is
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in [0,1] for alln > 1 and 0 < liminf, .o oy, < limsup,,_, (a, + Bn) < 1. From
an arbitrary xo € C, define the sequence {x,} by (1.3). Then {x,} converges
weakly to a common fized point of {T; :i € J}.

Inspired and motivated by these facts, we will extend the process (1.3) to a
process for a finite family of asymptotically quasi-nonexpansive mappings with
{a,} and {3,} are two real sequences in (0, 1), and an initial point z € C:

1 =a1z0 + frThzo + (1 —oq — Bi)Tha,
xy =1 + foTox + (1 — ag — (2)Thxs,

ey =anyzy—1+ OnTyen—1 + (1 —an — By)TNew,

2 2
TN+1 =anm12N + OvTien + (1 —aver — Bys) T en 1,

Ton =aanTan—1 + PonTawan—1 + (1 — aan — Bon)Tawan,

3 3
Ton+1 =0an41Z2N + Panp1Tizant1 + (1 — aanvg1 — Bony1) T Tan 1,

which can be written in the following compact form:
Tp = OApTp—1 + ﬁnTik:En—l + (1 — Qp — ﬁn)/rikxna vn 2 17 (14)

where n = (k — 1)N + i, Ty, = Ty(moany = Ti, @ € J.

Throughout this paper, we shall assume that (I—¢77)~! exists for all ¢ € (0, 1),
it € J and all p > 1. We always suppose that the sequence {x,} generated by
process (1.4) exists. The purpose of this paper is to study the implicit iteration
process (1.4) in the general setting of a uniformly convex Banach spaces and prove
the strong convergence of the process to a common fixed point, requiring one
member T in the family {T; : ¢ € J} which is either semi-compact or satisfies
condition (C'). More precisely, we prove weak convergence of the implicit iteration
process in a uniformly convex Banach space X which satisfies Opial’s condition.
The results presented in this paper generalize and extend the corresponding ones

announced by Thianwan and Suantai [17], Sun [16], and other authors.
Now, we recall some well known concepts and results.

Let X be a Banach space with dimension X > 2. The modulus of X is the
function dx : (0,2] — [0,1] defined by dx(€) = inf{l1 — [|[2(z+y)|| : [[=]| = 1, ly| =
1,e = ||z — y||}. Banach space X is uniformly convex if and only if dx(¢) > 0 for
all € € (0,2]. A mapping T : C — C'is called demi-closed with respect to y € X
if for each sequence {z,,} in C and each = € X, 2, — 2 and Tx,, — y imply that
x € C' and Tx = y. A Banach space X is said to satisfy Opial’s condition [10] if
for any sequence {x,} in X, x,, — x implies that
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limsup ||z, — x| < limsup ||z, — y||
n—oo n—oo
for all y € C with  # y. We recall that a mapping T : C' — C' is called semi-
compact(or hemicompact) if any sequence {z,} in C satisfying ||, — Ta,| — 0
as n — oo has a convergent subsequence. A family {T; : i € J} of N self-mappings
of C with F =Y, F(T;) # 0 is said to satisfy

(1) condition (B) on C' [5] if there is a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0 and f(r) > 0 for all r € (0,00) and all z € C such that
_ > .
s (e~ Tal) > f(da, F));
(2) condition (C) on C' [4] if there is a nondecreasing function f : [0, 00) —
[0,00) with f(0) = 0 and f(r) > 0 for all 7 € (0,00) and all z € C such that
{llz = Tyz||} > f(d(x, F)) for at least one T, I = 1,2,..., N.

Note that condition (B) and condition (C) are equivalent (see [4]).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.6 ([9]). Let {a,} and {u,} be sequences of nonnegative real numbers
satisfying the inequality

apt1 < (1+un)an7 Vn=12,....

If 37 un < 0o, then
(1) limy, o0 ay, exists .
(2) limy, o0 an, = 0 whenever liminf,, o a, = 0.

Lemma 1.7 ([6]). Let X be a uniformly convex Banach space and B, = {x € X :
lz]| <7}, r > 0. Then there exists a continuous, strictly increasing, and convex
function g : [0,00) — [0,00),9(0) = 0 such that

1Az + By + 2l < Mzl + Bllyll? + 12l = Mg (ll= — yl)),
for all z,y,z € By, and all A\, B,y € [0,1] with A+ 5+~ = 1.

Lemma 1.8 ([6]). Let C be a nonempty closed convex subset of a uniformly convex
Banach spaceX. Let T : C — C' be an asymptotically nonexpansive mapping. Then
I —T is demi-closed at zero.

Lemma 1.9 ([15]). Let X be a Banach space which satisfies Opial’s condition
and let {x,} be a sequence in X . Let u,v € X be such that lim,_ . ||z, — ul|
and imy, o ||y, — v|| exist. If {xy, } and {xm,,} are subsequences of {x,,} which
converge weakly to u and v, respectively, then u = v.
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2 Main Results

In this section, we prove weak and strong convergence of the implicit iteration
process (1.4) to a common fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in a uniformly convex Banach space. First of all, we give
necessary and sufficient conditions for convergence in a Banach space.

Theorem 2.1. Let C be a nonempty closed convex subset of a Banach space X.
Let {T; : i € J} be N asymptotically quasi-nonexpansive self-mappings of C' with
Uin, € [0,00) (i.e., [T/ — ¢l < (14 win)llxz — gl for all x € C, ¢; € F(T;),
i€ J) such that Y.°°  ug < oo for all i € J and F = (X, F(T;) # 0 (here
F(T;) denotes the set of fized points of T;). Let {an} and {B,} be real sequences
in (0,1) such that cy,, Bn, an + B are in (s,1 — ) for some s € (0,1) and for all
n > 1. From an arbitrary xo € C, define the sequence {xn} by (1.4). Then {z,}
converges strongly to a common fized point of the mappings {T; : i € J} if and
only if liminf, . d(z,, F) = 0, where d(z, F) denotes the distance of x to set
F,ie., d(z, F) =infycp d(z,y).

Proof. The necessity of the conditions is obvious. Thus, we will only prove the
sufficiency. Let p € F. Then from (1.4) we obtain that

|zn — pll = lanzn—1 + 6nTikxn*1 +(1—a, — Bn)Tzkxn =l
< apllzn-1 —p| + BnHTikxnfl —pll+ (1 —an— 6n)||Tzkxn =l
< aplln—1 —pll + Bl + uik) |zn-1 — p|
+(1—a,— 571)(1 + ulk)”xn —p”
< (an + Bn + Bnuik)[|Tn-1 — pl|
+ (1 = an — Bn = Batir + wik)||zn — pl|-

Transposing and simplifying above inequality, and noticing that 0 < s < o, + 06, <
1—s <1, we have

(n + B + Bttt |2n = pll < (@ + Ba + Buttit)|[Tn—1 — pll + it |l — p]
< (on + Bn + Bouir) | 2n-1 — p||
g (2 On T Oty
This implies that
[ [ (2.1)

Since 220:1 u;p < oo for all ¢ € J, we have that limy_ .o u;z = 0 and hence there
exists a natural number ng, as k > no/N + 1, i.e., n > ng such that s — u;; > 0
and w;x < 5. Thus, from (2.1), for n > ng, we obtain that

S

lzn —pll < —[|an-1—pl|. (2.2)
Uik

s —
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Let 1 +wv;, = sjuk =1+ Sfjfik. Then we see that v, = (ﬁ)um < %uik and

that 50 v < 2357wk < oo for all i € J. By (2.2), for n > ng, we get that

[n = pll <1 +vi) 21 = pl- (2.3)

Thus, by Lemma 1.6 we have that lim, . ||z, — p|| exists. Since, for n > ng,
d(zn, F) < (1 4+ vi)d(xn—1, F) and by assumption liminf,, . d(x,, F) = 0 we
conclude that lim, . d(z,, F) = 0. Next, we show that {z,} is a Cauchy se-
quence. Notice that when x > 0, 1 + 2 < e*, from (2.3) for any p € F we have

N oo
@nsm — 2l <exp{>° S vieHlzn — pl

i=1 k=1
<M||zn —p (2.4)

for all natural number m,n, where M = exp{Zfil Y oreqVik} + 1 < oo. Since
lim,, 00 d(x, F') = 0, given any € > 0, there exists a natural number n; such that
d(xn,F) < 5% for all n > ni. So we can find p; € F such that |z,, —pi|| <
d(xn,,p1) < 557 by the definition of d(x,,, F). By (2.4), for all n > n; and m > 1,

we have

[Zntm = Znll <[@ntm = prll + |20 — p1l
<M||zn, —pill + M||zn, —p1ll
<Sti=e
-2 2
This shows that {z,,} is a Cauchy sequence and so is convergent since X is com-

plete. Let lim,, o 2, = p. Then since C'is closed, p € C. It remains to show that
p € F. Notice that

|d(p, F') = d(wn, F)| < |lp — 2al

for all n. Thus, since lim,, o ©, = p and lim,, o d(z,,, F) = 0, we obtain that p €
F. This completes the proof. 0

The following Corollary follows from Theorem 2.1.

Corollary 2.2. Let C be a nonempty closed convex subset of a Banach space X.
Let {T; : i € J} be N asymptotically quasi-nonexpansive self-mappings of C' with
Uin, € [0,00) such that Y " | Wiy < 0o for alli € J and F = ﬂfvzl F(T;) # 0.
Let {a,} and {B,} be real sequences in (0,1) such that ay,, B, + B are in
(s,1 —s) for some s € (0,1) and for all n > 1. From an arbitrary xo € C, define
the sequence {xn} by (1.4). Then {x,} converges strongly to a common fized point
p € I if and only if there exists some infinite subsequence {xn;} of {xn} which
converges to p.

The main purpose of this paper is to prove strong and weak convergent results
for the process (1.4). In order to prove our main results, the following lemma is
needed.
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Lemma 2.3. Let X be a uniformly convex Banach space and C a nonempty closed
convex subset of X. Let {T; : i € J} be N uniformly L-Lipschitzian asymptotically
quasi-nonexpansive self-mappings of C with wy, € [0,00) such that >~ | win < 00
for all i € J and F = ﬂf\il F(T;) # 0. Let {a,} and {B,} be real sequences
in (0,1) such that o, By, an + By are in (s,1 — s) for some s € (0,1) and for
all n > 1. From an arbitrary xo € C, define the sequence {x,} by (1.4). Then
lim, oo |2, — Tizy|| = 0 for alll € J.

Proof. We have {x,} is bounded (see proof Theorem 2.1). So, there exists r > 0
such that {z,} C B(0,r) for all n > 1, where B(0,r) is the closed ball of X with
center zero and radius . By Lemma 1.7, we get for any ¢ € F

20 = qll* = llanen—1 + BaTan—1 + (1 = an = Ba) T w0 — gl
= llan(zn—1 = @) + Bu(Tf 01 — ) + (1 — an — Bu) (T 20 — )|
< anllwn—1 = ql* + BullTF w01 — gl
+ (1= = B)lIT 0 — ql” — nBug(ITFwn—1 — 20 a]) (25
and

l|lzn — QH2 < apllTn-1 - Q||2 + 6n||Tik33nfl - Q||2 + (1 —ap — ﬁn)”Tzkxn - Q||2

= an(l = an = Bu)g(| T wn — 2], (2.6)
where [|Tfz,—1 — 2p—1] = | Ten—1 — ap_al and [|TFen — apoal = [Then —
ZTp-1ll, n=(k—1)N+1i, i€ J. Since T, is asymptotically quasi-nonexpansive,

it follows from (2.5) and (2.6) that

lzn = all” < anllzn—1 = all* + Bu(1 + vit)*|l2n—1 — ql|?
+ (1= an = Bu) (1 + win) |20 — all* = anBrg(| T wn—1 — 2 ])
< anflan—1 = qll* + Ballzn-1 — qll* + Bovirl|lzn—1 — ql|?
+ (1= an = B = Buvir + vir)llzn — qll* = @nBug (| T w01 — 2n1ll)

and (2.7)
lzn — QH2 < apllTn-1 - QH2 + BullTn-—1— Q||2 + Buvik||Tn—1 — Q||2
+ (1 — Qp — ﬁn - ﬁnvik + ’Uik)Hxn - q||2
— an(l = an = Bn)g(|TFxn — zna), (2.8)

respectively, where v;, = 2u;, + ufk Hence Z?:l vir < oo for all ¢ € J. Using
(2.7), (2.8) and s < ay + Bn < ap + B + Brvik, we have

(en + B+ Buvie)lzn — all* < (n + B + Bovir) [2n-1 — qll?

Oy + B + Bnvik
b Lot Bn 2 D), g

= anfBug(| T w01 — 2n1ll) (2.9)
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and

(etn + B+ Brvie)lzn — all* < (an + B + Bovik)l2n-1 — al?

O + ﬁn + ﬁnvik
o Qo Ot i)y g

= an(l = an = B)g(|TFzn — zpall).  (210)

Hence |z, — q||* < |#n—1 — ¢||* + “& ||z, — ¢||*>. Therefore, as in Theorem 2.1,
we can show that lim,, . ||z, — ¢||? exists and let lim,, .o ||z, — ¢||* = d. From
(2.9), (2.10), s < ap < ap + B <1 —sand s < B, for all n € N, we obtain two
important inequalities:

< 1)< —SnBn oz n
_— P Tp 1 — Ty P 1 — T
1— s+ Bpuge )i ot WS o+ B + Bavin” ! L
Vik
< s =l =l = gl + 22, gl
(2.11)
and
52 an(1—a, — Bn)
— = g(ITFzy — 2p]]) < 22— T (T2, — 2y
(T iy < 220 0n =Bl gy 0

Uik
< o —all® = llzn = all” + == lan — al*
(2.12)
Hence, by (2.11) and (2.12), we have

1 — s+ Bnvik Vik
91 TFzn—1 — znall) < T(Hxn—l —qll* = llzn —qll + ?Hiﬂn —q|*)
(2.13)
and
1 — s+ Bnvik Vik
gITFzn — zpall) < T(Hxn—l —qll’ = lzn —qll + ?Hiﬂn —q|?).
(2.14)
Since Y 2, vir < 00, inequalities (2.13) and (2.14) become
1—-s+ K Vik
IUITFan—1 — zna]) < T(Hxn—l —ql> = llzn —ql* + ?Hiﬂn —ql?)
(2.15)
and
1-s+K Vik
g1 TFzn — zna]|) < T(Hiﬂn—l —ql> = llzn —ql* + ?Hiﬂn —q|*)
(2.16)

for some constant K > 0. Hence, by (2.15) and (2.16), we have
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- 1—s4+ K «—
> 9T zn1 = znall) < — > (lzn-1 = all* = llzn — qll* + vie M)
n=1 n=1

(2.17)

and

1—s4+ K «—
g(| T 2 — 2 1)) < — > Ulzn-1 —all* = llzn — qll* + vi M),

NE

n=1

3
Il
s

(2.18)

where M = 22 < oo, r is the ball radius. Since Y-, vy < 00, by letting m — oo
in (2.17) and (2 18) we get Y7, g(||Tk:1:n 1= T 1||) < o0 and S g(||Tk:1:n -
Tp-1||]) < 0o, and therefore lim,, o0 g(|| TF2n—1—2n—1]]) = 0 = limy, .00 g(|| TF2n—
Zn—1]]). Since g is strictly increasing and continuous at 0 with ¢g(0) = 0, it follows
that

lim || T*z, 1 — 2, 1] =0 = hm I TE2, — 21 (2.19)

n—oo

Using (2.19), we have

Zn — Tp-1ll = ||ﬁn(Tikxn—1 —Tp—1) + (1 —an — ﬁn)(Tzkxn — Zn—1)|
< 6n||Tik33nfl — Tl + (1 —ap — 6n)||TzkIn |
= 6n||T:33n*1 — Tl + (1 —ap — 6n)||T:In |

— 0 (as n — 00),

as well as lim,, oo ||€n — znpi|| = 0 for all I < 2N. Hence for n > N,

[#n—1 — Thzpll < [[n-1 — ija:nH + ||Tk$n = Tnn |

< on+ LT oy, — T Napon ||+
ITF N - — Tny—1 ]l + [T ny—1 — Tnll)-
Clearly, n = (n — N)(mod N). Thus T,, = T),,_ ny and above inequality becomes
|Zn—1 — Ton|| < on + L?||2 — Tnen|| + Lon—n + L2y — 2(n—n)-1]l,
which yields that lim,, e ||€n—1 — Thay| = 0. From
”fEn - Tnxn” < ”fEn - lﬂnfl” + ||33n71 - Tnxn”v

it follows that lim,, o ||2n — Thay| = 0. Hence for all [ € J

lzn — Tnviznll < |20 — Topill + |20t — TaiZostll + 1 Tnsi®ntr — Toyion|
< (14 L) [#n — st + [ns1 — Tous il
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which implies that lim, o ||2n — Tht12n|| = 0 for all I € J. Since for each [ € J,
{l|#, — Tqt]|} is a subset of U, {||zn, — Ty}, we have

lim ||, — Tjz,|| =0
for all [ € J. This completes the proof. 1

Theorem 2.4. Let X be a uniformly convexr Banach space and C' a nonempty
closed convex subset of X. Let {T; : i € J} be N wuniformly L-Lipschitzian as-
ymptotically quasi-nonexpansive self-mappings of C with u;, € [0,00) such that
Yool Ui < 00 for all i € J. Suppose that F = ﬂf\]:l F(T;) # 0 and there exists
one member T in {T; : i € J} which is either semi-compact or satisfies condition
(C). Let {an} and {Bn} be real sequences in (0,1) such that cu,, By, + By are in
(s,1 —s) for some s € (0,1) and for all n > 1. From an arbitrary xo € C, define
the sequence {x,} by (1.4). Then {x,} converges strongly to a common fized point
of the mappings {T; : i € J}.

Proof. We may assume that 7T is either semi-compact or satisfies condition (C')
without loss of generality. By Lemma 2.3, we have lim,,_, ||x, — Tjz,|| = 0. f T}
is semi-compact, then there exists a subsequence {x,,} of {z,} such that z,, —
xz* € C as j — oo. Now Lemma 2.3 guarantees that lim; .o ||, — Ti2y,|| = 0
for all [ € J and so ||z* — Tja*|| = 0 for all [ € J. This implies that 2* € F. Since
liminf,, o d(z,, F) = 0, Theorem 2.1 guarantees that {z,} converges strongly
to some common fixed point in F. If T} satisfies condition (C), then we have
liminf,,_~ d(x,, F) = 0. Now apply Theorem 2.1. This completes the proof. [

The following result is directly obtained by Theorem 2.4.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty
closed convex subset of X. Let {T; : i € J} be N asymptotically nonexpansive self-
mappings of C with w;, € [0,00) such that > >~ wym < 0o for all i € J. Suppose
that F = ﬂfil F(T;) # 0 and there exists one member T in {T; : i € J} which is
either semi-compact or satisfies condition (C'). Let {a,} and {5y} be real sequences
in (0,1) such that au,, Bn,an + Bn are in (s,1 —s) for some s € (0,1) and for all
n > 1. From an arbitrary xo € C, define the sequence {x,} by (1.4). Then {z,}
converges strongly to a common fized point of the mappings {T; : i € J}.

In the next result, we prove weak convergence of the sequence {z,} defined
by (1.4) in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s
condition and C a nonempty closed convexr subset of X. Let {T; : i € J} be
N uniformly L-Lipschitzian asymptotically quasi-nonexpansive self-mappings of C'
with wi, € [0,00) such that Y .~ iy, < o0 for all i € J and F = ﬂf\;l F(T;) # 0.
Let {an} and {B,} be real sequences in (0,1) such that o, B, on + By are in
(s,1 —s) for some s € (0,1) and for all n > 1. Suppose that I —T; for alli € J
are demi-closed at 0. From an arbitrary xog € C, define the sequence {xy} by (1.4).
Then {x,} converges weakly to a common fixed point of the mappings {T; : i € J}.
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Proof. By Lemma 2.3, we have lim,,_, |2, — Tjz,| = 0 for all [ € J. Since X
is uniformly convex and {z,} is bounded, we may assume that z, — z* weakly
as n — 00, with out loss of generality. Since I — T; for all i € J are demi-closed
at 0, we have z* € F(T;) for all i € J. Hence z* € F. Suppose that there exist
subsequences {z,, } and {z,, } of {z,} converge weakly to y* and z*, respectively.
Again, as above, we can prove that y*, z* € F'. Since lim,,_. ||z, —p|| exists for all
p € F (see proof Theorem 2.1), we have lim,, .o ||z, — y*|| and lim, o ||z, — 2|
exists. It follows from Lemma 1.9 that y* = z*. Therefore {x,,} converges weakly
to a common fixed point x* in F'. 1

Since every asymptotically nonexpansive mapping is uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive, so with the help of Lemma 1.8, the fol-
lowing result is directly obtained by Theorem 2.6.

Theorem 2.7. Let X be a uniformly convexr Banach space which satisfies Opial’s
condition and C a nonempty closed convex subset of X. Let {T; : i € J} be
N asymptotically nonexpansive self-mappings of C' with w;, € [0,00) such that
oo Ui < 00 for alli € J and F = ﬂf\;l F(T;) # 0. Let {a,} and {B,} be real
sequences in (0,1) such that auw, By, + By are in (s,1 — s) for some s € (0,1)
and for all m > 1. From an arbitrary xzo € C, define the sequence {x,} by (1.4).
Then {x,} converges weakly to a common fized point of the mappings {T; : i € J}.
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