
Thai Journal of Mathematics

Special Issue (Annual Meeting in Mathematics, 2010) : 105–119

www.math.science.cmu.ac.th/thaijournal

Online ISSN 1686-0209

Weak and Strong Convergence of an Implicit

Iteration Process for a Finite Family of

Asymptotically Quasi-Nonexpansive Mappings

S. Thianwan

Abstract : In this paper, a new implicit iteration process for a finite family of
asymptotically quasi-nonexpansive mappings is introduced and studied. We prove
that the implicit iteration sequence for a finite family of asymptotically quasi-
nonexpansive mappings converges strongly to a common fixed point of the family
in a uniformly convex Banach space, requiring one member T in the family which
is either semi-compact or satisfies condition (C). More precisely, weak convergence
theorems are established for the implicit iteration process in a uniformly convex
Banach space which satisfies Opial’s condition. Our results generalize and extend
the recent ones announced by Thianwan and Suantai [S. Thianwan and S. Suantai,
Weak and strong convergence of an implicit iteration process for a finite family of
nonexpansive Mappings, Scientiae Mathematicae Joponicae 66 (2007), 221–229],
Sun [Z.H. Sun, Strong convergence of an implicit iteration for a finite family of
asymptotically quasi-nonexpansive mappings, J. Math. Anal. Appl. 286 (2003),
351–358], and other authors.

Keywords : Implicit iteration process; Weak and strong convergence; Finite fam-
ily of asymptotically quasi-nonexpansive mappings; Opial’s condition; Common
fixed point.

2000 Mathematics Subject Classification : 47H10, 47H09, 46B20.

1 Introduction

Let X be a normed space and C a nonempty subset of X , T a self-mapping
on C. T is said to be nonexpansive on C if for all x, y ∈ C the following inequality
holds: ‖Tx − Ty‖ ≤ ‖x − y‖. T is called asymtotically nonexpansive if there
exists a sequence {un} ⊂ [0,∞) with limn→∞ un = 0 such that ‖T nx − T ny‖ ≤
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(1+un)‖x−y‖ for all x, y ∈ C and n ≥ 1. T is said to be uniformly L-Lipschitzian if
‖T nx−T ny‖ ≤ L‖x−y‖ for all x, y ∈ C and n ≥ 1, where L is a positive constant.
Denote by F (T ) the set of fixed points of T, that is, F (T ) = {x ∈ C : Tx = x}. T is
called asymptotically quasi-nonexpansive if there exists a sequence {un} ⊂ [0,∞)
with limn→∞ un = 0 such that for all x ∈ C, the following inequality holds:
‖T nx − q‖ ≤ (1 + un)‖x − q‖ for all q ∈ F (T ) and n ≥ 1.

It is clear from this definition that every asymptotically nonexpansive mapping
with a fixed point is asymptotically quasi-nonexpansive.

In 1967, Diaz and Metcalf [7] gave the concept of quasi-nonexpansive map-
pings. In 1972, Goebel and Kirk [8] introduced the notion of asymptotically
nonexpansive mappings. The iterative approximation problems for nonexpan-
sive mapping, asymptotically nonexpansive mapping and asymptotically quasi-
nonexpansive mapping were studied extensively by Browder ([1], [2]), Goebel and
Kirk [8], Liu [9], Wittmann [18], Reich [11], Shoji and Takahashi [14], Chang et
al. [3] in the settings of Hilbert spaces and uniformly convex Banach spaces.

In 2001, Xu and Ori [19] introduced the following implicit iteration process
for a finite family of nonexpansive mappings {Ti : i ∈ J} (here J = {1, 2, . . . , N})
with {αn} is a real sequence in (0, 1), and an initial point x0 ∈ C:

x1 =α1x0 + (1 − α1)T1x1,

x2 =α2x1 + (1 − α2)T2x2,

...

xN =αNxN−1 + (1 − αN )TNxN ,

xN+1 =αN+1xN + (1 − αN+1)TN+1xN+1,

...

which can be written in the following compact form:

xn = αnxn−1 + (1 − αn)Tnxn ∀n > 1, (1.1)

where Tn = Tn(mod N) (here the mod N function takes values in J). Xu and Ori
proved the weak convergence of this process to a common fixed point of the finite
family of nonexpansive mappings in a Hilbert space.

In [20], Zhou and Chang studied the weak and strong convergence of this
implicit iteration process to a common fixed point for a finite family of asymptot-
ically nonexpansive mappings and a finite family of nonexpansive mappings. In
[5], Chidume and Shahzad proved that Xu and Ori’s iteration process converges
strongly to a common fixed point for a finite family of nonexpansive mappings if
one of the mappings is semi-compact. In 2003, Sun [16] defined an implicit iter-
ation process for a finite family of asymptotically quasi-nonexpansive mappings
{Ti : i ∈ J} with {αn} a real sequence in (0, 1), and an initial point x0 ∈ C, as
follows:
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x1 =α1x0 + (1 − α1)T1x1,

x2 =α2x1 + (1 − α2)T2x2,

...

xN =αNxN−1 + (1 − αN )TNxN ,

xN+1 =αN+1xN + (1 − αN+1)T
2
1 xN+1,

...

x2N =α2Nx2N−1 + (1 − α2N )T 2
NxN ,

x2N+1 =α2N+1x2N + (1 − α2N+1)T
3
1 x2N+1,

...

which can be written in the following compact form:

xn = αnxn−1 + (1 − αn)T k
i xn ∀n > 1, (1.2)

where n = (k − 1)N + i, i ∈ J. More precisely, Sun proved the following results.

Theorem 1.1 ([16], Theorem 3.1, p.354). Let C be a nonempty closed convex sub-
set of a Banach space X. Let {Ti : i ∈ J} be N asymptotically quasi-nonexpansive
self-mappings of C with uin ∈ [0,∞) such that

∑
∞

n=1 uin < ∞ for all i ∈ J and

F =
⋂N

i=1 F (Ti) 6= ∅. Suppose that x0 ∈ C and {αn} ⊂ (s, 1−s) for some s ∈ (0, 1).
Then the sequence {xn} defined by the implicit iteration process (1.2) converges
strongly to a common fixed point in F if and only if lim infn→∞ d(xn, F ) = 0.

Theorem 1.2 ([16], Theorem 3.3, p.355). Let C be a nonempty bounded closed
convex subset of a uniformly convex Banach space X. Let {Ti : i ∈ J} be N uni-
formly L-Lipschitzian asymptotically quasi-nonexpansive self-mappings of C with
uin ∈ [0,∞) such that

∑
∞

n=1 uin < ∞ for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅.
Suppose that there exists one semi-compact member T in {Ti : i ∈ J} and that
x0 ∈ C and {αn} ⊂ (s, 1 − s) for some s ∈ (0, 1). Then the sequence {xn} defined
by the implicit iteration process (1.2) converges strongly to a common fixed point
in F.

In 2006, Rhoades and Soltuz [12] noted that the existence of (I − tT p
i )−1 for

all t ∈ (0, 1), i = 1, 2, . . .N, and all p ≥ 1 should be assumed in order to have
the iteration (1.2) well-defined. In 2007, Shahzad and Zegeye [13] introduced and
studied the class of generalized asymptotically quasi-nonexpansive mappings and
they proved the new strong convergence of the modified implicit iteration process
(1.2) to a common fixed point of finite family of generalized asymptotically quasi-
nonexpansive mappings.

Recently, Thianwan and Suantai [17] introduced a new implicit iteration process
for a finite family of nonexpansive mappings. Let X be a normed linear space and
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C a nonempty convex subset of X. Let {Ti : i ∈ J} be a finite family of non-

expansive self-mappings of C and suppose that F =
⋂N

i=1 F (Ti) 6= ∅, the set of
common fixed points of Ti, i = 1, 2, . . .N . A new implicit iteration process for a
finite family of nonexpansive mappings is defined as follows, with {αn} and {βn}
are two real sequences in [0, 1], x0 ∈ C:

x1 =α1x0 + β1T1x0 + (1 − α1 − β1)T1x1,

x2 =α2x1 + β2T2x1 + (1 − α2 − β2)T2x2,

...

xN =αNxN−1 + βNTNxN−1 + (1 − αN − βN )TNxN ,

xN+1 =αN+1xN + βN+1TN+1xN + (1 − αN+1 − βN+1)TN+1xN+1,

...

which can be written in the following compact form:

xn = αnxn−1 + βnTnxn−1 + (1 − αn − βn)Tnxn, ∀n ≥ 1, (1.3)

where Tn = Tn(mod N).

We note that Xu and Ori’s iteration is a special case of (1.3). If βn ≡ 0,
then the implicit iterative scheme (1.3) reduces to Xu and Ori’s iteration (1.1).
Thianwan and Suantai [17] established the following theorems:

Theorem 1.3 ([17], Theorem 2.2, p.225). Let X be a uniformly convex Banach
space and let C be a nonempty closed convex subset of X. Let {Ti : i ∈ J} be N
nonexpansive self-mappings of C with F = ∩N

i=1F (Ti) 6= ∅. Suppose that {Ti : i ∈
J} satisfies condition (B). Let {αn} and {βn} be real sequences in [0, 1] such that
αn +βn is in [0, 1] for all n ≥ 1 and 0 < lim infn→∞ αn ≤ lim supn→∞

(αn +βn) <
1. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.3). Then {xn}
converges strongly to a common fixed point of the mappings {Ti : i ∈ J}.

Theorem 1.4 ([17], Theorem 2.3, p.226 ). Let X be a uniformly convex Banach
space and let C be a nonempty closed convex subset of X. Let {Ti : i ∈ J} be N
nonexpansive self-mappings of C with F = ∩N

i=1F (Ti) 6= ∅. Suppose that one of the
mappings in {Ti : i ∈ J} is semi-compact. Let {αn} and {βn} be real sequences
in [0, 1] such that αn + βn is in [0, 1] for all n ≥ 1 and 0 < lim infn→∞ αn ≤
lim supn→∞

(αn + βn) < 1. From an arbitrary x0 ∈ C, define the sequence {xn}
by (1.3). Then {xn} converges strongly to a common fixed point of the mappings
{Ti : i ∈ J}.

Theorem 1.5 ([17], Theorem 2.6, p.227 ). Let X be a uniformly convex Banach
space which satisfies Opial’s condition and let C be a nonempty closed convex
subset of X. Let {Ti : i ∈ J} be N nonexpansive self-mappings of C with F =
∩N

i=1F (Ti) 6= ∅. Let {αn} and {βn} be real sequences in [0, 1] such that αn + βn is
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in [0, 1] for all n ≥ 1 and 0 < lim infn→∞ αn ≤ lim supn→∞
(αn + βn) < 1. From

an arbitrary x0 ∈ C, define the sequence {xn} by (1.3). Then {xn} converges
weakly to a common fixed point of {Ti : i ∈ J}.

Inspired and motivated by these facts, we will extend the process (1.3) to a
process for a finite family of asymptotically quasi-nonexpansive mappings with
{αn} and {βn} are two real sequences in (0, 1), and an initial point x0 ∈ C:

x1 =α1x0 + β1T1x0 + (1 − α1 − β1)T1x1,

x2 =α2x1 + β2T2x1 + (1 − α2 − β2)T2x2,

...

xN =αNxN−1 + βNTNxN−1 + (1 − αN − βN)TNxN ,

xN+1 =αN+1xN + βN+1T
2
1 xN + (1 − αN+1 − βN+1)T

2
1 xN+1,

...

x2N =α2Nx2N−1 + β2NT 2
Nx2N−1 + (1 − α2N − β2N )T 2

Nx2N ,

x2N+1 =α2N+1x2N + β2N+1T
3
1 x2N+1 + (1 − α2N+1 − β2N+1)T

3
1 x2N+1,

...

which can be written in the following compact form:

xn = αnxn−1 + βnT k
i xn−1 + (1 − αn − βn)T k

i xn, ∀n ≥ 1, (1.4)

where n = (k − 1)N + i, Tn = Tn(mod N) = Ti, i ∈ J.

Throughout this paper, we shall assume that (I−tT p
i )−1 exists for all t ∈ (0, 1),

i ∈ J and all p ≥ 1. We always suppose that the sequence {xn} generated by
process (1.4) exists. The purpose of this paper is to study the implicit iteration
process (1.4) in the general setting of a uniformly convex Banach spaces and prove
the strong convergence of the process to a common fixed point, requiring one
member T in the family {Ti : i ∈ J} which is either semi-compact or satisfies
condition (C). More precisely, we prove weak convergence of the implicit iteration
process in a uniformly convex Banach space X which satisfies Opial’s condition.
The results presented in this paper generalize and extend the corresponding ones
announced by Thianwan and Suantai [17], Sun [16], and other authors.

Now, we recall some well known concepts and results.

Let X be a Banach space with dimension X ≥ 2. The modulus of X is the
function δX : (0, 2] → [0, 1] defined by δX(ǫ) = inf{1−‖ 1

2 (x+ y)‖ : ‖x‖ = 1, ‖y‖ =
1, ǫ = ‖x − y‖}. Banach space X is uniformly convex if and only if δX(ǫ) > 0 for
all ǫ ∈ (0, 2]. A mapping T : C → C is called demi-closed with respect to y ∈ X
if for each sequence {xn} in C and each x ∈ X , xn ⇀ x and Txn → y imply that
x ∈ C and Tx = y. A Banach space X is said to satisfy Opial’s condition [10] if
for any sequence {xn} in X , xn ⇀ x implies that
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lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ C with x 6= y. We recall that a mapping T : C → C is called semi-
compact(or hemicompact) if any sequence {xn} in C satisfying ‖xn − Txn‖ → 0
as n → ∞ has a convergent subsequence. A family {Ti : i ∈ J} of N self-mappings
of C with F = ∩N

i=1F (Ti) 6= ∅ is said to satisfy

(1) condition (B) on C [5] if there is a nondecreasing function f : [0,∞) →
[0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) and all x ∈ C such that
max

16l6N
{‖x − Tlx‖} > f(d(x, F ));

(2) condition (C) on C [4] if there is a nondecreasing function f : [0,∞) →
[0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) and all x ∈ C such that
{‖x − Tlx‖} > f(d(x, F )) for at least one Tl, l = 1, 2, . . . , N.

Note that condition (B) and condition (C) are equivalent (see [4]).

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.6 ([9]). Let {an} and {un} be sequences of nonnegative real numbers
satisfying the inequality

an+1 ≤ (1 + un)an, ∀n = 1, 2, . . . .

If
∑

∞

n=1 un < ∞, then
(1) limn→∞ an exists .
(2) limn→∞ an = 0 whenever lim infn→∞ an = 0.

Lemma 1.7 ([6]). Let X be a uniformly convex Banach space and Br = {x ∈ X :
‖x‖ ≤ r}, r > 0. Then there exists a continuous, strictly increasing, and convex
function g : [0,∞) → [0,∞), g(0) = 0 such that

‖λx + βy + γz‖2 ≤ λ‖x‖2 + β‖y‖2 + γ‖z‖2 − λβg(‖x − y‖),

for all x, y, z ∈ Br, and all λ, β, γ ∈ [0, 1] with λ + β + γ = 1.

Lemma 1.8 ([6]). Let C be a nonempty closed convex subset of a uniformly convex
Banach spaceX. Let T : C → C be an asymptotically nonexpansive mapping. Then
I − T is demi-closed at zero.

Lemma 1.9 ([15]). Let X be a Banach space which satisfies Opial’s condition
and let {xn} be a sequence in X . Let u, v ∈ X be such that limn→∞ ‖xn − u‖
and limn→∞ ‖xn − v‖ exist. If {xnk

} and {xmk
} are subsequences of {xn} which

converge weakly to u and v, respectively, then u = v.
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2 Main Results

In this section, we prove weak and strong convergence of the implicit iteration
process (1.4) to a common fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in a uniformly convex Banach space. First of all, we give
necessary and sufficient conditions for convergence in a Banach space.

Theorem 2.1. Let C be a nonempty closed convex subset of a Banach space X.
Let {Ti : i ∈ J} be N asymptotically quasi-nonexpansive self-mappings of C with
uin ∈ [0,∞) (i.e., ‖T n

i x − qi‖ ≤ (1 + uin)‖x − qi‖ for all x ∈ C, qi ∈ F (Ti),

i ∈ J) such that
∑

∞

n=1 uin < ∞ for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅ (here
F (Ti) denotes the set of fixed points of Ti). Let {αn} and {βn} be real sequences
in (0, 1) such that αn, βn, αn + βn are in (s, 1 − s) for some s ∈ (0, 1) and for all
n ≥ 1. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.4). Then {xn}
converges strongly to a common fixed point of the mappings {Ti : i ∈ J} if and
only if lim infn→∞ d(xn, F ) = 0, where d(x, F ) denotes the distance of x to set
F , i.e., d(x, F ) = infy∈F d(x, y).

Proof. The necessity of the conditions is obvious. Thus, we will only prove the
sufficiency. Let p ∈ F. Then from (1.4) we obtain that

‖xn − p‖ = ‖αnxn−1 + βnT k
i xn−1 + (1 − αn − βn)T k

i xn − p‖

≤ αn‖xn−1 − p‖ + βn‖T
k
i xn−1 − p‖ + (1 − αn − βn)‖T k

i xn − p‖

≤ αn‖xn−1 − p‖ + βn(1 + uik)‖xn−1 − p‖

+ (1 − αn − βn)(1 + uik)‖xn − p‖

≤ (αn + βn + βnuik)‖xn−1 − p‖

+ (1 − αn − βn − βnuik + uik)‖xn − p‖.

Transposing and simplifying above inequality, and noticing that 0 < s < αn+βn <
1 − s < 1, we have

(αn + βn + βnuik)‖xn − p‖ ≤ (αn + βn + βnuik)‖xn−1 − p‖ + uik‖xn − p‖

≤ (αn + βn + βnuik)‖xn−1 − p‖

+ uik(
αn + βn + βnuik

s
)‖xn − p‖.

This implies that
s − uik

s
‖xn − p‖ ≤‖xn−1 − p‖. (2.1)

Since
∑

∞

k=1 uik < ∞ for all i ∈ J , we have that limk→∞ uik = 0 and hence there
exists a natural number n0, as k > n0/N + 1, i.e., n > n0 such that s − uik > 0
and uik < s

2 . Thus, from (2.1), for n > n0, we obtain that

‖xn − p‖ ≤
s

s − uik

‖xn−1 − p‖. (2.2)
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Let 1 + vik = s
s−uik

= 1 + uik

s−uik
. Then we see that vik = ( 1

s−uik
)uik < 2

s
uik and

that
∑

∞

k=1 vik < 2
s

∑
∞

k=1 uik < ∞ for all i ∈ J. By (2.2), for n > n0, we get that

‖xn − p‖ ≤(1 + vik)‖xn−1 − p‖. (2.3)

Thus, by Lemma 1.6 we have that limn→∞ ‖xn − p‖ exists. Since, for n > n0,
d(xn, F ) ≤ (1 + vik)d(xn−1, F ) and by assumption lim infn→∞ d(xn, F ) = 0 we
conclude that limn→∞ d(xn, F ) = 0. Next, we show that {xn} is a Cauchy se-
quence. Notice that when x > 0, 1 + x ≤ ex, from (2.3) for any p ∈ F we have

‖xn+m − p‖ ≤ exp{
N∑

i=1

∞∑

k=1

vik}‖xn − p‖

<M‖xn − p‖ (2.4)

for all natural number m, n, where M = exp{
∑N

i=1

∑
∞

k=1 vik} + 1 < ∞. Since
limn→∞ d(xn, F ) = 0, given any ǫ > 0, there exists a natural number n1 such that
d(xn, F ) < ǫ

2M
for all n ≥ n1. So we can find p1 ∈ F such that ‖xn1

− p1‖ ≤
d(xn1

, p1) ≤
ǫ

2M
by the definition of d(xn, F ). By (2.4), for all n ≥ n1 and m ≥ 1,

we have

‖xn+m − xn‖ ≤‖xn+m − p1‖ + ‖xn − p1‖

<M‖xn1
− p1‖ + M‖xn1

− p1‖

≤
ǫ

2
+

ǫ

2
= ǫ.

This shows that {xn} is a Cauchy sequence and so is convergent since X is com-
plete. Let limn→∞ xn = p. Then since C is closed, p ∈ C. It remains to show that
p ∈ F. Notice that

|d(p, F ) − d(xn, F )| ≤ ‖p − xn‖

for all n. Thus, since limn→∞ xn = p and limn→∞ d(xn, F ) = 0, we obtain that p ∈
F. This completes the proof. �

The following Corollary follows from Theorem 2.1.

Corollary 2.2. Let C be a nonempty closed convex subset of a Banach space X.
Let {Ti : i ∈ J} be N asymptotically quasi-nonexpansive self-mappings of C with

uin ∈ [0,∞) such that
∑

∞

n=1 uin < ∞ for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅.
Let {αn} and {βn} be real sequences in (0, 1) such that αn, βn, αn + βn are in
(s, 1 − s) for some s ∈ (0, 1) and for all n ≥ 1. From an arbitrary x0 ∈ C, define
the sequence {xn} by (1.4). Then {xn} converges strongly to a common fixed point
p ∈ F if and only if there exists some infinite subsequence {xnj

} of {xn} which
converges to p.

The main purpose of this paper is to prove strong and weak convergent results
for the process (1.4). In order to prove our main results, the following lemma is
needed.
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Lemma 2.3. Let X be a uniformly convex Banach space and C a nonempty closed
convex subset of X. Let {Ti : i ∈ J} be N uniformly L-Lipschitzian asymptotically
quasi-nonexpansive self-mappings of C with uin ∈ [0,∞) such that

∑
∞

n=1 uin < ∞

for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅. Let {αn} and {βn} be real sequences
in (0, 1) such that αn, βn, αn + βn are in (s, 1 − s) for some s ∈ (0, 1) and for
all n ≥ 1. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.4). Then
limn→∞ ‖xn − Tlxn‖ = 0 for all l ∈ J.

Proof. We have {xn} is bounded (see proof Theorem 2.1). So, there exists r > 0
such that {xn} ⊂ B(0, r) for all n ≥ 1, where B(0, r) is the closed ball of X with
center zero and radius r. By Lemma 1.7, we get for any q ∈ F

‖xn − q‖2 = ‖αnxn−1 + βnT k
i xn−1 + (1 − αn − βn)T k

i xn − q‖2

= ‖αn(xn−1 − q) + βn(T k
i xn−1 − q) + (1 − αn − βn)(T k

i xn − q)‖2

≤ αn‖xn−1 − q‖2 + βn‖T
k
i xn−1 − q‖2

+ (1 − αn − βn)‖T k
i xn − q‖2 − αnβng(‖T k

i xn−1 − xn−1‖) (2.5)

and

‖xn − q‖2 ≤ αn‖xn−1 − q‖2 + βn‖T
k
i xn−1 − q‖2 + (1 − αn − βn)‖T k

i xn − q‖2

− αn(1 − αn − βn)g(‖T k
i xn − xn−1‖), (2.6)

where ‖T k
i xn−1 − xn−1‖ = ‖T k

nxn−1 − xn−1‖ and ‖T k
i xn − xn−1‖ = ‖T k

nxn −
xn−1‖, n = (k − 1)N + i, i ∈ J. Since Tn is asymptotically quasi-nonexpansive,
it follows from (2.5) and (2.6) that

‖xn − q‖2 ≤ αn‖xn−1 − q‖2 + βn(1 + uik)2‖xn−1 − q‖2

+ (1 − αn − βn)(1 + uik)2‖xn − q‖2 − αnβng(‖T k
i xn−1 − xn−1‖)

≤ αn‖xn−1 − q‖2 + βn‖xn−1 − q‖2 + βnvik‖xn−1 − q‖2

+ (1 − αn − βn − βnvik + vik)‖xn − q‖2 − αnβng(‖T k
i xn−1 − xn−1‖)

(2.7)and

‖xn − q‖2 ≤ αn‖xn−1 − q‖2 + βn‖xn−1 − q‖2 + βnvik‖xn−1 − q‖2

+ (1 − αn − βn − βnvik + vik)‖xn − q‖2

− αn(1 − αn − βn)g(‖T k
i xn − xn−1‖), (2.8)

respectively, where vik = 2uik + u2
ik. Hence

∑
∞

k=1 vik < ∞ for all i ∈ J. Using
(2.7), (2.8) and s < αn + βn ≤ αn + βn + βnvik, we have

(αn + βn + βnvik)‖xn − q‖2 ≤ (αn + βn + βnvik)‖xn−1 − q‖2

+ vik

(αn + βn + βnvik)

s
‖xn − q‖2

− αnβng(‖T k
i xn−1 − xn−1‖) (2.9)
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and

(αn + βn + βnvik)‖xn − q‖2 ≤ (αn + βn + βnvik)‖xn−1 − q‖2

+ vik

(αn + βn + βnvik)

s
‖xn − q‖2

− αn(1 − αn − βn)g(‖T k
i xn − xn−1‖). (2.10)

Hence ‖xn − q‖2 ≤ ‖xn−1 − q‖2 + vik

s
‖xn − q‖2. Therefore, as in Theorem 2.1,

we can show that limn→∞ ‖xn − q‖2 exists and let limn→∞ ‖xn − q‖2 = d. From
(2.9), (2.10), s < αn ≤ αn + βn < 1 − s and s < βn for all n ∈ N, we obtain two
important inequalities:

s2

1 − s + βnvik

g(‖T k
i xn−1 − xn−1‖) <

αnβn

αn + βn + βnvik

g(‖T k
i xn−1 − xn−1‖)

≤ ‖xn−1 − q‖2 − ‖xn − q‖2 +
vik

s
‖xn − q‖2

(2.11)

and

s2

1 − s + βnvik

g(‖T k
i xn − xn−1‖) <

αn(1 − αn − βn)

αn + βn + βnvik

g(‖T k
i xn − xn−1‖)

≤ ‖xn−1 − q‖2 − ‖xn − q‖2 +
vik

s
‖xn − q‖2.

(2.12)

Hence, by (2.11) and (2.12), we have

g(‖T k
i xn−1 − xn−1‖) ≤

1 − s + βnvik

s2
(‖xn−1 − q‖2 − ‖xn − q‖ +

vik

s
‖xn − q‖2)

(2.13)

and

g(‖T k
i xn − xn−1‖) ≤

1 − s + βnvik

s2
(‖xn−1 − q‖2 − ‖xn − q‖ +

vik

s
‖xn − q‖2).

(2.14)

Since
∑

∞

k=1 vik < ∞, inequalities (2.13) and (2.14) become

g(‖T k
i xn−1 − xn−1‖) ≤

1 − s + K

s2
(‖xn−1 − q‖2 − ‖xn − q‖2 +

vik

s
‖xn − q‖2)

(2.15)

and

g(‖T k
i xn − xn−1‖) ≤

1 − s + K

s2
(‖xn−1 − q‖2 − ‖xn − q‖2 +

vik

s
‖xn − q‖2)

(2.16)

for some constant K > 0. Hence, by (2.15) and (2.16), we have
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m∑

n=1

g(‖T k
i xn−1 − xn−1‖) ≤

1 − s + K

s2

m∑

n=1

(‖xn−1 − q‖2 − ‖xn − q‖2 + vikM)

(2.17)

and

m∑

n=1

g(‖T k
i xn − xn−1‖) ≤

1 − s + K

s2

m∑

n=1

(‖xn−1 − q‖2 − ‖xn − q‖2 + vikM),

(2.18)

where M = 2r
s

< ∞, r is the ball radius. Since
∑

∞

k=1 vik < ∞, by letting m → ∞
in (2.17) and (2.18) we get

∑
∞

n=1 g(‖T k
i xn−1 −xn−1‖) < ∞ and

∑
∞

n=1 g(‖T k
i xn −

xn−1‖) < ∞, and therefore limn→∞ g(‖T k
i xn−1−xn−1‖) = 0 = limn→∞ g(‖T k

i xn−
xn−1‖). Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows
that

lim
n→∞

‖T k
nxn−1 − xn−1‖ = 0 = lim

n→∞

‖T k
nxn − xn−1‖. (2.19)

Using (2.19), we have

‖xn − xn−1‖ = ‖βn(T k
i xn−1 − xn−1) + (1 − αn − βn)(T k

i xn − xn−1)‖

≤ βn‖T
k
i xn−1 − xn−1‖ + (1 − αn − βn)‖T k

i xn − xn−1‖

= βn‖T
k
nxn−1 − xn−1‖ + (1 − αn − βn)‖T k

nxn − xn−1‖

→ 0 (as n → ∞),

as well as limn→∞ ‖xn − xn+l‖ = 0 for all l < 2N. Hence for n > N,

‖xn−1 − Tnxn‖ ≤ ‖xn−1 − T k
nxn‖ + ‖T k

nxn − Tnxn‖

≤ σn + L(‖T k−1
n xn − T k−1

n−Nxn−N‖+

‖T k−1
n−Nxn−N − x(n−N)−1‖ + ‖x(n−N)−1 − xn‖).

Clearly, n ≡ (n − N)(modN). Thus Tn = Tn−N and above inequality becomes

‖xn−1 − Tnxn‖ ≤ σn + L2‖xn − xn−N‖ + Lσn−N + L‖xn − x(n−N)−1‖,

which yields that limn→∞ ‖xn−1 − Tnxn‖ = 0. From

‖xn − Tnxn‖ ≤ ‖xn − xn−1‖ + ‖xn−1 − Tnxn‖,

it follows that limn→∞ ‖xn − Tnxn‖ = 0. Hence for all l ∈ J

‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖ + ‖Tn+lxn+l − Tn+lxn‖

≤ (1 + L)‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖,
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which implies that limn→∞ ‖xn − Tn+lxn‖ = 0 for all l ∈ J. Since for each l ∈ J,
{‖xn − Tn+l‖} is a subset of ∪N

l=1{‖xn − Tn+l‖}, we have

lim
n→∞

‖xn − Tlxn‖ = 0

for all l ∈ J. This completes the proof. �

Theorem 2.4. Let X be a uniformly convex Banach space and C a nonempty
closed convex subset of X. Let {Ti : i ∈ J} be N uniformly L-Lipschitzian as-
ymptotically quasi-nonexpansive self-mappings of C with uin ∈ [0,∞) such that∑

∞

n=1 uin < ∞ for all i ∈ J. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅ and there exists
one member T in {Ti : i ∈ J} which is either semi-compact or satisfies condition
(C). Let {αn} and {βn} be real sequences in (0, 1) such that αn, βn, αn +βn are in
(s, 1 − s) for some s ∈ (0, 1) and for all n ≥ 1. From an arbitrary x0 ∈ C, define
the sequence {xn} by (1.4). Then {xn} converges strongly to a common fixed point
of the mappings {Ti : i ∈ J}.

Proof. We may assume that T1 is either semi-compact or satisfies condition (C)
without loss of generality. By Lemma 2.3, we have limn→∞ ‖xn −Tlxn‖ = 0. If T1

is semi-compact, then there exists a subsequence {xnj
} of {xn} such that xnj

→
x∗ ∈ C as j → ∞. Now Lemma 2.3 guarantees that limj→∞ ‖xnj

− Tlxnj
‖ = 0

for all l ∈ J and so ‖x∗ − Tlx
∗‖ = 0 for all l ∈ J. This implies that x∗ ∈ F. Since

lim infn→∞ d(xn, F ) = 0, Theorem 2.1 guarantees that {xn} converges strongly
to some common fixed point in F. If T1 satisfies condition (C), then we have
lim infn→∞ d(xn, F ) = 0. Now apply Theorem 2.1. This completes the proof. �

The following result is directly obtained by Theorem 2.4.

Theorem 2.5. Let X be a uniformly convex Banach space and C a nonempty
closed convex subset of X. Let {Ti : i ∈ J} be N asymptotically nonexpansive self-
mappings of C with uin ∈ [0,∞) such that

∑
∞

n=1 uin < ∞ for all i ∈ J. Suppose

that F =
⋂N

i=1 F (Ti) 6= ∅ and there exists one member T in {Ti : i ∈ J} which is
either semi-compact or satisfies condition (C). Let {αn} and {βn} be real sequences
in (0, 1) such that αn, βn, αn + βn are in (s, 1 − s) for some s ∈ (0, 1) and for all
n ≥ 1. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.4). Then {xn}
converges strongly to a common fixed point of the mappings {Ti : i ∈ J}.

In the next result, we prove weak convergence of the sequence {xn} defined
by (1.4) in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s
condition and C a nonempty closed convex subset of X. Let {Ti : i ∈ J} be
N uniformly L-Lipschitzian asymptotically quasi-nonexpansive self-mappings of C
with uin ∈ [0,∞) such that

∑
∞

n=1 uin < ∞ for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅.
Let {αn} and {βn} be real sequences in (0, 1) such that αn, βn, αn + βn are in
(s, 1 − s) for some s ∈ (0, 1) and for all n ≥ 1. Suppose that I − Ti for all i ∈ J
are demi-closed at 0. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.4).
Then {xn} converges weakly to a common fixed point of the mappings {Ti : i ∈ J}.
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Proof. By Lemma 2.3, we have limn→∞ ‖xn − Tlxn‖ = 0 for all l ∈ J. Since X
is uniformly convex and {xn} is bounded, we may assume that xn → x∗ weakly
as n → ∞, with out loss of generality. Since I − Ti for all i ∈ J are demi-closed
at 0, we have x∗ ∈ F (Ti) for all i ∈ J . Hence x∗ ∈ F . Suppose that there exist
subsequences {xnk

} and {xmk
} of {xn} converge weakly to y∗ and z∗, respectively.

Again, as above, we can prove that y∗, z∗ ∈ F . Since limn→∞ ‖xn−p‖ exists for all
p ∈ F (see proof Theorem 2.1), we have limn→∞ ‖xn − y∗‖ and limn→∞ ‖xn − z∗‖
exists. It follows from Lemma 1.9 that y∗ = z∗. Therefore {xn} converges weakly
to a common fixed point x∗ in F . �

Since every asymptotically nonexpansive mapping is uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive, so with the help of Lemma 1.8, the fol-
lowing result is directly obtained by Theorem 2.6.

Theorem 2.7. Let X be a uniformly convex Banach space which satisfies Opial’s
condition and C a nonempty closed convex subset of X. Let {Ti : i ∈ J} be
N asymptotically nonexpansive self-mappings of C with uin ∈ [0,∞) such that∑

∞

n=1 uin < ∞ for all i ∈ J and F =
⋂N

i=1 F (Ti) 6= ∅. Let {αn} and {βn} be real
sequences in (0, 1) such that αn, βn, αn + βn are in (s, 1 − s) for some s ∈ (0, 1)
and for all n ≥ 1. From an arbitrary x0 ∈ C, define the sequence {xn} by (1.4).
Then {xn} converges weakly to a common fixed point of the mappings {Ti : i ∈ J}.
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