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A Common Fixed Point Theorem for a Pair
of Nonself Multi-valued Mappings
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Abstract : A common fixed point theorem for a pair of nonself multi-valued
mappings in complete metrically convex metric spaces is proved which generalizes
some earlier known results due to Khan et al. [9], Bianchini [2], Chatterjea [3],
Khan et al. [10] and others. An illustrative example is also discussed.
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1 Introduction

The study of fixed point theorems for nonself multi-valued contractions on
metrically convex metric spaces was initiated by Assad and Kirk [1]. In recent
years, several fixed point theorems for such maps were proved which include rele-
vant results due to Rhoades [12, 13], Hadzi¢ and Gajic [4], Iséki [5], Itoh [6], Khan
[8] and others.

The purpose of this paper is to extend a fixed point theorem due to Khan et
al. [9] proved for nonself single valued mappings to a pair of multi-valued nonself
mappings. For the sake of completeness, we state Theorem 1 due to Khan et al.
[9].

Theorem 1.1 Let (X,d) be a complete metrically convex metric space and K a
nonempty closed subset of X. Let T : K — X be a mapping satisfying the inequality

d(Tz, Ty) < a max{d(z,Tx),d(y, Ty)} + b {d(x,Ty) + d(y, Tx)} (1)

for every x,y € K, where a and b are non-negative reals such that

atb b lta+b, 14b ,
maX{H,M}—h>0,maX{ 1—b h’l—a—bh}_h,

and
max{h,h'} = h" < 1.

Further, if for every x € K, Tx € K, then T has a unique fized point in K.
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2 Preliminaries

Let (X, d) be a metric space. Then following Nadler[11], we recall
(i) CB(X) = {A : A is nonempty closed and bounded subset of X },

(ii) C(X) = {A : A is nonempty compact subset of X}.
(iii) For nonempty subsets A, B of X,
H(A, B) = max{(sup d(a,B) : a € A), (sup d(A,b) : b€ B)}.

It is well known (cf. Kuratowski [7]) that CB(X) is a metric space with the dis-
tance H which is known as Hausdorff-Pompeiu metric on X.

Before proving our main result, we collect the relevant definitions and lemmas
for our subsequent discussion.

Definition 2.1 Let (X, d) be a metric space and K a nonempty subset of X. Let
F,T: K — CB(X) satisfy the condition

H(Fz,Ty) < a max {%d(a&,y),d(m,Fx),d(y,Ty)}—i—b {d(x,Ty)—Fd(y,Fa:)} (2)

for all z,y € K with © # y, a,b > 0 such that 2a + 3b < 1. Then F is called
generalized T'-contraction mapping on K.

Definition 2.2 A metric space (X,d) is said to be metrically convex if for any
x,y € X with x # y there exists a point z € X, x # z # y such that

d(x,2) + d(z,y) = d(z,y).

Lemma 2.3 ([1]) Let K be a nonempty closed subset of a metrically convex metric
space (X, d). If x € K and y ¢ K then there exists a point z € 0K (the boundary
of K) such that d(z,z)+d(z,y) = d(z,y).

Lemma 2.4 ([11]) Let A,B € CB(X). Then for all e > 0 and a € A there exists
b € B such that d(a,b) < H(A,B)+e€. If A, B € C(X), then one can choose b € B
such that d(a,b) < H(A, B).

3 Main result

In an attempt to extend Theorem 1.1 for a pair of multi-valued nonself map-
pings, we prove the following.

Theorem 3.1 Let (X,d) be a complete metrically convexr metric space and K a
nonempty closed subset of X. If F' is generalized T -contraction mapping of K into
X satisfying
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(iv) r € 0K = Fr C K, Tt C K.
Then there exists z € K such that z € Fz and z € Tz.

Proof. Firstly, we proceed to construct two sequences {z,} and {y,} in the fol-
lowing way.

Assume o = h(1 + h), let 2, € 6K and z1 = y1 € F(x0). Using Lemma 2.4,
one can choose y; € T'(z1) such that

d(y1,y2) < H(F(x0),T(x1)) + o

Suppose y2 € K, then set yo = x5. In case y, ¢ K then (due to Lemma 2.1) there
exists a point o € JK such that

d(zq,x2) + d(z2,y2) = d(z1, y2).

Thus, repeating the foregoing arguments, one obtains two sequences {z,} and
{yn} such that

(V) Yn € F(xp_1), if nis odd and

(vi) yn € T(xp—1), if nis even

(vii) yp € K = yp =anp or y, ¢ K = x, € 0K and

A1, 2n) + Ay ) = (01, 50),

(vill) d(yn,Ynt+1) < H(F(zp-1),T(x,)) + o™ if n is odd

(ix) d(Yn,yYnt+1) < H(T(xp-1), F(2,)) + ™ if n is even.
We denote

P= {xz e{an} iz = yi}, Q= {mz e{zn} iz # yl}

One can note that two consecutive terms cannot lie in Q.
Now, we distinguish the following three cases.
Case 1. If z,,, 241 € P, then

d(xn; xn—o—l) = d(yna yn+1) < H(Fxn—l,Txn) +a”
1
S a max {id(ajn—h xn)a d(xn—la F$n_1), d(x’ru Txn)}
+b {d(:z:n_l,Txn) + d(zy, Fl'n_l)} Lan
1
< a max {Ed(mnfla :En); d(xnfla (En); d(.’En, anrl)}

+ b d(l‘nfla anrl) + anv

which in turn yields

n

(GT—’_g) d($n71,$n> + %, if d($n717$n> > d($n+lyxn)a

!

d(xnv xn+1) S

(ﬁ) d(zn—hxn) + 1_ab_aa if d(frn—lvxn) < d($n+1axn)a




196 Thai J. Math. 3(2005)/ M. Imdad and Ladlay Khan

or

1 1
d(Tn, Tnt1) < h d(zp—1,x,) + max {1_1)7 1_()_@} a,
or

an

d(zn; 2n1) < h d@n-y,20) + T

where h = max {(%’é’), (1727a)} < 1, since 2a + 3b < 1.

Case 2. If z,, € P and z,41 € @, then

AT, Tnt1) + d(Tnt1, Ynt1) = d(Tn, Ynt1),
or
Az, Tnt1) < d(@n, Ynt1) = d(Yn, Ynt1),
and hence
d(Tn, Tpt1) < dYnyYns1) < H(Fzp_1,Txy,) + ™.
Now, proceeding as Case 1, one can have

an

A(Xn, Tpt1) < h d(@p_1,2n) + 1-b_a

Case 3. If z,, € Q and x,,4+1 € P then x,_1 € P. Proceeding as in Case 1, one
gets

d(l‘n, xn-‘rl) = d(l‘n, yn+1) < d(l‘n, yn) + d(ynv yn-l-l)

1
< d(xnayn) +a max{ﬁd(xnflvxn)ad(wnflv Fxnfl)ad($n7Txn)}

+b {d(xn,l, Txy,) + d(zn, F;cn,l)} +a”

1
< d(l’n, yn) +a maX{ﬁd(xn—b xn), d(xn—l, yn)v d(xTU l'n—',-l)}
+ b {d(@n—1, Tnt1) + d(@n, yn)} + ",

which in turn yields

(M) d@ar,p0) + 250 i d(@a-1,40) 2 d(@nsn20),
d(xfuxn—i-l) <

(]_i?;fa) d(xn—lvyn) + %a if d(xn—layn) < d(xn-l—laxn)-

Now, proceeding as earlier, one also obtains

((IIT—’_Z) d(-xnflaxan) + %7 lf d($n717xn72) Z d(-xnflayn),
d(xnflayn) <

n—1

(ﬁ) d(xn—lv xn—Q) + 1a_b_a7 if d(zn—h l'n—2) < d(xn—la yn)
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Therefore combining above inequalities, we have

an—l a™

< _ _
d(xnaxn-i-l) _kd(mn 1,Tn 2)+ 1—b—a+ 1—b—a’

as k <2a+3b< 1.

Thus in all the cases, we have

h d(zn,Tp_1) + 75— or

d(ﬂ]n, In+1) §

n—1 n

kd(@n—2zn1) + 15— + 5=

Now, on the lines of Itoh[6], it can be shown that {z, } is Cauchy and hence
converges to a point z € K. Then as noted in [4], there exists at least one subse-
quence {x,, } which is contained in P and converges to some z € K. Now, using
(2.1.1), one can write

d(xn,, Fz) < H(Txp, -1, Fz)

1
< a max { id(xnk,l, 2), d(Xp,—1,TTn,—1),d(z, Fz)}

+b {d(xnk_l, Fz)+ d(z,Txnk_l)},
which on letting £ — oo reduces to
d(z, Fz) < a max{0,0,d(z, Fz)} + b d(z, Fz),

yielding thereby z € Fz which shows that z is a fixed point of F. Similarly, one
can show that z € Tz. This completes the proof. O

Remark 3.2 By choosing F' = T in the Theorem 3.1, one deduces a multi-valued
analogue of Theorem 1 due to Khan et al. [9] and Theorem 1 due to Khan et al.
[10].

Remark 3.3 By setting /' =T and b = 0 in Theorem 3.1, one obtains a result
which can be realized as a multi-valued analogue of a result due to Bianchini [2]
to nonself multi-valued mappings in metrically convex spaces.

Remark 3.4 Similarly, by restricting FF = T and a = 0 in Theorem 3.1, one
deduces a result which can be realized as a multi-valued analogue of a result due
to Chatterjea [3] to nonself multi-valued mappings in metrically convex spaces.

The following theorem is naturally predictable.

Theorem 3.5 Let (X,d) be a complete metrically convex metric space and K a
nonempty closed subset of X. Let F,T : K — C(X) be a pair of maps which satisfy
(2) and (iv). Then there exists z € K such that z € FzNTz.
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4 An Illustrative Example

Since every single valued mapping can always be realized as a multi-valued
mapping, therefore we adapt the following example to demonstrate Theorem 3.1.

Example 4.1 Consider X = R equipped with the natural distance and K = [0, 3].
Define F,T : K — CB(X) by

{%”}, if 0 <x <2,
Fr=
{0}, if z € (2,3]U{0},

and

{5}, ifo<z<2,
Tx =

(0}, ifze(23ufo.

Note that for boundary points ‘0’ and ‘3’ satisfy the required condition (iv)
of Theorem 3.1 because,

0€d0K = FO = {0} C K,T0 = {0} C K,

3€0K = F3={0} C K, T3 ={0} C K.

Moreover, for the verification of contraction condition (2.1.1), the following cases
arise :
Case 1. If z,y € (0, 2], then

A

H(Fz,Ty) 13

1 1
= ﬂ\3x—2y| = ﬂ|2x+x—2y|

d(Fz,Ty) = ‘;x +

1 1 1
ﬂ\2x—2y+x| = ﬁ[Qmax{|2x—2y|,|x\H = —Qmax{|2m—2y|,|x\}

e {3 5ty < o [ 3 - . (1)

1

3 wmax {%d(m, y),d(z, Fx),d(y, Ty)} + b{d(m, Ty) + d(y, Fac)}

IN

Case 2. If 0 <z <2 and y € (2,3] U {0}, then

—x 1 1/9 1/9
H(P2.Ty) = (o) = |5 = 0| = glel = 5 (31l < 5 (Flo1)

< % max {%d(m, y),d(z, Fz),d(y, Ty)} + b{d(m, Ty) + d(y, Fx)}

Thus the contraction condition (2.1.1) is satisfied for a = & and 0 < b < § which

completes the verification of all the conditions of the Theorem 3.1. Note that ‘0’
is the common fixed point of (F,T).
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