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Abstract : A graph G is endo-regular (endo-completely-regular, endo-orthodox)
if the monoid of all endomorphisms on G is regular (completely regular, ortho-
dox). In this paper, we characterized endo-regular (endo-completely-regular, endo-
orthodox) cycle book graphs.
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1 Introduction and Preliminaries

In [2], W. Li characterized regular endomorphisms on arbitrary graphs. The
characterizations of endo-regular and endo-orthodox connected bipartite graphs
were explicitly found in [6] and [1], respectively. A characterization of endo-
completely regular of even cycles in found in [4]. And in [5], J. Thamkeaw and Sr.
Arworn showed that every odd cycle book graphs are endo-regular.

As usual we denote by V(G) and E(G) the vertex set and the edge set of the
graph G, respectively, where V(G) # 0 and E(G) C {{u,v}| v # vin V(G)}. The
distance between u and v, d(u,v) is the smallest length of w — v path in G. The
greatest distance between any two vertices of a connected graph G is called the
diameter of G and is denoted by diam(G). The graph with vertex set {0,1,...,n}
and edge set {{0,1},{1,2},...,{n—1,n}} is called a path of length n, denoted by
P,,. Therefore, the path P, has n+ 1 vertices and n edges. The graph with vertex
set {0,1,...,n — 1}, such that n > 3, and edge set {{i,i + 1}|i = 0,1,....,n — 1}
(with addition modulo n) is called a cycle of length n, denoted by C,,. Therefore,
the cycle C), has n vertices and n edges.

A (graph) homomorphism from a graph G to a graph H is a mapping
f : V(G) — V(H) which preserves edges, i.e. Yu,v € V(G), {u,v} € E(G)
implies {f(u), f(v)} € E(H). A homomorphism f is called an isomorphism if f
is bijective and f~! is also a homomorphism. A homomorphism (resp. isomor-
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phism) f from G to itself is called an endomorphism (resp. automorphism) of G.
The sets of all endomorphisms and automorphisms of G are denoted by End(G)
and Aut(G), respectively.

An element a of a semigroup S (or a monoid S) is called an idempotent of S if
a? = a. A regular element of S is an element a € S such that a = aa’a for some
a’ € S, such @ is called a pseudo inverse to a. A semigroup S is called regular if
every element of S is regular. An element o’ € S such that ¢ = ad’a and @’ = a’ad’
is called an inverse to a. A regular element a of S is called completely regular
if there exists a pseudo inverse a’ to a such that aa’ = a’a. In this case we call a’
a commuting pseudo inverse to a. A semigroup S is called completely regular if
every element of S is completely regular. A regular semigroup S is called orthodox
if the set of all idempotent elements of S (Idpt(S)) forms a semigroup under the
operation of S.

We called a graph G endo-regular (endo-completely-regular, endo-orthodozx),
if the monoid End(G) is regular (completely regular, orthodox).

The following lemmas are useful for this paper.

Lemma 1.1. [6] Let G be a connected bipartite graph. Then G is endo-reqular if
and only if G is one of following graphs:

1. completely bipartite graph Ky, n, (including K1, Ko, cycle Cy and tree T
with diam(T) = 2).

2. tree T with diam(T) = 3,
3. cycle Cg and Cg,
4. path with 5 vertices, i.e. Pjy.

Lemma 1.2. [5] Every odd cycle book graph is endo-regular.
Lemma 1.3. [4] Every even cycle is not endo-completely-regular.

Lemma 1.4. [3] A semigroup S is completely regular if and only if S is a union
of (disjoint) groups.

Lemma 1.5. [1] Let G be a bipartite graph. Then G is endo-orthodoz if and only
if G is one of the following graphs: K1, Ko, Ps, P3,C4,2K, and K1 U K.

2 Endo-Regularity of Cycle Book Graphs

For each i = 1,2,...,m, let G; be a graph which isomorphic to cycle C,, with
the following vertex set V(G;) = {0;,14,2;,...,(n — 1);}, and edge set E(G;) =
Hzi, (x+1);}Hx=0,1,2,...,n— 1} where 0, =0,1; =1 for all i = 1,...,m and
+ is the addition modulo n. (Note that for all ¢ # j, V(G;) N V(G;) = {0, 1}).

Let B,(m) be a C,, book graph of m page with the vertex set V(B,(m)) =

UV(G,) and the set B(B.(m)) = [J E(G,).
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Example B5(3) 45
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This section is the main results, the characterization of endo-regular, endo-
completely-regular and endo-orthodox of cycle book graphs.

Theorem 2.1. A cycle book graph is endo-reqular if and only if it is an odd cycle
book graph or one page cycle Cy,Cq, or Cg book graph.

Proof. For any cycle book graph By, (m) :
1. If n is odd, then by Lemma 1.2, B, (m) is a endo-regular.

2. If n is even, then B, (m) is bipartite graph. From Lemma 1.1, B, (m) is an
endo-regular if and only if B, (m) is C4, Cs, or Cs.

O
From K3 = Bs(1) and End(K3) is a group, then Bs(1) is endo-completely-

regular and endo-orthodox. Next, we will characterized the endo-completely-
regular and endo-orthodox cycle book graphs.

Lemma 2.2. For even cycle book graphs,
1. Bap(m) is not endo-completely-regular for all positive integers m,n, n > 2.

2. Ban(m) is endo-orthodox if and only if n =2 and m = 1.

Proof. (1) From Theorem 2.1, Bsy,(m) is endo-regular if and only if By, (m) is
a cycle Cy, where n € {2,3,4}. But from Lemma 1.3, those C5, is not endo-
completely-regular.

(2) Since Bs,(m) are bipartite graphs and from Lemma 1.5, Ba,(m) is endo-
orthodox if and only if Ba,(m) is a cycle Cy, i.e, n = 2 and m = 1. O

For every one page odd cycle book graph Ba,t1(1), they are isomorphic to
Copnt1. Then End(Ba,41(1)) forms a group for all positive intergers n. Therefore,

all Ba,11(1) are endo-completely-regular and endo-orthodox.

For BQn+1 (2) :
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Lemma 2.3. The endomorphism monoid of any odd cycle book graph Bapi1(2)
is a union of (disjoint) groups, which is isomorphic to (Sa x S3) U G1 U Gy when
G1 2 Gy =2 Aut(Cany1) and Sy is the permutation group of order 2.

0 1 24 22>

Proof. Counsider the following subsets of End(B3(2)): Let S = { < 0 1 2. 9
1 22

0 1 29 2o 0 1 29 2 0 1 29 2 }
0 1 20 20 )J70U1 0 20 29 )7\ 1 0 29 2
0 1 21 22 0 1 21 22
0 1 2 21 102 T\ 2
0 1 29 2 0 29 21 }
0 2, 1 1 "\ 24 0 '
1 21 22 0 1 21 22
1 2 "\ 20 0 1 1 ’

( ) 0

0 1 29 2 0 1 24 01212
(0 2, 1 1)’(221 ) 10 2 22>}

We found that those subset S, G, G2 form groups with the composition, and
S 28y x Sy, and Gy = Gy = Aut(Cs). Moreover, End(Bs3(2)) is isomorphic to
the monoid of the union of those groups, S U Gy U Ga. Therefore, End(Bs(2)) =
SQ XSQUG1UG2.
Then by Lemma 1.4, B3(2) is endo-completely-regular.

For the other cycle book graphs Ba,1(2) where n > 1, we can define the
subsets S, G1, Gy of the monoid End(Ba,+1(2) by the same way as we did for the
monoid of the book graph Bs(2). Then End(Ba,+1(2)) = Sa x So U G1 U Gs.

0 1 2¢ 2
1 01 1 )7

O

Corollary 2.4. Every odd cycle book graph of two pages Bap41(2) is endo-completely-
reqular.

Corollary 2.5. Every odd cycle book graph of two pages Bap41(2) is endo-orthodozx.

Proof. Form Lemma 2.3, End(Ba,+1(2)) = S UGy U Ga, where G; = Gy =
Aut(Copy1) and S 2 Sy xSy, Then there are only three idempotents in End(Bay,+1(2)
which are the identities elements of the group S, G1, G2, say 1,11, i2, respectively,
ie.

. 01 29 31 ... 2n1 25 39 ... 2n
Idpt(E”d(B%“@))):{’:(0 L2 8 . om 2 3 2n2)
i = 0 1 21 31 2711 22 32 2712
Y200 01 020 31 .. 2 20 31 ... 2y )
G — 0 1 21 31 2711 22 32 2712 }
270001 29 35 ... 209 29 39 ... 2ns '

Therefore Idpt(Bap+1(2) = {i,i1,i2} and the table of composite:

11 | 41 | 91 | U1
13 | 12 | 2 | 12
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forms a monoid.

For Bap41(m), m > 3,

Lemma 2.6. For any positive integer m,n,m > 3,

103

1. there exists f € End(Bap+1(m)) such that f is not completely regular, and

2. there exist idempotents g, h € End(Ban+1(m)) such that gh is not idempo-

tent.

Proof. Cousider End(Bs(3)),

(1) Let f € End(B2,+1(3)) be such that
32

(0123
“\lo 12 3

2711
2711

25

27

31

27’L2
2711

23 33 ce 2713
22 32 e 2712

We will show that f is not completely regular. Since Bs,11(3) is endo-regular,
there exists pseudo-inverse g € End(Bap+1(3)) of f.
Then g is one of the following forms
29
23

25
23

(001 2 3
N=Vo 1 2, 3
or

01 2, 3

2=V 0 1 2, 3
where ¢ € {1,2,3}.

Consider
(01 2 3
=0 1 2 3
0 1 2, 3,
glf_(o 1 2, 3
(00102 3
fg?‘(o 12, 3
(01 2 3
2=\ 1 9, 3,

Thus, for any cases fg # gf, i.e.
(2) Let g, h € End(Bap+1(3)) such that

(01 2 3
9=\ o 2, 3

1
h— 01 29 3
0 1 235 33
Thus g2 = g and h% = h.
(0 1 27 3
But gh = ( 0 1 25 3
01 2 3
2 _ 191
=10 1 2, 3

Thus (gh)? # gh.

2711
2”1

2”1
2”2

2”1
2”1
2”1
2711
2711
2711
2711
2”2

2
2
2
2
22
22
22
2

32
33

32
33

32
32
32
31
32
32
32
32

f is not completely

2711 22 32
2”1 21 31
2n1 22 32
2n3 22 32
2n1 22
2713 21
2711 22
27’L3 23

33

32
31
32

2712 23 33 ce 27’L3
2n3 21' 31' . 2ni ’
2n2 23 33 . 2”3
2n3 21' 31' . 2ni ’
2n2 23 33 . 2n3
2ny f(2) f(3i) ... f(2n4)
2n2 23 33 . 2”3
2711 23 33 ce 27’L3 )7 and
2712 23 33 ce 2713
2712 23 33 ce 27’L3
.. 2n2 23 33 . 2”3 ’
regular element.
2712 23 33 ce 27’L3
2n1 23 33 . 2”3 and
2”2 23 33 . 2n3
2”2 23 33 . 2n3 ’
2”2 23 33 . 2n3
2711 23 33 ce 2713 '
2712 23 33 ce 27’L3
2713 23 33 ce 27’L3 ’

O

Corollary 2.7. For any positive integers m,n,m > 3, Ba,11(3) is not neither

endo-completely-regular nor endo-orthodozx.

)
).
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Theorem 2.8. The following statements are true:

1. A cycle book graph is endo-completely-regular if and only if it is an odd cycle
book graph Bayy1(m) where m < 2.

2. A cycle book graph is endo-orthodox if and only if it is B4(1), or odd cycle
book Baj41(m) where m < 2.
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