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In this paper, we prove the general solution of a mixed-type quadratic
and cubic functional equation

fl+3y) =3f(x+2y) +3f(x+y) - fx) =3f(y) = 3f(=y)

and investigate its general stability.
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1 Introduction
The stability problem was originated in 1940 by S.M. Ulam [5]. He proposed
the following famous question concerning the stability of homomorphisms:

Let Gy be a group and let Gy be a metric group with metric d.
Given € > 0, does there exist a § > 0 such that if f : G1 — Go
satisfies the inequality

d(f(zy), f(x)f(y)) <6 forall z,y € Gy,
then there exists a homomorphism H : Gi — Go with
d(f(z),H(x)) <e foralxeGi?
After that, in 1941, D.H. Hyers [3] published a theorem affirming an exis-

tence in the Ulam’s problem for the case of approximately additive function
f : G1 — G5 where G and G4 are Banach spaces:
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Assume that Ey and Es are Banach spaces. If a function f :
FE1 — E5 satisfies the inequality

[f(z+y) = flo) - fl)ll <e
for some € > 0 for all x,y € E1, then the limit

a(z) = lim 27" f(2"x)

n—oo

exists for each x € Ey and a : By — FEs is the unique additive
function such that

1f(2) —a(@)] <e

for any x € Ey. Moreover, if f(tx) is continuous in t for each
fized x € Eq, then a is linear.

In 1950, T. Aoki [1] gave the generalized Hyers’ theorem. Afterwards, in
1978, Th.M. Rassias [4] published the following stability theorem:

If a function f : Fy — FEs between Banach spaces satisfies the
inequality

1z +y) = f) = FWI < 0]+ llyl®)

for some 8 >0 and 0 < p <1 forall z,y € E1, then there exists
an additive function a : F1 — FEy such that

17@) — a(a)l| < 5o [P

for any x € Ey. Moreover, if f(tx) is continuous in t for each
fixed x € Eq, then a is linear.

This theorem stimulated a number of authors to investigate stability prob-
lems of various functional equations.

In this paper, we will determine the general solution of a mixed-type
quadratic and cubic functional equation,

flz+3y) = 3f(x+2y) +3f(z +y) — f(z) =3f(y) — 3f(~y),

and will also investigate its general stability.
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2 Preliminaries

In this section, we will introduce generalized polynomial functions. For
further details, please refer to the book authored by S. Czerwik [2].

Let X and Y be linear spaces over the field QQ of rational numbers, and
let s=0,1,2,.... A function f: X — Y is called a polynomial function of
order s if f satisfies the functional equation

s+1

S0 (U s i) =0 21

1=0

for all z,y € X. For instance when s = 1, a function f fulfilling the
functional equation

flz+2y) —2f(z+y)+ f(z) =0 (2.2)

is a polynomial function of order 1. The following theorem gives a formula
of the general solution of the polynomial functions.

Theorem 2.1. Let n=0,1,2,.... A function f: X — Y is a polynomial
function of order n if and only if there exist k-additive symmetric functions
Ap: XF > Y, E=0,1,2,...,n such that

f(x) = A%2) + AM(x) + A%(z) + ...+ A™(z)

for all x € X where A : X - Y, k=0,1,2,...,n is the diagonalization of
Ay and is defined by

A¥(z) = Ap(z,...,x), for all =€ X.
k

By the above theorem, a function f satisfying (2.2) take the form of
f(z) = A%x) + Al(x). Let us consider a k-additive symmetric function
Ap(z1, ..., zp) for z1,x9,..., 2, € X and its diagonalization, A*(x). It can
be proven that the additivity of Ay in the " variable leads us to

Ap(T1, . Tim1, 7T, Ty 1, - -, Tg) = TAR(21,...,2%) for each r € Q.

Thus A*(rz) = r*A*(z). In particular, A¥(—z) = (—1)*A*(x). Since the
function A' satisfies the additive functional equation

Al(z+y) = Al(z) + Al(y)
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for all z € X, A (x) will also be called an additive function. In addition, the
functional equation A%(x) and A3(x) will be referred a quadratic function
and a cubic function, respectively.

In this paper, we will call a function f: X — Y given by

flz) = A%(2) + A%(2) + A%(x)

for all x € X a mized-type quadratic and cubic function.

3 Main Results

3.1 The general solution

Theorem 3.1. Let X and Y be vector spaces. A function f : X — Y
satisfies the functional equation

flxz+3y) = 3f(x+2y) +3f(x +y) — f(x) =3f(y) = 3f(~y), (3.1)

for all x,y € X if and only if there exist a quadratic function A? : X —Y,
a cubic function A% : X — Y and a constant A° such that

f(z) = A% + A%(z) + A3(x) (3.2)
forallz € X.

Proof. Assume that a function f : X — Y satisfies (3.1). Replacing = by
z+yin (3.1) and taking the difference of the previous result and (3.1), we
then obtain

flx+4y) —4f(x+3y)+6f(x+2y) —4f(x+y)+ f(z) =0. (3.3)

Hence, by the Theorem 2.1 of the preliminaries section, f is a polynomial
function of order 3 and take the form of

flx) = A+ Al(z) + A%(x) + A3(x) (3.4)
for all x € X. Substituting (3.4) into (3.1), one get that
64%(y) = 6A' (y) + 6A4°(y).

Thus, it yields Al(y) =0 for all y € X. O
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3.2 The General Stability

In this section, the stability of the functional equation will be investigated.
Define

Df(z,y) = f(x+3y) = 3f(x +2y) + 3f(x +y) — f(x) = 3f(y) + 3f(~v).

Theorem 3.2. Let X be a real vector space, Y be a Banach space. Let
¢ : X% — [0,00) be an even function with respect to each variable such that

Z 2_i<;5(2iy, 2iy) converges for all y € X, and

=0 (3.5)
lim 27%¢(2°x,2%y) = 0 for all z,y € X,
or .
Z 8i¢(2_iy, 2_iy) converges for all y € X, and
i=1 (3.6)
lim 8°¢(27°x,27°y) =0 for all z,y € X.
If a function f: X — 'Y satisfies the inequality
IDf(z, y)ll < ¢(z,y) 3.7)

for all z,y € X and f(0) = 0 when (3.6) holds, then there exists a unique
function T : X —'Y that satisfies (3.1) and, for all x € X,

1 > —1 i A 1 > —1 7 7 .

I 24 62z, 2'z) + ¢ ;8 B2z, 2z) + 2| £(0)|| if (3.5) holds

If@) -T@l<y,'= -

1 ;4 (27w, 27') + ¢ ;8 (27w, 2 ) if (3.6) holds.
(3.8)

The function T is given by

lim 47°f.(2°z) + 87 °f,(2°z) if (3.5) holds

lim 4°f.(27°2z) + 8 f,(27%x) if (3.6) holds

forallx € X.

Proof. Let F be a function on X defined by F(z) = f(z) — f(0) for all
x € X. Then we have F'(0) = 0. (3.7) can be rewritten as

|F(z+3y) = 3F(z + 2y) + 3F(z +y) — F(x) = 3F(y) + 3F (—y)|| < ?(w,)y)-
3.9
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Putting = —y in (3.9), we get
1F(2y) = 3F(y) + 3F(0) — F(—y) = 3F(y) + 3F(=y)|| < ¢(—y, ).

Simplifying the above equation yields

1F(2y) = 6F(y) + 2F (—=y)|| < ¢(y,y)- (3.10)
Reversing the sign of y in (3.10) and realising that ¢ is even, we have
[F(=2y) = 6F(—y) + 2F(y)| < o(y,y). (3.11)
Define the even part and the odd part of function f by
z)+ f(—2 r)— f(—x
RN (L (o RV R ()

respectively. We apply triangle inequality with (3.10) and (3.11) to obtain
that
12F(2y) — 8Fe(y)|| < 26(y,y)

and
12F,(2y) — 16F,(y) || < 2¢(y, )

which is simplified to

|E(y) — 47 Euf2g)]| < 10(0) (3.12)
and
|Eoly) ~ 87 F20)]| < 5000, (3.13)
For each positive integer s, we obtain
|Fely) -4 F(2y)|| = Zl (47 R(2'y) - IR0 y)) H
o
< ;w [Fe(2'y) — 47 Fe(2- 2y)|
< 352_:14—%(2@, 2'). (3.14)
< 32

Similarly, for each positive integer s,

1<
[Fow) =8 Fo2y)|| < 5D 876(2'y,2).
1=0
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In order to prove the convergence of the sequence {47 5F,(2%y)} o |,

divide inequality (3.14) by 47! and also replace y by 2'y to get that for
every positive integer s and t,

we

H4—tFe(2ty) _ 4—(s+t)Fe(25+ty)H _ 4t HFe(Zty) _ 4_SFe(2S+ty)H
s—1

é 4—(t+1) Z 4—i¢(2i+ty’ 2i+ty)
i=0

1 . . .

z —(i+t) +t +t
< 4254 g2y, 2 y).

1=

According to the condition (3.5), the convergence of Y ;2,27 ¢ (2'y, 2'y)
implies that Y00, 4=+ (27+ty, 27+ty) approaches zero as s — oo. There-
fore, {47°F.(2%y)}.c, is a Cauchy sequence in a Banach space. We may
define a function 7, : X — Y as

T.(y) = lim 47°F,(2°y) = Slingo 47% fo(2%y)

S§— 00

for all y € X. By taking s — oo in (3.14), we arrive at the inequality

IF(y) - To(w)ll < 3 D247 021, 2').
1=0

Moreover, by the definition of F,, one get that

”fe(y) _Te(y)H HFe(y)"i_f(O) _Te(y)H

() = Tl + 1£0)]
124762, 2%) + 7))
1=0

<
<

In a similar manner, {87*F,(2°y)}.—, is proved to be a convergent sequence
in the Banach space. Define a function 7T, : X — Y by

To(y) = lim 8 °F,(2°y) = 31220 8% fo(2%y)

§—00

for all y € X. Then

I15oly) ~ Tolw)ll < 5 S°876(219, 2'9) + | £(O)]].
=0
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Define a function T": X — Y by
T(y) = Te(y) + To(y)
for all y € X. Thus it follow from the previous relations that
1f ) =TI < lfely) = Te@Il + 1 fo(y) = To(y)ll
DICHENES PULRECHER
1270 _ (3.15)

for all y € X. Next, we will prove that T’ Satisﬁes (3.1). We define the even
part and odd part of Df by Df.(z,y) = 2 (Df(z,y) + Df(—z,—y)) and
Dfo(x,y) = % (Df(x,y) — Df(—xz,—y)). For a positive integer s, putting
(z,y) = (2°2,2%y) into the above equations to obtain the relations

IN

IDfe(2°z,2%y)|| < ¢(2°x,2°y) and ||Df,(2°z,2°%y)| < ¢(2°x,2%y).

Dividing the above results by 4° and 8°, respectively, and taking the limit
as s — 00. We then have DT¢(z,y) = 0 and DT,(x,y) =0 for all z,y € X.
Hence, T' = T, + 1T, satisfies (3.1). It only remains to show that 7" is unique.
Suppose that there exists another function 77 : X — Y such that T” satisfies
(3.1) and (3.8). From Theorem 3.1, we notice that T, = A° + A?(x) where
A?(x) satisfies the quadratic functional equation and A is a constant, and
T, satisfies the cubic functional equation; therefore, A?(rz) = r2A%(z) and
T,(rz) = r3T,(z) for every rational number r and for every z € X. Thus,

|T(2) = T'(@)|| < ||Te(@) = Ti@)|| + || To(e) = T5()] -
For any positive integer s and for each z € X,

|T.(z) = T.(z)|| = ||A°+ A%*(x) — A° — A% (2)||
475 | A% (2°x) — A (2%
470 || Te(2%2) — TL(2°x) |
A7 || fe(22) — Te(2°2)[| +47° || fe(2°2) — T2 (2°2)

100—1'5 i+5s —s
2> g2 124 FO)]
=0

IN

IN

Taking the limit as s — oo, we have ||T.(x) — T.(z)| < 0. Thus T.(z) =
T!(z) for all z € X. Similarly, we can show that T,(z) = T)(z) for all
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x € X. Hence T'(x) = T'(x) for all z € X.

For the case when the condition (3.6) holds, The proof can be stated in

a similar manner. We start the proof by substituting (z,y) by (5%, %) in

(3.7) and by f(0) =0 to get that

Hf(y) —6f (5)+2f <‘7y> H <0(5.9)

Applying the definitions of f. and f, to the previous equation. It yields

o)~ 41, (2 < 0.
o) =81, (5)| < 935

We extend the two inequalities to

and

o) 452 ) | < 3 4027y, 27)
i=1
and
[ol) = 852w < 5 3 20l 71y, 27y)
=1

for a positive integer s and for all y € X. The rest of the proof can be
produced in a similar fashion. O

Corollary 3.3. If a function f : X — Y satisfies
IDf(z,y)ll <e, (3.16)

for all x,y € X and for some € > 0, then there exists a unique function
T:X —Y that satisfies (3.1) and

10

1£ () =TIl < 5-e + 2 f(0)] (3.17)

forally € X.
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Proof. We can follow the proof as the Theorem 3.2 by letting ¢(z,y) = ¢ for
all z,y € X. According to the condition (3.5), it follows from the theorem
that there exists a unique function 7; X — Y such that

1) =Tl < Nfe(y) = Te@)l + | foly) — To(y)l|
< 2;44%%;8—2‘%2”]0(0)”

9 9
— + =

—+ S +2040)]
10

= S +20l0)]

IA

for all y € X. O
Corollary 3.4. If a function f : X — Y satisfies

IDf ()|l < e (=" + lyll”) (3.18)

for all x,y € X and for some ¢ > 0 where p is a positive real number with
p <1 orp> 3, then there exists a unique function T : X — Y that satisfies
(3.1) and

4e |6 — 2P|
|4 —2r||8 — 27|

1f(y) =Tl < 1y [1” + 21 £ O)l (3.19)

for ally € X.

Proof. From the Theorem 3.2, let ¢(x,y) =& (||z||” + ||y||”) for all z,y € X.
If p < 1, then the condition (3.5) holds. Applying the theorem 3.2, we then
get

oo

If() =T < 224"726|12in’)+%ZB‘Z'~2€H2inp+2Hf(0)H
1=0 =0
o 2e|lyll” | 2elyl”
= I 2R
4e(6 — 2P)

= Gy I 21

for all y € X. It can be checked that for p > 3, the condition (3.6) holds.
We therefore obtain a similar result. O
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