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Finding the Number of Cycle Egamorphisms
P. Sirisathianwatthana and N. Pipattanajinda

A mapping f from graph G to graph H is called an egamorphism
(or weak homomorphism, contraction) from G to H, if f preserves or
contracts the edges. This paper is to find the number of egamorphism from
C,n to Cp,, where m,n € Z+ and m,n > 2.
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1 Introduction and Preliminaries

The motivation of this paper is come from the determination of number of
cycle homomorphisms [8]. Otherwise the number of path homomorphisms
[3] and the number of endomorphisms [2]. In [7] using the congruence
classes to fine the number of path and cycle endomorphisms.

As usual we denote by V(G) and E(G) the vertex set and the edge set
of the graph G, respectively, where V(G) # ) and E(G) C {{u,v}| u #
vin V(G)}. The graph with vertex set {0,1,...,n} and edge set {{0,1},
{1,2},...,{n—1,n}} is called a path of length n, denoted by P,,. Therefore,
the path P, has n + 1 vertices and n edges. The graph with vertex set
{0,1,...,n—1}, such that n > 3, and edge set {{i,i+1}|i =0,1,...,n—1}
(with addition modulo n) is called a cycle of length n, denoted by C),.
Therefore, the cycle C), has n vertices and n edges.

A homomorphism of a graph G to a graph H is a mapping f : V(G) —
V(H) which preserves edges, i.e. {u,v} € E(G) implies {f(u), f(v)} €
E(H). A homomorphism from G to itself is called an endomorphism of
G. By Hom(G, H) and End(G) we denote the set of all homomorphisms
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from G to H and endomorphism of G, respectively. For each bijective
f € End(G), if f~' € End(G), f said to be automorphism, denoted by
Aut(G).

From [6], if G and H are two graphs, a map f : V(G) — V(H) is an
egamorphism if f preserves or contracts the edges, i.e., if f(x) = f(y) or
{f(x), f(y)} € E(H) whenever {z,y} € E(G) (f is also weak homomorphism
in [5] and contraction in [9]). By Ega(G,H) and Ega(G) we denote the
set of all egamorphisms from G to H and egamorphisms from G to itself,
respectively.

We now define notation about the set which will be used in later. For
any given m,n € Z* U {0} and 7,i,j,k € C,. Let Ega'(P,,,C,) be the
set of all egamorphisms and maps f from P, to C), such that f(0) =i. Let
Egag» (P, Cp) be the set of all egamorphisms and maps f from P, to C),
such that f(0) =¢ and f(m) = j. So the set of all egamorphisms from P,
to C,, can be written as Fga(P,,,C,,). Similarly, if Ega’(C,,, C,) is the set
of all egamorphisms and maps f from C,, to C, such that f(0) = 4, and
Egaé—(C’m, C},) is the set of all egamorphisms and maps f from C,, to C),
such that f(0) =¢ and f(m — 1) = j. And easy to proof that,

Proposition 1.1. For any given path P, and cycle C,,. Then, the following
properties are also held.

1. If j # k , then Ega};(Pm,Cn)ﬂEga;'.(Pm’Cn) =@ and
Ega?c(cmv Cn) ﬂ Ega;'(cma Cn) =d

2. ifi#r , then Ega*(Ppn,Cy)(Ega” (P, Cp) = @ and
Ega' (Cpp, Cp) N Ega” (Cn, Cr) = 9,

. n_l .
3. |[Ega'(Pp, Cn)| = Z:O|E9a}(PmaCn)|,
J:
. n_l .
4. |Egal(cmy0n)| = Z:O|E.ga;(0macn)|a
J:
n—1 )
5. |[Ega(Py,,Cy)| = ;)]Egal(Pm,Cn)],

n—1 .
6. ’Ega(cmycn)‘ - Z:O‘Egal(cﬂ"wcn)"

From [1], trinomial coefficients are used as major tools for our results, so
its outline are introduced in brief here. For any given m € ZTU{0}, k € Z,
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defined -
<m> LV GEEY), —mk<m
? 0, otherwise.

From the definition, it can be written in factorial forms

(1)~ (o), (), ()
k), k-1/, ko /, E+1/,
we now properly suggested next lemma for utilizing to prove our results.

Lemma 1.2. Let m,q € Z* U {0}, for any given positive integer n such
that m = nq. Then

Goiimaen), = Goimgen), =0

forall 0 <i,5 <n-—1.

2 The Number of Egamorphisms from Paths to
Cycles

First, we will show how to find the number of egamorphisms from paths
to cycles. They are the important tools to determine the number of cycle
egamorphisms. It’s easy to get that,

Lemma 2.1. Let G, H be graphs, u € V(G) and vi,vo € V(H). If
there ezists o € Aut(H) such that a(vi1) = va, then |Egay—., (G, H)| =
|Egay—v, (G, H)|.

Lemma 2.2. Let G be a graph and a,b € V(QG). If there exists ¢ €
Aut(G) such that p(a) = b, then |Ega®(P,,,G)| = |Ega®(Py,G)| and
|Egay (P, G)| = |Egay (P, G)| for allv e V(G).

Corollary 2.3. For any given path P, and cycle C,,. Then |Ega’(Py,, Cyr)| =
|Ega’ (P, Cp)| and ]Egaé-(Pm,G)\ = |Egal.(P,,G)| for allv e V(G).

Theorem 2.4. Let G be a graph and m be a positive integer, then

|Egal(Pm,G)| = > |Egal,(Pn-1,G)|+|Ega’(Pm-1,G)|, where j # j'
{1.3'}€E(G)
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Proof. Let m,n € Z*, n > 3 and i € V(G).

Define ¢ : Egal(P.G) — U Egal,(Pu-1,G) U Egal(Pu-1,G),
- {id'teB@)

where j # 7', by f € Bgal(Pp.G), then o(f) = |15y = I

Cleatly, f'€ U Egai(Pn1,G) U Ega(Pp1,G), where j £ J'.

{5,041 E(G)

(i) We have to show that ¢ is injective.

Let f1, fa € Egaj(Pm,G) such that o(f1) = (f2).

Then fi(z) = fi(z) = f3(2) = fo(a) for all 2 € Pr_1.

But f17f2 € Ega;(vaG)v fl(m) = f2(m) :J

Therefore fi = fo.

(ii) We want to show that ¢ surjective.

Let g € U Egaz-,(Pm_l,G) U Egaz-(Pm_l,G), where 7 # j5'.

{5.g"eB(@G)
ftge U Egal(Pui1,G), where j £ 7, g(0) =i and g(m — 1) = J'.
{54} E(G)

3 f € Ega}(Pn,G) such that f(z) = g(z) for all 0 < 2 < m — 1 and

fom)=j.

If g € Ega}(Pm-1,G), g(0) =i and g(m — 1) = j.

1 f € Ega;'-(Pm,G) such that f(x) = g(z) for all 0 < 2 < m — 1 and

£(m) = . | |

By (i) and (ii) we get that [Ega}(Pm,G)| = >, Egal(Pn-1,G) +

' {4.0"YeE(G)
Ega}(Pp-1,G), where j # j'. O

By Theorem 2.4, we get one result as follow.

Corollary 2.5. For any m,n€ Z*, n>3,14,j5 € V(C,), then
Z |E.ga§"(Pm—17On)|7 J=70;
j’'=0,1,n—1

T _ Z ‘EgaZ/(P _17C )’7 0<]<n—1,
|Ega] (Pm, Cn)| — G =141 7 m n

_ 022 1!E9a§-/(Pm-1,Cn)\, j=n-—1.
]/: MN—z,n—

We will suggest an important lemma for proving theorem of finding the
number of egamorphisms.

Lemma 2.6. For alln € Z*, n > 3, i,j € V(Cy), |Ega(Py,Cp)| =
1, i=7;
0, i+j.
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By definition of egamorphism, we then obvious the proof of this lemma.
By Corollary 2.5 and Lemma 2.6. These pretty results are useful for using
to calculate the number of egamorphisms. The next corollary is given the
number of egamorphisms from paths to cycles.

Corollary 2.7. For any m € ZT U {0}, n € Z* and n > 3. Then
|Egat(P,,,Cp)| = 3™, for alli € V(C,) and |Ega(P,,,Cp)| = n3™.

Proof. Let m € ZT U{0}, n € Z", n > 3 and i € C,,.

We will show that |Ega’(P,,, Cy,)| = 3™.

If m =0, then

|Egal(Py,Cy)| = 0, if i # j and |Egal(Py,Cp)| =1, if i = j.

. n_l .
Then |Ega’(Po, Cn)| = > |Egaj(FPo,Cp)| =1 = 30.
j=0
Therefore |Ega’(Py, Cy,)| = 3°.

Assume |Ega’(Py, Cy,)| = 3F at k € Zt U {0}, i € V(Cy).

We will show that |Ega’(Pyy1,Cp)| = 31
. n=1 .
Using the fact that |Ega’(Pgi1,Cn)| = 3 [Egaj(Pei1, Cn)l|, we have

7=0
|Ega’(Py+1,Cn)| = [Egag(Pit1, Cn)| + [Ega) (Pr+1, Cn)| + ... + |Egag, 1 (Pit1, Cn)l,
= 3|Egay( Py, Cy)| + 3|Egai (P, Cp)| + ... + 3|Egal,_1 (Pr, Cn)|,

n—1 )
=3 ZO\Egaﬁ-(Pknd)\,
j=

= 3|Ega’ (P, Cy)|
=33
_ 3k+1‘

Thus |Ega’ (P, Cy,)| = 3™ for all m € ZT U {0} and i € V(C,,).
Therefore |Ega(Py,, Cy)| = n3™ for all m € Z* U {0}. O

The next is our main result which is generated by trinomial coefficients.
It can be written as the following formula.

Theorem 2.8. Let m € ZT U{0}, n € Z*, n>3 and i,j € V(C,). Then

' q+1 m
Bo (PGl =0, T )

t=0
where m =nq +r, for some q € ZT U{0}, 0 <r<n-—1.

, g+1
Proof. Let P(m) : |Egaj(Pp, Cp)| = > (j_?im)Q, where m = nq + r, for
=0

some g € ZTU{0}, 0<r<n-—1.
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Ifm=0, then¢q=0,r=0
() Ifj =i (j—i=0), then [Egai(Po,Co)l =1= (,°),+ Qs+ (%), =
q+1=1

tg%) (j—z'(il:nt) 2°

.. . Lo i 0 — 0 0

(i) Ifj #4 (j —i #0), then [Egaj(FPy,Cp)| = 0 = (j_i_n)2 + (j_i)2 +
q+1=1

(j_?+n)2 = tZO (j_l.oim)y (because —n < j — i < n).

By (i) and (ii) therefore P(0) is true for all 7,5 € V/(Cy,).

Assume that P(k) is true for some k € Z* U {0},

. q+1
therefore |Ega;-(Pk,C'n)| = %(j_fim)y for all 4,5 € V/(Cy),
t—

where k = nq + r, for some g € Zt U {0}, 0 <r <n—1.
We want to show that P(k + 1) is true. Since k = ng + r, then k+ 1 =
ng+r+ 1.
Casel: If0<r<n-—2,thenk+1=nqg+r+1where0<r+1<n-1.
Let j € V(C),) such that 0 < j <n — 1. Then

‘Ega;(Pk-i-l? Cn)’ ‘Ega (Pk7 )’ + ’Ega (Pk7 )‘ + ’Ega]-i-l(ka Cn)’?

- Z (] itnt— 1) + Z (] z:l:nt) + Z (] Z:I:nt—l—l)g’
1 k k
Z [(] itnt— 1) + (j—i:l:nt)g + (j—i:l:nt—i—l)g]’

; (] k::—l:lnt)

By Lemma 2.2, |Ega;-(Pk+1,C'n)| = |Egal(Piy1,Cn)| = |Egal, 1 (Piy1,Cn)l.

, q+1
Therefore, |Egal(Pyy1,Cn)l = > (jf;;lnt)z, for all i, 5 € V(C,,), in the case
=0

of k=ng+r,0<r<n-—2.
Case 2: If r=n—1,then k+1=n(qg+1).
Let j € V(C},) such that 0 < j < n — 1. Similarly to Case 1, we get
q+1 q+1
i k k
that |Egaj(Pry1,Cn)| = tzo(j—;rilnt)f From Lemma 1.2, t;)(j—;:_tlnt)g

q+2
k+1
t;) (j—i:l:nt) 2"
k
By Lemma 2.2, |Egaj(Pk+1, )| = |Ega6(Pk+1,C'n)| = |Egal,_;(Piy1,Cn)l.

Therefore, |Ega§-(Pk+1, W) = Z (] k;llnt)z, for all i,j € V(C,), where
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k+1=n(qg+1), for some q € Z* U {0}.
By Case 1 and Case 2, we get that P(k+1) is true.

' j—iEnt
allm e ZTU{0} ,ne Z",n<3,i,j € V(C,), where m = nq + r, for some
qeZTU{0}, 0<r<n-—1. O

. q+1
Therefore, by mathematical induction, |Ega} (P, Co)| = > ( m )2, for

This result used for finding the number of the value of Ega§- (P, Ch)
at i and j.

3 The Number of Cycle Egamorphisms

In this section, we presented the theorem which is use to find the num-
ber of cycle egamorphisms.

Lemma 3.1. For allm,n € Z*, m,n > 3 andi,j € V(Cy), z'f|Ega§-(C’m,C'n)| #
0, then {i,j} € E(Cy) ori=j.

Lemma 3.2. For all m,n € Z*, m,n > 3 and i,j € V(Cy,), if {i,j} €
E(Cy) ori=j, then |Ega§-(Pm_1,C’n)| = |Ega§-(C’m,C'n)|.

The proofs of two lemmas above are clear. In case of strictly for m,n >

Theorem 3.3. Let m,n € Z*, m,n > 3. If m — 1 = ng + r, for some
qeZTU{0}, 0<r<n-—1, then

g+1

|Ega’ (Con, )| = Z(fzt) , foralli € V(Cy).
2

t=0

Proof. Let m,n € Z™, m,n > 3 such that m — 1 = nqg + r, for some
q€ZTu{0}, 0 <r<n-1. Letie V(C,). Thus |Ega*(Cp,Cy)| =
Z|E9a§‘(0macn)|'

7=0
For0<i<n-—1.

By Lemma 3.1, |Ega’ (Cpp, Cp)| = 0 for all j = 0,1,..., (i —2), (i +2),...,n.
Thus
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‘Egai(cmycn)’ = ‘Egaé—l(cm )’ + ‘Ega (CTTHC )‘ + ’Egaz—l—l(cmvc )‘
IEgaZ 1 (B L )|+|Ega( m=1,C Wl + [Egai ) (Pmo1, Cn)l,

( 1int)2+ (int) + Z(lint)y

q+1 - m— m—
= tZ:O [( nzzl:izt)g + (:I:ntl)g + (1@1)2}’
g+l m
= t; (:I:nt)g'
From 2.2, |Ega’(Cy,,Cy)| = |Ega®(Chn, Cp)| = |Ega™ 1 (Cyn, Cy)|. Alto-
, q+1
gether |Ega'(C,,Cy)| = > (:I:nt)g’ for all 1 € V/(C,). O
=0

Proposition 3.4. Let m,n € Z*, m,n > 3. If m — 1 = nqg + r, for some
qeZTU{0}, 0<r<n-—1, then

q+1 m
1. |Ega(Cy,, Cy)| = nt;](j:nt)z’

2. |Ega(Cp)| =nl(3),+2].
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