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the Convergence of a New Fixed Point
Approximation Method for Continuous

Functions on an Arbitrary Interval
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Abstract : In this paper, we consider a new two step iterations for approximating
a fixed point of continuous functions on an arbitrary interval. Then, necessary
and sufficient condition for the convergence of the proposed iterative process of
continuous functions on an arbitrary interval is given. Our results extend and
generalized the results of Borwein and Borwein [D. Borwein and J. Borwein, Fixed
point iterations for real functions, J. Math. Anal. Appl., 157 (1991), 112-126].
Finally, we show the numerical examples for the proposed iterative process to
compare with Mann, Ishikawa iterations.
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1 Introduction

Let E be a closed interval on the real line and f : E — E be a continuous
function. A point p € F is a fixed point of f if f(p) = p. The Mann iteration (see
[1]) is defined by z1 € E and

Tpy1 = (1= Bn) Tn + Buf (Tn) (1.1)

for all n > 1, where {3, } is a sequence in [0, 1]. The Ishikawa iteration (see [2]) is
defined by z1 € E and

Yn = (L —an) @n + anf (zn), Tot1 = (1= Bp) T + Buf (Yn), (1.2)

Copyright (©) 2010 by the Mathematical Association of Thailand. All rights
reserved.



628 Thai J. Math. 8 (3) (2010)/ W. Suwana-adth

for all n > 1, where {ay,}, {8n} are sequences in [0,1]. Clearly, Mann iteration is
special cases of Ishikawa iteration.

In 1991, David Borwein and Jonathan Borwein [3] studied the convergence of
the Mann iteration on a closed bounded interval in their paper.

Theorem 1.1. ([3]) Let f : [a,b] — [a,b] be a continuous real function. Define
the iteration as follows:

T € [a7 b]7 Tn41 = (1 - ﬁn)xn + 6nf(33n)a

where B, € [0,1], >20° B, = 00, lim, oo Bn = 0, then the iteration (x,)S,

n=1
converges to a fized point of f.

In 2006, Qing and Qihou [4] extended their results to an arbitrary interval and
to the Ishikawa iteration and gave some control conditions for the convergence of
Ishikawa iteration on an arbitrary interval.

In this paper, we will extend the result obtained by David Borwein and
Jonathan Borwein [3] to the modified Ishikawa iteration and proved the following
results:

Theorem 1.2. Let E be a closed interval on the real line (can be unbounded), f :
E — E a continuous function. Let 0 < o, By <1, D071 ap < 00, limy, o0 B, =

0, Ezozl Bn = 00,
21 € E, yn = (1 =)o + anf(@n), Tnt1 = (1= Bn)yn + Bnf(yn)-
If (24,)22 is bounded, then (x,)52, converges to a fized point of f(x).

Theorem 1.3. Let E be a closed interval on the real line (can be unbounded), f :
E — E a continuous function. Let 0 < au,, B, <1, Zzozl ap < 00, limy, o0 Bn =

0, 2211 ﬁn = 00,
x1 €EE, yn = (1 - an)xn + anf(xn)u Tn+1 = (1 - 671)3/71 + 6nf(yn)
Then (2,)22, converges to a fized point of f(x) if and only if (x,)22, is bounded.

Theorem 1.4. Let E be a closed interval on the real line (can be unbounded), f :
E — E a continuous function. Let 0 < 3, <1, limy, 00 Bn = 0, Zf;l Bn = 00,

T € E7 Tp41 = (1 - ﬁn)xn + ﬁnf(xn)

Then Mann iteration (x,)°2, converges to a fized point of f(z) if and only if
(25,)221 is bounded.

Corollary 1.5. ([3]) Let f : [a,b] — [a,b] be a continuous function. Let 0 < (3, <
1, lim, o0 B = 0, Ezozl Bn = 00,

xr1 € [CL, b], Tp+1 = (1 - 6n)xn + ﬁnf(xn)

Then Mann iteration (x,)52; converges to a fized point of f(x).
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We need to prove the following 2 lemmas in order to prove the theorems above.

Lemma 1.6. Let E be a closed interval on the real line (can be unbounded), f :
E — E a continuous function. Let 0 < ay,, B, <1, Zzozl apn < 00, limy, o0 Bn =

0, Zzozl ﬁn = 00,
1€ E, yn = (1 — an)rp + anf(2n), Tny1 = (1= Bn)yn + Bnf(yn).
If x,, — a, then a is a fized point of f(x).

Proof. Suppose f(a) # a. Since z,, — a and f(z) is continuous, we have f(x,) is
bounded. Since y, = (1 — an )z, + @ f(z,) and «, — 0, we obtain y, — a. Let
pr = f(yr) — Yk, qr = f(zx) — xx. Then

Jm pe = Lim [£(yx) =yl = f(a) —a #0,

Jm g = lim [f(zy) — 2] = f(a) —a #0.

Let limg oo pr = p, limp oo qx = ¢, then p # 0 and ¢ # 0. Using x,.1 =
(1 - ﬁ")yn + ﬁnf(yn)a we get

Tpt1 = Yn — BuYn + Bnf(yn)
Yn + Bn(f(Yn) — Yn)
(I —an)zn + anf(zn) + Bu(f(Yn) — yn)
= Tn— nTn + anf(Tn) + Bu(f(Yn) — yn)
= Ty + Bn(f(Yn) — yn) + an(f(zn) — n),

which implies

mno= w4y B(fluk) —ye) + > an(f (xr) — zr)
k=1

k=1
n n
= T+ Ppk+ D
k=1 k=1
Then {z,} must diverge, since py — p # 0 and > o, B = o0, qx — ¢ # 0 and
Y peq ai < oo, which is a contradiction with z, — a. Thus f(a) = a. O

Lemma 1.7. If the sequence (1,)52, satisfying the conditions of Theorem 1.2 is
bounded, then it is convergent.

Proof. Suppose (x,)% 4 is not convergent. Let a = lim inf,, z,, and b = lim sup,, z,.
Then a < b.

First, we prove that if @ < m < b, then f(m) = m. Suppose f(m) # m.
Without loss of generality, we suppose f(m) > 0. Because f(z) is continuous
function, there exists §, 0 < & < b — a, such that :

f(z) —x >0, for |x—m|<0. (1.3)
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Since (2,)52, is bounded, (z,,)3%; belong to a bounded closed interval. Since
f(z) is continuous, f(x,) belongs to another bounded closed interval, so f(x,)
is bounded. Since y, = (1 — an)zy + anf(x,), we obtain (y,)5; is bounded,
and thus f(y,) is bounded. Using zp41 — Tn = Bn(f(Un) — yn) + an(f(zn) — z0),
Yn — Tn = an(f(xn) — xy), and lim, o ap, = 0, lim,, oo B, = 0, we get:

|:En+1 - :En| - 07 |yn - xn| — 0.

Thus there exists a positive integer N such that:

§
[Zn+1 — 2| < Yn — Tn| < 3 for all n > N. (1.4)

57 |
Since b = limsup,, z,, > m, there exists k; > N such that Ty, > M. Let ng, =k,
then zp > m. For xj, there exists only two cases:

(1) xp > m + %, then xx11 >z — g > m using (1.4). So zp41 > m.

(i) m < x, < m+ %, then m — g < yr < m + d using (1.4). So we have:
|z —m| < § <4, |y —m| < 6. Using (1.3), we get:

flzr) —xp >0, f(yr) —yr > 0. (1.5)

Since

ey = Yk + Be(f(yr) — yr)
= (I —oap)rk +anf(r) + Be(f(yr) — yx)
= x — ok — apf(@r) + Be(f(yk) — yk)
= xp — o (f(wr) — 2k) + Bi(f(yr) — yr) >z,

we obtain xg4+1 > x > m.

In conclusion by (i), (ii), we have xx+1 > m. Analogously, we have zp12 > m,
Thts > m,.... Thus we get x,, > m, foralln >k =ng,. Soa = limg_o Tp, > m,
which is a contradiction with @ < m. Thus f(m) = m. Now, we consider the
following two cases:

(I) There exists xps such that a < zp; < b. From above proof, we obtain
f(zar) = zpr. Tt follows that

yv = (1 —anr)ear + o f(anr) = @,

Ty1 = (1= Bum)ym + Bu f(ym) = (1 = Ba)zm + Bu f(xm) = zur

Analogously, we have zpy = xp41 = Tayy42 = -+, S0 &, — . And because
there exists x,, — a, so xpr = a and x, — a which is a contradiction with the
assumption.

(II) For all n, z,, < a or z, > b. Because b—a > 0, and lim, oo (Tp41 — ) =
0, so there exists N such that |z,1 — z,| < @ for n > N. So it is always that
Zn < a for n > N, then b = limy_, oo Zn, < a, which is a contradiction with a < b.
If ©, > b for n > N, so we have a = limj_.o Zpn, > b, which is a contradiction
with @ < b. So the assumption is not true. Then z,, — a (n — 00). O
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Proof of Theorem 1.2. Using Lemma 1.7 we get ()%, is convergent. Let
Zn — a (n — 00), then we get f(a) = a by Lemma 1.6. That is (z,,)5; converges
to a fixed point of f(z).

Proof of Theorem 1.3. If (x,,)%2, is bounded, then (z,)52; converges to fixed
point of f(x) by Lemma 1.6. If (z,,)2°; is bounded, then (z,,)5% ; is not convergent.

Proof of Theorem 1.4. It follows directly from Theorem 1.3 by setting «;,, = 0.

Proof of Corollary 1.5. It follows directly by Theorem 1.4.

2 Numerical Examples
In this section, we will present two numerical examples.

Example 2.1. Let f : [0,2.5] — [0,2.5] be defined by f(x) = %. Then f is
a continuous function with fized point p = 1. Use the initial point ©1 = 2 and

control condition (3, = ﬁ and o, = nll_g,.

Mann | Ishikawa modified Ishikawa,
2.000000 | 2.000000 2.000000  0.400000
1.201718 | 1.076968 1.060524  0.035582
10 | 1.058014 | 1.020448 1.013900 0.008302
15 | 1.022608 | 1.007810 1.004972  0.002978
20 | 1.010324 | 1.003537 1.002166  0.001298
25 | 1.005211 1.002017 1.001060  0.000636
30 | 1.002822 | 1.000961 1.000561  0.000337
35 | 1.001611 | 1.000547 1.000315 0.000189
40 | 1.000958 | 1.000325 1.000185  0.000111
45 | 1.000590 | 1.000200 1.000112  0.000067
50 | 1.000373 | 1.000126 1.000070  0.000042

(20

Table 1:

Example 2.2. Let f : [5,00) — [5,00) be defined by f(x) = (0.5+1In14z)">. Then

f is a continuous function. Use the initial point 1 = 20 and control condition

_ _1 _ 1
Bn = 705 and o, = nis -
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Mann Ishikawa modified Ishikawa
20.000000 | 20.000000 | 20.000000 4.805042
14.076448 | 13.899326 13.883531  0.024377
10 | 13.892732 | 13.859423 13.855531  0.003651
15 | 13.863165 | 13.853207 | 13.851939  0.000993
20 | 13.855257 | 13.851561 | 13.851069  0.000349
25 | 13.852569 | 13.851004 | 13.850789  0.000142
30 | 13.851511 | 13.850785 13.850684  0.000064
35 | 13.851050 | 13.850690 13.850639  0.000031
40 | 13.850834 | 13.850646 13.850619  0.000016
45 | 13.850726 | 13.850623 | 13.850609  0.000009
50 | 13.850670 | 13.850612 | 13.850603  0.000005

a3

Table 2:

Remark 2.3. From two examples above, we observe that the modified Ishikawa
iteration is better than Mann and Ishikawa iterations.
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