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Abstract : In [4], Breaz and Giiney considered the subclasses 75, 75, and S(p) of
analytic functions f in the open unit disk U and proved some univalent conditions
for an integral operator Fi, a,... .8 Of f belonging to the classes 73,73, and
S(p). In this note, we consider the subclasses 7;,7; ,, and S;(p) (j =2,3,...) and
generalize the results of Breaz and Giliney.
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1 Introduction

Let A be the class of all functions of the form
flz)=z+ Zakzk
k=2

which are analytic in the open unit disk
U:={zeC:|z| <1}.

Also, let § denote the subclass of A consisting of functions f which are uni-
valent in U.
Let A; be the subclass of A consisting of functions f given by

f)=z+ > ad®  (GEN;=N\{0,1} ={2,3,...}). (1.1)

k=j+1
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Let 7 be the univalent subclass of A consisting of functions f which satisfy
271(2)
(f(2))?

Let 7; be the subclass of 7 for which f®0)=0(k=2,3,...,5). Let T be
the subclass of 7; consisting of functions f of the form (1.1) which satisfy

2f(z) .
Gar 1'<u (z € ) (1.2)

for some p (0 < p < 1), and let us denote by 7; 1 = 7; when p = 1.
For some real number p with 0 < p < 2, we define the subclass S(p) of A
consisting of all functions f which satisfy

Gs)

Singh [9] has shown that if f € S(p), then f satisfies
21(2)
(f(2))?

Let S;(p) be the subclass of A consisting of functions f € A; which satisfy
(L.3) and

—1‘<1 (z €.

<p (zeD). (1.3)

_1‘ <plz>? (z€l). (1.4)

2f'(2) L ; C N
TS -1 <oll Gevieny), (1.5

and let us denote by Sa(p) = S(p).
The subclasses 7}, 7}, and S;(p) are introduced by Seenivasagan [7].
To discuss our problems, we have to recall here the following results.

General Schwarz Lemma. ([5]) Let the function f be regular in the disk Ur =
{z € C: |z| < R}, with |f(2)| < M for fixzed M. If f has one zero with multiplicity
order bigger than m for z =0, then

M m

) < el

(z € Ug).

The equality can hold only if f(z) = e"(M/R™) 2™, where 6 is constant.

Theorem A. ([1, 2]) Let ¢ be a complex number, |c| < 1, ¢ # —1. If f(z) =
2+ a92? + -+ is a reqular function in U and

2f"(2)
f'(2)

for all z € U, then the function f is regular and univalent in U.

clz|® + (1= =) <1



Some Extensions of Univalence Conditions for a General Integral Operator 583
Theorem B. ([6]) Let 8 be a complex number, R(5) > 0, ¢ a complex number,
le| <1, c# —1, and h(z) = z + a2 + -+ a regular function in U. If

zh'"(z)
ph(2)

ez + (1 = |=*)

for all z € U, then the function

Fa(z) = {ﬁ/oztﬁ‘lh’(t)dt}é — g

is regular and univalent in U.

In [8], the authors considered the integral operator

Fal,ag ..... an,ﬁ(z) = {6/02 tﬁil ﬁ <fl'£t)> - dt} (16)
i=1

for fi € A2 (i=1,2,...,n) and aq,aa,...,a,,0 € C.

Forogy == =a, =a, Fy, a,
considered in [3].

an,B Decomes the integral operator Iy, g

,,,,,

The purpose of this paper is to generalize the main results of Breaz and Giiney
[4].

In the sequel, by N* we denote the set of strictly positive integers.

2 Main Results

Theorem 2.1. Let M; > 1, let the functions f; € S;(p;) (i = 1,2,...,n;n €
N*; j eNp), let a;, 8 € C, R(B) > S0, LMt o jet c e C. If

[

n

1 (1+pi)M; +1
3"‘?(5) Z \Oéi\

[fi(2)| < M;,
o, defined in (1.6) is in the class S.

lef <1 -

)

i=1

for all z € U, then Fy, o,

,,,,,

Proof. Let us define the function h by

o= [T()

for f; € Sj(p;) (i=1,2,...,n;n e N*; j € Nj). Since

n

W =11 (f“)

i=1
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we see that h(0) = 0 and h’(0) = 1. Also, after some calculation, we obtain

S e

S;(

Since |fi(z)| < M; (i = 1,2,...,n; z € U), applying the general Schwarz lemma,
we know that

zh"(2)
' (z)

N
||M:
I

It follows from (2.1)) that

zh" 2241(2)

(fi(2))?

fi(2)

z

+ 1) . (2.2)

GG €Ml (=1,2,...,n; 2 € D).
Using this inequality in (2.2)), we find that

2h"'(2) 1 < 22fi(2) )
< M; +1
W) 2 wi\Gor
"1 < 22fl(2) ‘ )
< -1\ M;+M;+1
2 et Gy | Met M
< (piMi 127 + M; + 1)
= ol
N (1+p)M; +1
< ¥ (L +p)M; + (2.3)
i=1 |az|
Thus, it follows from (2.3) that
28 28, 2h" (2) 1 |[zh"(2)
clz| "+ (1 —|z < e|+
AT < T e e
1 (1 4p)M;+1
< el + <1
"B o
because |¢] < 1 — ﬁ S (lea)# Finally, applying Theorem B for the
function h, we prove that Fu, a,,....a,,8 €S- O

Corollary 2.2. Let M; > 1, let the functions f; € S;(p;) (1 = 1,2,...,n;n €

N*; j eN;), let a, 8 € C, R(B) > 31, “*ﬁ}# and let c € C. If

1 < (1+p)M,+1

)
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for all z € U, then the function
Fap(z) = { /0 A1 H <f1£t )a } (2.4)

Proof. In Theorem 2.1, we consider ¢y = as =+ = a,, = «. O

is in the class S.

Corollary 2.3. Let M > 1, let the functions f; € S;j(p) (i = 1,2,...,n;n €

N*; j €NY), let a;, 3 € C, R(B) > S, WAL and let c € C. If

(1+p)M+1
C S 1 - s
el ; o
|fi(z)] < M
for all z € U, then Fyo, a.....an.p defined in (L. ) is in the class S.
Proof. In Theorem 2.1, we consider py =ps =---=p, =pand M1 =My =--- =
M, = M. O

Remark 2.4. If we set j = 2 in Corollary 2.3, then we have Theorem 2.1 in [J)].

Corollary 2.5. Let M > 1, let the functions f € Sj(p) (j € N}), let o, 0 € C,

R(B) > (H"ﬂ#, and let c € C. If

1 1+p)M+1
R(B) o ’
[f(2)] <M,

le] <1-—

for all z € U, then the function
e (10N )
Gap(z) = {ﬁ/o t ( ; ) dt} (2.5)

Proof. In Theorem 2.1, we consider n = 1. O

is in the class S.

Theorem 2.6. Let M; > 1, let the functions f; € T;,, (1 = 1,2,...,n;n €
N*; j eN}), let a;, 3 € C, R(B) > S0 LHudMitd © g jet c € C. If

lovi]

le| <1-—

7

1 & (14 pg)M; + 1
8?(5)2: |ovi

[fi(2)| < M;,
for all z € U, then Fy, a,.... 0,3 defined in (1.6)) is in the class S.

i=1
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Proof. Defining the function h by

o= [ T(H0)

we take the same steps as in the proof of Theorem [2.1. Then, we obtain that

c|z|2ﬁ+(1—|z|2ﬁ);];;:((j)) < |C|+|;| Zh/;(j)
< v S (e e e
< L+ (15 i M; + M; + 1)
= ||+ (15 zn: (1 + pi)M; + 1)

for fy € T;,, (i=1,2,...,n;n € N*; j € N7). In view of Theorem B, we have
Foiog,...an,8 €S. O

.....

Corollary 2.7. Let M; > 1, let the functions f; € T;,, (i = 1,2,...,n;n €

N*; j €Ny, let a, B € C, R(B) > S WM and let c € C. If

n

(14 ps)M; + 1
|C| S 1_ )
EP
|fi(2)| < M,

for all z € U, then F, g defined in (2.4) is in the class S.
Proof. In Theorem 2.6, we consider ¢y = ag =+ = a,, = . O

Corollary 2.8. Let M > 1, let the functions f; € T;,, (i = 1,2,...,n;n €
N*; jeNp), let a;, 8 € C, R(B) > S0, LHMEL " yng jet c € C. If

i

n

1 ZM 1
el <1- z ) M+

|0‘z

)
i=1

[fi(z)] < M,
for all z € U, then Fy, a.....0,,8 defined in (L6)) is in the class S.

Proof. In Theorem 2.6, we consider M; = My =---= M, = M. O

Remark 2.9. If we set j =2 in Corollary 2.8, then we have Theorem 2.6 in [])].
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Corollary 2.10. Let M > 1, let the functions f € T;, (j € N}), let a,3 € C,
R(B) > w, and let c € C. If

o]

1 I+p)M+1
R(B) | ’

If(2)] < M,
for all z € U, then Go g defined in (2.5) is in the class S.

le] <1-—

Proof. In Theorem 2.6, we consider n = 1. O

Theorem 2.11. Let M; > 1, let the functions f; € T; (i = 1,2,...
N*; 7 €NY), let oy, B € C, R(B) > >0, 21“{;‘;1, and let ¢ € C. If

1 =2M;+1
>

=155

=l

| fi(2)] < M,
for all z € U, then Fy, as.....an.8 defined in (1.6)) is in the class S.

Proof. In Theorem 2.6, we consider p1 = pg = -+ = p,, = 1. O

Corollary 2.12. Let M; > 1, let the functions f; € T; (i = 1,2,...,n;n €
N*; j € N}), let a,3 € C, R(B) > >r, 22t "and let c € C. If

]

1 —=2M;+1
cl<1— s
=1 - 55 2 T
| fi(2)] < M,

for all z € U, then F, g defined in (2.4) is in the class S.
Proof. In Theorem [2.11, we consider a; = ap = -+ = a,, = . O

Corollary 2.13. Let M > 1, let the functions f; € T; (1 = 1,2,...,n;n €
N*; jeNj), let a;, € C, R(B) > >, IMAL - and let c € C. If

las] 7

)

1 2M+1
cl <1-—
=1 - 55 2 T

for all z € U, then Fy, a,.... 0,3 defined in (1.6)) is in the class S.

Proof. In Theorem 2.6, we consider My = My =--- = M, = M. O
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Corollary 2.14. Let M > 1, let the functions f € T; (j € N}), let o, € C,
R(B) > BLEL and let c € C. If

||

[f(2)| < M,
for all z € U, then G, g defined in (2.5)) is in the class S.

Proof. In Theorem [2.11, we consider n = 1. O
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