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Characterization of Cayley Graphs of
Rectangular Groups
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Abstract : A digraph (V, E) is a Cayley graph of semigroup(group) if there exists
a semigroup(group) S and A C S such that (V, E) is isomorphic to the Cayley
graph Cay(S, A). In this paper, we characterize digraphs which are Cayley graphs
of rectangular groups.
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1 Introduction

One of the previously known investigations of algebraic structures on Cayley
graphs can be found in Maschke’s Theorem from 1896 about groups of genus zero.
A group of genus zero is a group GG which possess a generating system A such that
the Cayley graph Cay(G, A) is planar, see for example [16]. In [15] Cayley graphs
which represent groups are described. It is natural to investigate Cayley graphs for
semigroups which are unions of groups, so-called completely regular semigroups,
see for example [14]. In [1,13] Cayley graphs which represent completely regular
semigroups which are right (left) groups and Clifford semigroups are characterized.
We now characterize digraphs which are Cayley graphs of rectangular groups.

2 Basic definitions and results
All sets in this paper are assumed to be finite. A groupoid is a non-empty

set G together with a binary operation on G. A semigroup is a groupoid G which
is associative. A monoid is a semigroup G which contains an (two-sided) identity
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element e € G. A group is a monoid G such that for every a € G there exists a
group inverse a~! € G such that a7 'a = aa™! = eg.

A semigroup S is said to be a right (left) zero semigroup if xy =y (xy = x)
for all z,y € S.A semigroup S is called a right(left) group if it is isomorphic to
the direct product of a group and a right (left) zero semigroup. A semigroup S is
rectangular band if it is isomorphic to the direct product of a left zero semigroup
and a right zero semigroup. A semigroup S is called a rectangular group if it is
isomorphic to the direct product of a group and a rectangular band. It is clear
that a right (left) zero semigroup, a right(left) group, and a rectangular band are
rectangular groups.

Let (V1, E1) and (Va, E») be digraphs. A mapping ¢ : Vi — V3 is called a
(digraph) homomorphism if (u,v) € Eq implies (¢(u), ¢(v)) € Es, i.e. ¢ preserves
arcs. We write ¢ : (V4, Eq1) — (Va, E). A digraph homomorphism ¢ : (V, E) —
(V, E) is called an (digraph) endomorphism. If ¢ : (V1, E1) — (Va, Es) is a bijective
digraph homomorphism and ¢! is also a digraph homomorphism, then ¢ is called
an (digraph) isomorphism. A digraph isomorphism ¢ : (V, E) — (V, E) is called
an (digraph) automorphism. All digraph automorphisms form a group, called the
automorphism group of (V, E) and denoted by Aut(V, E).

Let S be a semigroup(group) and A C S. We define the Cayley graph
Cay(S, A) as follows: S is the vertex set and (u,v), u,v € S, is an arc in Cay(S, A)
if there exists an element a € A such that v = ua.

Theorem 2.1. ([2],[11],[15]) A digraph (V,E) is a Cayley graph of a group G if
and only if Aut(V, E) contains a subgroup /N which is isomorphic to G and for
any two vertices u,v € V there exists o € /A such that o(u) = v.

Let Gy = V1, E1) and Gy = (‘/2., Es) be graphs, Vi NVa = (. The disjoint
union of G1 and Gy is defined as G1|JG3 := (V1 U Va, By U E3).
For terms in Graph Theory not defined here see for example [2].

3 Main results

A subdigraph (V’, E’) of a graph (V, E) is called a strong subdigraph of (V, E)
if whenever uw,v € V' and (u,v) € E, then (u,v) € E’. In the next theorem, we
characterize digraphs which are Cayley graphs of rectangular groups.

Theorem 3.1. A digraph (V, E) is a Cayley graph of a rectangular group if and
only if then the following conditions hold:

(1) (V, E) is the disjoint union of n isomorphic subdigraphs (V1, E1), (Va, E2),...,
(Vi, Ey) for some n € N,

(2) there exists a group G and m € N such that for each i € {1,2,..,n}, (V;, E;)
contains m disjoint strong subdigraphs (Vi1, Ei1), (Viz, Ei2), ..., Vi, Fim)
which are Cayley graphs of G, and V; = J""_, Via,

a=1
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(3) foreach o € {1,2,..,m}, there exists a digraph isomorphism vio : (Via, Eia) —
Cay(G, Aia) for some Ao C G, such that Ajo = Ak forall j, k € {1,2,...,n},

(4) for each o, B € {1,2,...,m}, and for each u € Vip,v € Vg, (u,v) € E if and
only if vig(v) = Yia(u)a for some a € A;g.

Proof. (=) Let (V, E) be a Cayley graph of rectangular group Then there exists
a rectangular group S = G X L, X R,;, where G is a group, L, = {l1,l2,...,l,} a
left zero semigroup, and R,, = {ry,r2,...,7m} a right zero semlgroup, such that
(V,E) = Cay(S, A) for some A C S. Let f be an isomorphism from Cay(S, A)
onto (V, E).

(1) For each i € {1,2,...,n}, set V; := f(G x {l;} x Ry), and E; := EN
(Vi x V;). Hence (V;, E;) is a strong subdigraph of (V, E). We will show
that (V1, E1), (Va, E2), ..., (Va, Ey,) are isomorphic subdigraphs. Let p,q €
{1,2,...n}, p # q, define amap 6 from (Vy, E,) to (Va, Ey) by 6(F(g, po1)) =
f(g,1q,7). Since f is an isomorphism and |G X {l,} X Ry, | = |G x {lg} X R/,
[Vu| = |V4|. Therefore ¢ is a well defined bijection

For f(g,lp, 1), f(g',1p,7") € Vp, take (f(g,lp, 1), f(g',lp,7")) € Ep. Since f
is an isomorphism and E, C E, ((g,1,,7), (g lp,r )) is an arc in Cay(S, A).
Then there exists (a,l,7") € A such that (¢',1,,7") = (g,1p,7)(a,l,r") =
(ga,ly,r"). Hence, ¢ = ga, v = r”, and thus (¢',14,7") = (9a,l4,7") =
(g,1g,7m)(a,l,7"). Then ((g,1q,7),(g’,1q,7")) is an arc in Cay(S, A). Since f
is an isomorphism, it follows that (f(g,lq,7), f(¢',1lg, 7)) € Eq. This shows
that ¢ is a digraph homomorphism. Similarly, ¢~! is a digraph homomor-
phism. Hence ¢ is a digraph isomorphism.

Next, we will prove that (V, E) = Uj Vi, Ey), ie. V = Uj Vi and
E= UZ 1E;. By the definition of V; and fis a dlgraph 1somorphlsm we get
VﬂV—(Z)foreveryz;éjln{l N} HenceUl V= UZ 1f(G><{l}><
R,) = (Ul G x {li} X Ry, ) f(S) V. Suppose that E # Ul Ei. By
the definition of F;, we get Ui:lEi & E Then there exists (z,y) € E such
that (z,y) ¢ Ur:1Ei- Therefore © = f(g,lk,7) € Vi and y = f(¢',ls,7') €
Vi for some k,t € {1,2,...,n}. . Hence (f(g,l,7), f(¢',lt+,7")) € E, and
thus ((g,lk,7), (¢', 1, 7)) is an arc in Cay(S, A), since f is an isomorphism.
Then there exists (a,l,7") € A such that (¢',14,7") = (g,1p,7)(a,l,r") =
(ga, lp, r’"). Therefore {; = I, and thus ¢ = p. This is a contradiction, so
E= Uz 1E

(2) Foreachie€ {1,2,...,n},and o € {1,2,...,m}, set Vio := f(Gx{l;} x {ra}),
Eio, := EN (Vig X Vi), and Bio := {(g,1li,7)|(g,1,74) € A}. Therefore
Vi1, Ein), Via, Ei2), ooy (Vim, Eim) are strong subdigraphs of (V;, E;). It is
clear that G x {l;} x {ro} is a group, and B, C G x {l;} x {ro}. Define
wia : (VviaaEia) - CGQ(G X {lz} X {Ta}uBia) by

1/1ia(f(g7li,Ta)) = (galivrﬂt)'
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Since f is an isomorphism, 1, is also an isomorphism. In particular, ¥;, =
f_1|Vm, where f_1|Vm is the restriction of f=! to Vjo. Hence (Via, Eiq) is
a Cayley graph of group G x {l;} x {r.}.

Let a, 8 € Ry, and « # 3. Since (G x {l;} x{ro})N(Gx{l;} x{rg}) =10
and f is an isomorphism, we get f(G x {l;} x {roa}) N f(G x {l;} x {rz}) =0,
thus Vi, NVis = 0. By the definition of E;, and E;3, we have E;, N E;g =
(. Therefore (Vio, Eia) and (Vig, E;3) are disjoint subdigraphs of (V;, E;).
Hence U7, Via — Uiy F(G x {1} % {ra}) = (U1 (G x {1i} x {ra}) =
F(GxAli} x Rp) = Vi
From (2), we have (Via, Fiq) = Cay(G x {l;} x {ro}, Bia). Let p1 be the
projection of G x {l;} x {r,} onto its first coordinate. Then p; is a group
isomorphism from G x {l;} X {ro} onto G, and p1(G x {l;} x {ra}) = G.
Hence Cay(G x {li} x {ra} Bia) = Cay(ps(G x {l:}  {ra}),p1(Bia) =
Cay(G,p1(Bia))- Let Ajq := p1(Bia). Therefore (Vig, Ein) = Cay(G, Aia),
thus we have an isomorphism

Pia = P1 © 1/%@ : (Vviou Eioz) - Cay(Ga Aia)-

Let k,t € {1,2,...,n}. Take g € Ago. Then we get (g,lk,7a) € Bka- By the
definition of By, there exists | € L,, such that (g,l,7,) € A. Therefore we
have (g,lt,74) € Bia, hence g € Ay,. This shows that Ak, C Ay. Similarly,
Ao C Agg. Thus A = Ajy for all i, j € {1,2,...,n}.

For each i € {1,2,...,n}, and «, 8 € {1,2,...,m}, take f(g,l;,7a) € Via, and
(g, li,rg) € Vig. We will prove that (f(g,li,ra), f(¢',li,m3)) € E if and
only if wia(f(¢',li,78)) = ia(f(g,1i,7a))a for some a € Ajp.

(=) Let (f(g,liy7a), f(¢'sli,r)) € E. Then ((g,1;, @), (¢',1;, 3)) is an arc in
Cay(S, A), since f is an isomorphism. Hence there exists (a,l;,r¢) € A such
that (¢/,li,rg) = (9,4, @)(a,lj,re) = (g9a,l;, r¢). Therefore ¢’ = ga, rg = re.
Then we have (a,l;,73) = (a,lj,r7¢) € A. By the definition of B,3, there
exists (a,l;,7g) € By, and hence a = p1((a,l;,rg)) € p1(Big) = A;3. Since
wia = f_1|Vm7 we get wia(f(glvliurﬁ)) = (glvliaTﬁ) and wia(f(guliarf)) =
(9,1i,7¢). Therefore p1 o ia(f(g',li,75)) = g' and p1 o Yia(f(g,lis7e)) = g.
Hence

p1oia(f(g,lirp)) = g = ga = p1oia(f(g,li,7¢))a.

Since p1 0 Yia = Pia, We have pio (f(9'1i,78)) = via(f(g,li,7¢))a.

(<) Let in(f(g',1i,78)) = @ia(f(g,li,ra))a for some a € A;g. Then there
exists (a,l;,75) € Big. Since iq = [, and i = f*1|vm, we get
Via(f(9:li,7a)) = (9:li;70) and 1/}iﬁ(f(g/v Li, Tﬁ)) = (9 livrﬁ)v respectively.
Therefore pia (f(9,li,7a)) = P1oYia(f(g,li;Ta)) = g and @ia (f(9',li,75)) =
p1ovig(f(9',li,rp)) = g'. Hence g' = 0ia (f(9',lism8)) = @ia(f(g,li;7a))a =
ga. By the definition of B;g and (a,l;,rg) € B;g, we have (a,l,r3) € A for
some [ € Ly,. Therefore (¢',1;,73) = (ga,li,m3) = (9,li,ra)(a,l,73). Then
((g,1iy7a), (¢’ li,rg)) isan arc in Cay(S, A) and thus (f(g,1;, ), f(¢', i, 7))
e L.
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(<) By (1) and (2), we get V. = U, U, Via is the disjoint union. Choose

ke{1,2,...,n}, andlet A :=J"_, (Ara x{li} x{ra}). We will show that (V, E) =
Cay((G x L, X Rp,), A). Define a map f from (V, E) to Cay((G x L, X Ry,), A)

F() = (wia(v),li,rq) for any v € Vi, i{1,2,...,n}, and o € {1,2,...,m}.

Let u,v € V and u = v. Then u = v € Vjg for some j € {1,2,...,n} and
B € {1,2,...,m}. Hence @;s(u) = @;s(v) and (p;js(u),lj,rs) = (pjs(v),lj,7p).
Therefore f is well defined. Let uw,v € V and f(u) = f(v). Then u € Vjz and
v € Vis for some j,t € {1,2,...,n} and 5,0 € {1,2,...,m}, thus

(pip(u),lj,ms) = f(u) = f(v) = (@is(v), lt,75).

Hence ¢;g(u) = ¢i5(v), Ij =i, and rg = rs5. Therefore j =t and § = 6. Then
u,v € Vjg and @;g(u) = p;3(v). Since ¢,z is an isomorphism, u = v. This shows
that f is an injection.

By (2), we get |G| = | of forall i € {1,2,...,n} and @ € {1,2,...,m}. Thus
|G X Ly, X Rpp| = |Ul 1U _1Vial = |VI. Hence f is a surjection.

Let w,v € V and (u,v) € E. By (1), we get w,v € V; for some j €
{1,2,...,n}. Then there are 5,0 € {1,2,...,m} such that u € Vg and v € Vj;
by (2). From (4), we get @is(v) = @; ( )a for some a € Ajs. By (3), a € Ags.
Hence (a,li,rs) € (Ags % {l J {7‘5}) C A Since f(v) = (js(v),l,r5) =
(pip(wa,lj,rs) = (pjp(u).lj,ms)(a, lk,m5) = f(u)(a,lk,rs), we have (f(u), f(v))
isan arc in Cay((Gx Ly X Ry, ) A). This shows that f is a digraph homomorphism.

Letg,¢' € G,j,t € {1,2,..,n}, 3,0 € {1,2,...,m}, and let ((g,1;,73), (¢, l¢,75))
be an arc in Cay(G x L, X R, A). Then there exists (a,lq,7¢) € A such that
(¢ l,ms) = (g,15,m8)(a,ly,7e) = (9a,lj,re). Therefore ¢’ = ga, I, = 1;, and
rs =7r¢. Thus t = j, and § = £. By (3) and g,¢’ € G, there exists u € Vjg and
v € Vj5 such that ¢p;s(u) = g and ¢;5(v) = ¢’. Therefore ¢;5(v) = ¢ = ga =
vis(w)a. Since A =", (Apa x {li} X {ra}) and (a,ly,75) € A, we get ¢ = k and
a € Ays. By (3) again, a € Ajs5. From (4), we get (f~(g,1;,73), f (g, lt,75)) =
(fYpjs(u),lj,rs), fHpjs(v),lj,75)) = (u,v) € E. Thus f~! is a digraph ho-
momorphism. [l

Example 3.5 will illustrate this result.

Consider a right group S = Gx R,,, where G is a group, and R,,, = {r1,72, ..., "m }
an n-element right zero semigroup. It is clear that G x R,,, & G x L1 X R,,, where L
is the 1-element left zero semigroup. Hence we get a Cayley graph of a right group
is a Cayley graph of a rectangular group. Hence we have the following result.

Corollary 3.2. [1] Let (V, E) is a digraph. Then (V, E) is a Cayley graph of right
group if and only if the following conditions hold:
(1) there exists a group G and m € N such that (V,E) contains m disjoint
strong subdigraph Cayley graphs of G (V1, E1), (Va, E2), ..., Vin, Em), and
‘/'L' = U;nzl ‘/’L'Ow
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(2) foreach o € {1,2,..,m}, there exists a digraph isomorphism ¢q : (Va, Eq) —
Cay(G, Ay), for some A, C G,
(8) for each o, B € {1,2,...,m}, and for each u € V,v € Vg, (u,v) € E if and
only if pg(v) = pa(u)a for some a € Ag.
Consider a rectangular band S = L,, X R, where L, = {l1,la,...,1,} is a left
zero semigroup, and R,, = {r1,72,...,"m} a right zero semigroup. It is clear that

L, X Ry 2 G X Ly X Ry, when G = {e} is the trivial group. Hence we have the
following result.

Corollary 3.3. [1] Let (V, E) is a digraph. Then (V, E) is a Cayley graph of left
group if and only if the following conditions hold:
(1) (V,E) is the disjoint union of n isomorphic subdigraphs (V1, E1), (Va, Es),...,
(Vo, Ey) for some n € N,
(2) there exists a group G such that (Vi, E;), i € {1,2,..,n}, are strong subdi-
graph Cayley graphs of G,
(3) there exists a digraph isomorphism ¢; : (Vi, E;) — Cay(G, A;), for some
A; CG, and A;j = Ay, for all j,k € {1,2,...,n},
(4) for each a, B € {1,2,...,m}, and u,v € V;, (u,v) € E if and only if p;(v) =
wi(u)a for some a € A,.

Consider a rectangular band S = L,, X R, where L, = {l1,la,...,1,} is a left
zero semigroup, and R,, = {r1,72,...,"m} a right zero semigroup. It is clear that
L, X R,, 2 G x L, X Ry, when G = {e} is the trivial group. Hence we have the
following result.

Corollary 3.4. Let (V, E) is a digraph. Then (V, E) is a Cayley graph of rectan-
gular band if and only if the following conditions hold:
(1) (V, E) is the disjoint union of n isomorphic subdigraphs (V1, E1), (Va, Es),...,
(Vi, Ey) for some n € N,
(2) there exists m € N such that (Vi, E;), i € {1,2,..,n}, contains m dis-
joint strong subdigraphs ({vi1}, Ein), ({vie}, Ei2), ..., {Vim }, Fim) and V; =
{vi1, via, .o, Vim }-
(8) for each a € {1,2,..,m}, |Eio| = |Eja| for alli,j € {1,2,...,n}.
(4) for each i € {1,2,..,n}, a,B € {1,2,...,m}, and for each u € Vio,v € Vig,
(u,v) € E if and only if (v,v) € E;g.

Example 3.6 will illustrate this result.

Example 3.5. Consider the rectangular group S = Z4 X Lo X Rs where Z4 =
{0,1,2,3} denotes the 4-element cyclic group, Lo = {l1,l2} the 2-clement left zero
semigroup, and Rz = {r1,re,r3} the S-element right zero semigroup. For any
element (g,1,7) € S, we may write (g,1,7) = glr. Let A = {(1,11,7m1),(2,12,72)}.
Then we give the Cayley graph Cay(S, A).
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6117‘1 illTl 2[17‘1 3[17‘1

6117‘3 illT3 2[17‘3 3[17‘3 6[27‘3 1127‘3 2127‘3 3127‘3

Fig. 1.
From the picture, we have

(1) Cay(S, A) is the union of two isomorphic subdigraphs ((Z4 x {l1} X R3), F1)
and ((Z4 X {ZQ} X Rg),EQ).

(2) For each i € {1,2}, ((Z4 x {l;} x R3), E;) contains three strong subdigraph
Cayley graphs of Z,
(Zax{li}x{r}), Bi) = Cay(Zax{li} x{r1}),{(1,l;,71)}) = Cay(Za, {1}),
((Zax{li} x{ra}), Eia) = Cay((Zax{li} x{r2}),{(2,li,72)}) = Cay(Zs,{2}),
and ((Z4 X {ll} X {Tg}),Eig) = Cay((Z4 X {ll} X {Tg}),@) = Cay(Z4,(/))

(3) From (2), we have A12 = A22 = {?}, A13 = A23 = (Z), A11 = Agl = {i},

and p1 = @ia ¢ ((Zg X {l;} X {ra}), Fia) — Cay(Z4, A;s) is a digraph
isomorphism for all € {1,2} and « € {1, 2,3}.

(4) We see that ((g,0i,74), (9", 1;,75)) isan arcin Cay(S, A) if and only if ¢’ = ga
for some a € Ajz. For example, we have ((1,11,73), (3,11,72)) is an arc in
Cay(S,A), 3=1+2,and 2 € Ajs.

Example 3.6. Consider the rectangular band S = Lyx Rg where Ly = {l1,12,13,14}
the 4-element left zero semigroup, and Rs = {ri,ra,r3} the 3-element right zero
semigroup. Let A = {(l1,71), (l2,72)}. Then we give the Cayley graph Cay(S, A).
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lyry lary l3r1 lgmy

Y

117‘2 127‘2;& l37°2 l47°2

o—

lirs lars l3r3 lyrs3

Fig. 2.
From the picture, we have

(1) Cay(S, A) is the union of four isomorphic subdigraphs (({{1} X R3), F1),(({l2} %
Rg),EQ), (({13} X R3),E3), and (({14} X R3),E4).

(2) For each i € {1,2,3,4}, (({li} x R3), E;) contains three strong subdigraphs
({lir1}, Ear), ({lir2}), Ei2), ({lirs}), Ei3), where Ey = {(lir1,lir1)}, Eio =
{(liTg, lﬂ‘g)}, and Eig = @

(3) From (2), we have |E11| = |E21| = |E31| = |E41| = 1, |E12| = |E22| =
|Es| = |E2| = 1, |E13] = |Ea3| = |Ess| = |Ea3| = 0.

(4) We see that ((l;,ra), (1;,73)) is an arc in Cay(S, A)
if and only if ((I;,74), (I;,78)) € E;3. For example, we have ((I1,73), (l1,71))
is an arc in Cay(S, A), and ((I1,7r1), (l1,71)) € E11.
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