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1 Introduction and Preliminaries

Throughout this paper, we always assume that E is a real Banach space. Let
Ug ={x € E: ||z| = 1}. E is said to be uniformly convez if for any e € (0, 2]
there exists § > 0 such that for any z,y € Ug,
|lx —y|| > ¢ implies HZTHH <1-4.
Let C be a nonempty subset of E and T : C — C be a mapping. Denote by F(T)
the set of fixed points of the mapping T'. Recall that the mapping 7T is said to be
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nonezrpansive if
[Tz =Tyl < [lz —yl, Vz,yeCl.

Recall that the mapping T is said to be asymptotically nonexpansive if there exists
a positive sequence {t,} C [1,00) with ¢,, — 1 as n — oo such that

[T =T y|| < tnlle —yl, Ve,yeCin>1

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [5] in 1972. They proved that, if C' is a nonempty bounded closed
convex subset of a uniformly convex Banach space E, then every asymptotically
nonexpansive self-mapping T of C has a fixed point. Further, the set F(T') of fixed
points of T is closed and convex. Since 1972, a host of authors have studied the
weak and strong convergence problems of the iterative algorithms for such a class
of mappings.

Recently, convergence problems of implicit iterative processes have been inves-
tigated by many authors.

In 2001, Xu and Ori [13] introduced the following implicit iteration process for
a finite family of nonexpansive mappings {7}, Ts,---,Tn} with a real sequence
{an} in (0,1) and an initial point z¢ € C:

1 = a1xo + (1 — )Tz,

x2 = a1 + (1 — ag)Toxs,

rn =anrn—1+ (1 —an)Tyen,
N1 = ant12y + (1 —ani)Then,

which can be written in the following compact form:
Tn = &1+ (1 —an)Thzn, VYn>1, (1.1)

where T}, = Ty (moany (here the mod N takes values in {1,2,---,N}).

They proved the following weak theorem based on the iterative process (1.1).

Theorem XO. Let H be a real Hilbert space, C' be a nonempty closed convex
subset of H and T; : C — C be a nonexpansive self-mapping on C such that
F = ﬂﬁl F(T;) # 0 for each i € {1,2,--- ,N}. Let {z,} be defined by (1.1).
If {a} is chosen so that a,, — 0 as n — oo, then {x,} converges weakly to a
common fived point of the family of {T;},.

Recently, Khan, Yildirim and Ozdemir [9] considered convergence problems of
an implicit iterative algorithm for two families of nonexpansive mappings. Their
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implicit algorithm is expressed as follows:

z1 = a1xg + f1S171 + 1Th2,
Ta = ax1 + P2S2x2 + 12122,

TN = anrn-1 + BnSnen +YNINTN,

TNy1 = aN41ZN + By 11Svi1TN 11 YN 1IN 1T N1

which can be written in the following compact form:
Tp = QpTp—1 + ﬁnsnxn + ’YnTnxna vn > 1, (12)

where S, = Sp(moan) and T, = Ty(moan) (here the mod N takes values in
{1,2,---,N}).

Recall that a space X is said to satisfy Opial’s condition [10] if, for each
sequence {z,} in X, the convergence x,, — = weakly implies that

liminf ||z, — z| < liminf ||z, —y||, Vy € X (y # x).

It is well known [10] that each [P (1 < p < co) satisfies Opial’s condition. It is also
known [4] that any separable Banach space can be equivalently renormed to that
it satisfies Opial’s condition.

Khan, Yildirim and Ozdemir [9] obtained the following weak convergence the-
orem with the help of Opial’s condition.

Theorem KYO. Let E be a real uniformly convex Banach space which satisfies
The Opial’s condition and C be a nonempty closed convex subset of E. Let {1} :
j€J}and {S;: j € J} be two finite families of nonexpansive mappings of C with a
nonempty fized point set F := (ﬂ;vzl F(Tj)) N (ﬂ;vzl F(Sj)). Let {an}, {Bn} and
{n} be three real sequences satisfying an+Bn+vn = 1,0 < a < ap, Bp,yn < b < 1.
Then the sequence {xy,} defined by (1.2) converges weakly to q € F.

We remark that, from the view of computation, the implicit iterative processes
(1.1) and (1.2) is often impractical since, in many cases, to solve the operation
equation exactly is difficult. For each step, we must solve a nonlinear operator
equation. Therefore, one of the interesting and important problems in the theory of
implicit iterative processes is to consider the iterative processes with errors. That
is an efficient iterative process to compute approximately fixed point of nonlinear
mappings.

In this paper, motivated by the above results, we introduce the following iter-
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ative process for two families of asymptotically nonexpansive mappings:

1 = a1z + f1S121 + Tz + drua,
To = a1 + (25222 + y2Tox2 + d2us,

N =antn—1 + OnSnan +ynTNnen + dnvun,

2 2
TN41 = aN+1ZN + BN+1STTN 11 + N1 TTON 1 + ONp1UN+1,

2 2
Tan = aanTan—1 + BanSyxan + YenTNTan + danuan,
3 3
Tan+1 = Qan+12Z2N + Bon1S7%an+1 + Yenv+1TT Tan+1 + don1UaN 11,

T

where z is the initial value, {u,} is a bounded sequence in C and {a,}, {On},
{7} and {8,} are sequences [0,1] such that a, + B, + v» + 0, = 1 for each
n > 1. Since for each n > 1, it can be written as n = (h — 1)N + i, where
i =1i(n) € {1,2,...,N}, h = h(n) > 1 is a positive integer and h(n) — oo as
n — 00. Hence the above table can be rewritten in the following compact form:

)xn + 0 tn, VYn > 1. (1.3)

The purpose of this paper is to study the weak and strong convergence of
implicit iterative sequences generated in the implicit iterative process (1.3). Weak
and strong theorems are established in the framework of a uniformly convex Ba-
nach space. The results of this paper improve and extend the corresponding results
of Chang et al. [1], Chidume and Shahzad [3], Guo and Cho [7], Kahn, Yildirim
and Ozdemir [9], Thianwan and Suantai [12], Xu and Ori [13] and Zhou and Chang
[14].

Next, we state the following useful lemmas.

Lemma 1.1. ([2,6]) Let E be a uniformly convex Banach Space, C' be a nonempty
closed convex subset of E and T : C — C' be an asymptotically nonexpansive
mapping. Then I — T is demi-closed at zero, i.e., for each sequence {x,} € C,
if {xn} converges weakly to q € C and {(I — T)x,} converges strongly to 0, then
(I-T)g=0.

Lemma 1.2. ([11]) Let {an}, {Bn} and {yn} be three nonnegative sequences sat-
isfying the following condition:

ant1 < (14 by)an +cny,  Yn > ng,
where ng is some nonnegative integer, Y o ¢, < 00 and Yo b, < oo. Then

(a) im,, o0 ay, exists;
(b) if there exists a subsequence {an,} C {an} such that a,, — 0, then a,, — 0.
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Lemma 1.3. ([8]) Let E be a uniformly convex Banach space, s > 0 be a pos-
itive number and B4(0) be a closed ball of E. There exits a continuous, strictly
increasing and convex function g : [0,00) — [0,00) with g(0) = 0 such that

laz + by + cz + dw||* < allz|* + bllyll* + cllz|* + dlw]|* — abg(]|z — yl)

for all z,y,z,w € Bs(0) = {x € E : ||z|| < s} and a,b,c,d € [0,1] such that
a+b+c+d=1.

2 Main Results

Now, we are ready to give our main results.

Theorem 2.1. Let E be a real uniformly convex Banach space which satisfies
Opial’s condition and C' be a nonempty closed convex subset of E. Let N > 1 be a
positive integer and I = {1,2,3,--- . N}. Let S; be an asymptotically nonexpansive
mapping with the sequence {sy;} C [1,00) such that Y - (sn,; — 1) < co and let
T; be an asymptotically nonexpansive mapping with the sequence {t,;} C [1,00)
such that Y07 (tn; — 1) < oo for each i € I. Let k, = max{s,,t,}, where
Sp = max{sp; : ¢ € I} and t, = max{t,; : i € I}. Assume that F =
(ﬂfil F(S))N (ﬂz VF(T) # 0. Let {x,} be the sequence generated in (1.3).
Let {an}, {Bn}, {1} and {6, } be four real sequences satisfying cn~+ FBn+n~+00n =
1 for each n > 1 and {u,} be a bounded sequence in C. Assume that the control
sequences {an}, {Bn}, {n} and {6,} in [0, 1] satisfy the following restrictions

(a) 220:1 dp < 005

(b) there exist constants a,b,c € (0,1) such that a < an,b < By and ¢ < 7y,
Vn > 1;

(¢) (Bn + )L < 1, where L = sup,,~q{kn}, ¥n > 1.
Then the sequence {x,} converges weakl;_y to a point in F.

Proof. First, we show that the sequence generated in the implicit iterative process
(1.3) is well defined. For each n > 1, define a mapping R,, : C — C by

Rn(z) = ann 1+ BuSi0) w4+ 1 T2 + G, Va € C.

i(n)
Notice that
i(n)
— (n®p_1 + ﬁn Z(n’;)y + %Tﬁ(”)y + Onttn) ||

< 6””81(71 z(n y” +7"||TZ}Z7(1 L= ;ES:)I)ZJH
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From the restriction (c), we see that R, is a contraction for each n > 1. By Banach
contraction principle, we see that there exists a unique fixed point z,, € C such
that

Ty = QpTn_1 + 6,15’;1(5:;)33” + ”ynTZ(fl))xn + 0ptn, VYn > 1.

This shows that the sequence generated in the implicit iterative process (1.3) is
well defined.

Next, we show the sequence {x,} is bounded. For any p € F, we have

”In - p” = || (Oén:En,1 + 6nSZ}L(Eln)fEn + FYnT}ZfZ)l)fEn + 5nun) - p”
= || + 7| T 0 — b + Ol — pl]

i(n)

< anllnor = pll + B[S
< anl|#n—1 = pll + (Bn + v )En) |20 = pll 4 0nlun — pl|
<ap|zn1—pll+ (1 - O‘n)kh(n)Hxn = pll + dnllun — pll
< anll@n—1 = pll + (knen) — an)llen = pll + dnllun — pll;

which yields from the restriction (b) that

ko — 1
20— oIl < 2y — pl + L2 D)

)
lzn = pll + —=llun =l

Note that Y>> | (k, — 1) < oo. It follows that there exists some positive integer ng
such that for any h(n) > n,, kpn) — 1 < §. Therefore we get that

low ol € —— " lzns —pl + ——" fun —p]
" p _a—l—l—kh(n) n-l p a+1_kh(n) " p
kh(n)_l 671
< (14 —"—)llwn1 —pl + ———Jun — :
_( tarr T e el el @)

2(knm) — 1 20n,
< (14 2= DY o= 2,

for all such n, where n is such that h(n) > ng. In view of Lemma 1.2 this means
by the restriction (a) that the limit of lim,,_, ||z, — pl|| exists. It follows that the
sequence {z, } is bounded.

On the other hand, we obtain from Lemma 1.3 that

[ _p”2 = || (anxnfl + BnS i( (n))fEn + 'YnT(())In + 5nun) - p||2
<an||$n 1_p||2+6"HSzh(n pH +’Y"H z(n _pH2

+ 5n||un _p”2 - anﬁngl(HInfl - Sz(n) xn”)

< anllzn-1—pl*> + (B + %)ki mllZn = DI + 0nllun — pl|?
h(n)
(n)

- a”ﬁ”gl (H:E"_l - Sz n
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which in turn yields that
anBugi (-1 = Sii wal])
< anllzn—1 = plI* + ((Ba + ki) — 1) lzn = pII* + dnllun —p|?
< an (o1 = pl* = llzn = plI?) + (Ba + ) (ki) — 1) l2n — pII?
+ 6nlun — pl*.
From the restrictions (a) and (b) and since lim,, o ||, — p|| exists, we obtain that

lim |21 — S} || = 0. (2.2)

n—oo i(n)
Reconsidering Lemma 1.3, we also have
=l < anllzn—1 = plI* + (Ba +v0) ity |20 = DIl + 8nllun — p|?
= anng2([2n—1 = Ty zall)
which in turn yields that
g (|1 = Ts5 o))

< o ([lon—1 = plI* = llzn = pI1?) + (Ba +70) (ki = Dllzn — pII?

+ Onllun — pII*.
In view of the restrictions (a) and (b), we see that
i [lza—1 = Ti zal| = 0. (2.3)
Notice that
2 = 2naall < Bl S5 20 = 2na | + Al|T0 20 = sl 4 Bullun — 2]

It follows from (2.2) and (2.3) that

lim ||, — 2p—1] = 0. (2.4)
For each j € I, we have
lim ||z, — x| =0, VjeLIL (2.5)

Next, we show that x, — S,z, — 0 as n — oo. Since for any positive integer
n > N, it can be written as n = (h(n) — 1)N +i(n), where i(n) € {1,2,--- ,N}.

[ms = Sual < s — S| + S22 — S
= [frncs — S4 ] + 1S —5i<n>wnH
< s = S S5, ] (26)

< Jlanr = S5 el + LS5~ e — Sﬁi"_)?vﬁxanH

+ LHSz(nn)Nl)x" N — xn—N—lH + LHxn—N—l - !En”
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Since for each n > N, n = (n—N)(mod N), on the other hand, we obtain from n =
(h(n)—1)N+i(n) that n—N = ((h(n)—1)—1)N+i(n) = (h(n—N)—1)N+i(n—N).
That is,

h(n—N)=h(n)—1 and i(n— N)=1i(n).

Therefore we see

h(n)— h(n)— (n)— 1 h(n)—1
||S1 - Sz I” NH - ||Sz(n - Sz(n) I"*NH (27)
< L”fpn - xan”
and -
ISt wy - = Enena || = [ SiGwY Enn = anonoa] (2:8)
Substituting (2.7) and (2.8) into (2.6), we get that
2n—1 = Snwnll < [[en-1 = Si) zn|| + L¥|2n — 20|
+ LH l(n N))!En N — fcn—N—1H + L||zn—nN-1— ZTn]|
It follows from (2.2), (2.4) and (2.5) that
lim ||@p—1 — Spas|| = 0. (2.9)
Notice that
[z = Spanll < [|2n — Zp-1ll + [Zn-1 — Snzal-
This implies from (2.4) and (2.9) that
lim ||z, — Spz,| = 0. (2.10)

For any j € I, we see that

lzn — Sn-‘rjan <lzn — xn-i—j” + ||$n+j - Sn-l—jxn-i-j” + ||Sn+jxn+j - Sn-‘rjan
<L+ L)|lzn — xn-i—j” + ||$n+j - Sn-l—jxn-i-j”'

In view of (2.5) and (2.10), we obtain that
lim ||z, — Sptjzn|| =0, Vjel. (2.11)

Note that any subsequence of a convergent number sequence converges to the same
limit. It follows that

lim ||z, — Siz,||=0, Viel. (2.12)

In a similar way, we can obtain that

lim ||z, — Tiz,|| =0, VIel. (2.13)
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Noting that FE is uniformly convex and {z, } is bounded, we have that there exists
a subsequence {x,, } of {x,} converging weakly to w € C. In view of Lemma 1.1,
we obtain from (2.12) and (2.13) that w € F.

Next, we show {z,} converges weakly to w. Suppose the contrary. Then
there exists some subsequence {x,,} of {x,} such that {z,,} converges weakly
to w € C, where w # @. In the same way, we can show that @ € F. Notice
that we have proved that lim, . ||z, — p|| exists for each p € F. Assume that
lim, oo [|2n — w|| = @, where Q is a nonnegative number. By virtue of Opial’s
condition of F, we have

Q = liminf ||z, — w|| < liminf ||z, — &
n;—00 n;—00

= liminf ||z,;, — @| < liminf ||z,, - w| = Q.
n;—0oo n;j—0o0
This is a contradiction. Hence w = . This completes the proof. [l

Remark 2.2. Comparing with Theorem KYO in section 1, we have the following:
(a) From point of view of mappings, the class of nonexpansive mappings is
extended to the class of asymptotically nonexpansive mappings.
(b) From point of view of computation, the implicit iterative process (1.3) with
errors is more efficient than the implicit iterative process (1.2).

If S; = T, for each i € I in Theorem 2.1, we can get the following results easily.

Corollary 2.3. Let E be a real uniformly conver Banach space which satisfies
Opial’s condition and C' be a nonempty closed convex subset of E. Let N > 1 be a
positive integer and I = {1,2,3,--- | N}. Let S; be an asymptotically nonexpansive
mapping with the sequence {sy,;} C [1,00) such that Y > (sn,;—1) < oo for each
i€lI. Let s, = max{s,;:% € I}. Assume that F = ﬂfil F(S;) #0. Let {an},
{Bn} and {vn} be three real sequences satisfying oy, + Bn +yn = 1 for each n > 1
and {u,} be a bounded sequence in C. Let {x,} be the sequence generated in the
following iterative process:

(n)
n)

Ty = QpTpn_1 + ﬂnSlh( Ty + Yy, Vn>1. (2.14)

Assume that the control sequences {am}, {Bn} and {vn} in [0,1] satisfy the fol-
lowing restrictions
() o, 0 < o
(b) there exist constants a,b € (0,1) such that a < o, and b < B, Vn > 1;
(¢) BnL < 1, where L = sup,;>1{sn}, ¥n > 1.
Then {x,,} converges weakly to a point in F.

In 2005, Chidume and Shahzad [3] introduced the following conception. Recall
that a family {T;}Y, : C — C with F = ﬂfil F(T;) # 0 is said to satisfy
Condition (B) on C'if there is a nondecreasing function f : [0, 00) — [0, c0) with
f(0)=0and f(r) > 0 for all r € (0, 00) such that for all z € C

wax {[lo —Tixll} = f(d(z, F)).
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Based on Condition (B), we introduced the following conception for two fi-
nite families of asymptotically nonexpansive mappings. Recall that two families
{S}N1:C = Cand {T;}Y, : C — C with F = (1, F(S) N (N, F(T)) #
) is said to satisfy Condition (B’) on C if there is a nondecreasing function
f :]0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all » € (0,00) such that
forall z € C

ax {lle — Sizll} + max {[|lz — Tizl]} = f(d(z, F)).

Next, we give strong convergence theorems with the help of Condition (B’).

Theorem 2.4. Let E be a real uniformly convex Banach space which satisfies
Opial’s condition and C be a nonempty closed convex subset of E. Let N > 1 be
a positive integer and I ={1,2,3,--- ,N}. Let S; be an asymptotically nonexpan-
sive mapping with the sequence {s,;} C [1,00) such that Y~ (sn;—1) < co and
T; be an asymptotically nonerpansive mapping with the sequence {t,;} C [1,00)
such that Y 02 | (tn; — 1) < oo for each i € I. Let k, = max{sy,t,}, where
Sp, = max{sp; : ¢ € I} and t, = max{t,,; : ¢ € I}. Assume that F =
(ﬂfvzl F(S))N (ﬂfvzl F(Ty)) # 0. Let {x,} be the sequence generated in (1.3).
Let {an}, {Bn}, {7} and {6,} be four real sequences satisfying cun~+ Bn+yn+0n =
1 for each n > 1 and {un} be a bounded sequence in C. Assume that the control
sequences {an}, {Bn}, {n} and {6,} in [0, 1] satisfy the following restrictions

() 25, 8 < oot

(b) there exist constants a,b,c € (0,1) such that a < o, b < 3, and ¢ < vy,
Vn > 1;

(¢) (Bn + )L < 1, where L = sup,,~,{kn}, ¥n > 1.
If {S:}¥N., and {T;}., satisfy Condition (B'), then the sequence {xy} converges
strongly to a point in F.

Proof. In view of Condition (B’), we obtain from (2.12) and (2.13) that f(d(z,, F))
— 0, which implies d(z,,, F)) — 0. Next, we show that the sequence {z,, } is Cauchy.
Notice that (2.1) can be rewritten as

2(kh n) 1) 2577,
fow =l < (14 220D oy 22, —

< eM|lzn_1 — pll + M,

where A\, = M, N = 22 ||lu, — p|| and n is such that h(n) > ng,. For any

n, where n is such that h(n) > ng, we have

|Zm+n — Tnll < |Tmtn — pll + |20 — Pl
. m+n n2
< (L eXimm )z —pll + Y e N .
k=n-+1

Since F' is closed and convex, we see that * € F. This completes the proof. [
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If S; = T; for each i € I in Theorem 2.4, we can get the desired results easily.

Corollary 2.5. Let E be a real uniformly conver Banach space which satisfies
Opial’s condition and C' be a nonempty closed convex subset of E. Let N > 1 be a
positive integer and I = {1,2,3,--- | N}. Let S; be an asymptotically nonexpansive
mapping with the sequence {s,;} C [1,00) such that Y .- (sn;— 1) < co. Let
Sp, = max{sp; : ¢ € I}. Assume that F' = ﬂf\;l F(S;) # 0. Let {z,} be the
sequence generated in (2.14). Let {an}, {Bn} and {yn} be three real sequences
satisfying o, + Bn + o = 1 for each n > 1 and {u,} be a bounded sequence in
C. Assume that the control sequences {an}, {Bn} and {vn} in [0,1] satisfy the
following restrictions

() 35, 7 < 00

(b) there exist constants a,b € (0,1) such that a < o, and b < B, Vn > 1;

(¢) BnL < 1, where L = sup,,~1{sn}, ¥n > 1.
If {S:}Y, satisfies Condition (B), then the sequence {x,} converges strongly to a
point in F'.

Recall that a mapping T : C' — C is said to be semicompact if for any bounded
sequence {x,} in C such that ||z, — Ta,|| — 0 as n — oo, then there exists a
subsequence {z,,} C {x,} such that z,, — z € C.

Next, we give strong convergence theorems with the help of the semicompact-
ness.

Theorem 2.6. Let E be a real uniformly convexr Banach space which satisfies
Opial’s condition and C be a nonempty closed convex subset of E. Let N > 1 be
a positive integer and I = {1,2,3,--- ,N}. Let S; be an asymptotically nonexpan-
sive mapping with the sequence {sy;} C [1,00) such thaty .~ (sn,i—1) < oo and
T; be an asymptotically nonexpansive mapping with the sequence {t,;} C [1,00)
such that Y > ((tn; — 1) < oo for each i € I. Let k, = max{s,,t,}, where
Sp = max{sp,; : i € I} and t, = max{t,; : ¢ € I}. Assume that F =
(ﬂfil F(S))N (ﬂf\;l F(T;)) # 0. Let {z,} be the sequence generated in (1.3).
Let {an}, {Bn}, {7n} and {6, } be four real sequences satisfying an~+ FBn+vn—+0n =
1 for each n > 1 and {u,} be a bounded sequence in C. Assume that the control
sequences {an}, {Bn}, {n} and {6,} in [0, 1] satisfy the following restrictions

(a) 220:1 dp < 005

(b) there exist constants a,b,c € (0,1) such that a < an,b < B, and ¢ < 7y,
Vn > 1;

(¢) (Bn + )L < 1, where L = sup,,~q{kn}, ¥n > 1.
If one of {Si}N., or one of {T;}Y., is semicompact, then the sequence {x,} con-
verges strongly to a point in F.

Proof. Without loss of generality, we may assume that 57 is semicompact. From
(2.12), we see that there exits a subsequence {x,,} of {x,} converges strongly
to xz € C. For each | € I, we get that ||z — Sjz|| = lim,, oo [|Zn; — SiZn,|| = 0.
This implies = € ﬂf\il F(S)). In a similar way, we can get « € ﬂf\il F(T;). This
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means that x € F. In view of Theorem 2.1, we obtain that lim,,_.« ||z, — x| exists.
Therefore, we can obtain the desired conclusion immediately.

If S; =T, for each ¢ € I in Theorem 2.6, we can get the following results easily.

Corollary 2.7. Let E be a real uniformly convexr Banach space which satisfies
Opial’s condition and C' be a nonempty closed convex subset of E. Let N > 1 be a
positive integer and I = {1,2,3,--- ,N}. Let S; be an asymptotically nonexpansive
mapping with the sequence {sy;} C [1,00) such that > > (sn,; —1) < co for each
ie€l. Let s, =max{s,;:i€I}. Assume that F = ﬂf\il F(S;) #0. Let {zy} be
the sequence generated in (2.14). Let {an}, {Bn} and {y,} be three real sequences
satisfying an + B + Y = 1 for each n > 1 and {u,} be a bounded sequence in
C. Assume that the control sequences {an}, {Bn} and {v.} in [0,1] satisfy the
following restrictions

(8) 35, 7 < 00

(b) there exist constants a,b € (0,1) such that a < ay, and b < B, Yn > 1;

(¢) BnL < 1, where L = sup,;>1{sn}, ¥n > 1.
If one of {S;}N., is semicompact, then {x,} converges strongly to a point in F.
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