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Abstract : In recent years, mathematical structures were altered with fuzzy
numbers or interval numbers and these mathematical structures have been very
popular in mathematics world so we have taken courage and hope from it, and
we defined bounded and convergent sequences spaces of interval numbers. The
purpose of this paper is to introduce the null, convergent and bounded sequence
spaces of interval numbers ¢}, ¢’ and £_, respectively, consisting of all sequences
T = (Ty) such that (Tx) is a sequence of interval numbers. Also some new defin-
itions and theorems about sequence spaces of the interval numbers were given in

this paper.
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1 Introduction

We know that many mathematical structures have been constructed with real
or complex numbers. In recent years, these mathematical structures were replaced
by fuzzy numbers or interval numbers and these mathematical structures have been
very popular since 1965. Interval arithmetic was first suggested by P. S. Dwyer [2]
in 1951. Development of interval arithmetic as a formal system and evidence of its
value as a computational device was provided by R. E. Moore [7], [9] in 1959 and
1962. Furthemore, Moore and others [2], [3], [4], [8] have developed applications
to differential equations.

Recently in [1] Chiao introduced sequence of interval numbers and defined
usual convergence of sequences of interval numbers and we have taken courage
from him/her we defined bounded and convergent sequences spaces of interval
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numbers. We show that this spaces are complete metric spaces. Also we computed
basis of the spaces cj, and c’.

2 Preliminaries

A set consisting of a closed interval of real numbers x such that a <z <b is
called an interval number. A real interval can also be considered as a set. Thus
we can investigate some properties of interval numbers, for instance arithmetic
properties or analysis properties. Let’s denote the set of all real valued closed
intervals by IR. Any elements of IR is called a closed interval and it denoted by
Z. That is T = {& € R: a < 2 < b}. An interval number T is a closed subset
of real numbers [1]. Let z; and z, be first and last points of T interval number,
respectively. For all Z1,Z2 € IR we have

Ty =Ty & 21, =02, and Ty, =Tp,, T1+To ={x €ER 2y, + 29, <2z <
Ty + Tpp by if >0 then a7 = {x € R: axy, <z < ax1.} and if
a<0 then aZ={reR:azx, <z<axy,},

T1ZT2 = {z € R:min{x1,29,, %1, Zr,, Tr, T2,, T1,Try } < ¢ < max{z1,22,,

L1y Lrgy Lry L2405 Ly Try }}
The set of all interval numbers IR is a metric space [7] defined by

d(T1,T2) = max{|z1, — 2, |71, — 72, [} (2.1)

Moreover it is known that IR is a complete metric space. In the special case
T1 = |a, a] and Tz = [b, b], we obtain usual metric of the R with

d(Tl,Tg) = |CL - b|

Let’s define transformation f from N to IR by &k — f(k) =%, T = (Tx). Then
(T,) is called sequence of interval numbers. The T}, is called k" term of sequence
(@k)-

Let us denote the set of all sequences of interval number with real terms by
w'.

Given two sequences of interval numbers in w’, say (T)) and (7y), then the
linear structure of w? includes the addition of (Ty) + () and scalar multiplication
(o) in terms by (Ti) + (Up) = [Tk, + Yk Tk, + Yk, J; i @ > 0  then
(aTg) = |k, axy,] and if a <0 then (aZk)= [axk,,axk,].

Since the set of all intervals on R is quasivector space [6] the set w’ be regarded
as a quasivector space and the following rules are clearly satisfied: (Zy) + (7)) =
@) + @x); (@) + (@) + Gr) = (@) + @) + Gr); @) + () = (Th) +
(zk) implies  (Gy) = (Z); (@) + @) = (@) + a@y); (a+ H)(Tk) =

(k) + B(Tk), (where aff 2 0); a(B(zx)) = (af)(@r); (@) = [1,1](Tx). The
zero element of w” is the sequence § = (6;) = ([0, 0]) all terms of which are zero
interval.
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Definition 2.1. [1] A sequence T = (Ty,) of interval numbers is said to be conver-
gent to the interval number Ty if for each € > 0 there exists a positive integer ng
such that d(Ty,To) < € for all k > ng, and we denote it by writing limy, T, = To.

Thus, lim 7y =% & lim zp, =29, and lim xk,. = xo,.
k—o0 k—o0 k—o0

3 Some Sequence Spaces of the Interval Numbers

In this section we define sequence spaces null, convergent and bounded of the
interval numbers.

Let us denote the space of all null, convergent, bounded sequences of interval
number by ¢, ¢ and ¢¢_ respectively, that is

cé ={Z = (Tx) € w lilinfk =0, where 6= [0,0]},
c ={z = (Tx) € w' lilgnfk =7, To € IR},

lie ={T = (Tk) € w' : sup{|ay, |, o, |} < oo}
k

Clearly we see that the spaces ¢, ¢ and ¢. are subspaces of the space w'.
Besides, for all (Ty), (y,,) € ¢ (or ¢, £i.) the d defined by

d(Tg, Jy) = sup max{ |z, — Yk, |, [Tk, — Yk, |} (3.1)

satisfies metric axioms. Thus, (¢, d) (or (¢!,d) and (£.,,d)) is a metric space.

Definition 3.1. Let’s suppose that y € w', ¥ = ([yk,, Yx,])- If Y, = Yk, for all
k € N, then the sequence § = (3;,) is called degenerate interval sequence .

If 7 = (z) and § = (7,,) are degenerate interval sequences then the metric in
(3.1) reduces on the classical sequence spaces (i.e., null, convergent and bounded
of the real or complex numbers). In fact, we easily see that the space of all real
valued sequences w is degenerate sequences space since every real number is a
degenerate interval. Therefore, each subspace of w is called a degenerate sequence
space. We shall write /., ¢ and cg for the spaces of all degenerate bounded,
degenerate convergent and degenerate null sequences, respectively.

Definition 3.2. An interval sequence T = (Ty,) € w' is said to be interval Cauchy
sequence if for every e > 0 there exists a ko € N such that d(T,,T,,) < € whenever
n,m > kg.

Based on the definitions above, we give a theorem on completeness.

Theorem 3.3. (cj,d), (¢!,d) and (¢',,d) are complete metric spaces with the
metric defined by in (3.1).



506 Thai J. Math. 8 (3) (2010)/ M. Sengéniil and A. Eryilmaz

Proof. We only give the proof for (c}, d)
Let (") = (7}) = (T4,7},75,...) € ¢} for each n and (") be a Cauchy

sequence. Then, for every ¢ > 0 there exist a kg € N such that d(Z},T}") < ¢
whenever n, m > kg. Hence, we have

supmax{|xze — $ZZ|7 IIZT - IZH} <é&
n,m

thus we have |z, — 2}!| < ¢ and |2} —2}'| < e. This means that (7}) is a
Cauchy sequence in R. Since R is a Banach space, (fg) is convergent.

Now, let lim,, .o T} = T}, for each k € N. Since d(Z},Z}') < € for all n,m >
kOv

lim d(z},77) = d(@}, lim ) = d(T, Tr) < e.

This implies that Z" — Z, (n — oo) for all n > kg in c}j. On the other hand, since
d(@x, T — 7)) = supmaxla - (e} — )], [Fx - @ - T})I}

< supmaxi|ay — zj| + |z, [T - Tl + [k [}

< sup max{|z;, — zi|, [Zx — Ty} + sup max{|z, [, [Tx[},
k k

this shows that T € ¢}, O

The norm function on the classical sequence spaces can be extended to the
sequence spaces of the interval numbers. Suppose that \* is a subset of w®.

Definition 3.4. [1] A norm on X' is a non-negative function ||-||x; = \' — RT U
{0} that satisfies the following properties: VZ,7 € A and Yo € R VT € X — {0},

N1. [[Z][xi > 0;

N2. |[Z|[yi =0& T =6,
N3. ||z + 7|
N

i <[zl

y + 113

2\

=~

-l = la[[Z]|x:
As we know that the norm ||z|| of x is the distance from z to 0 in the sequences
space real numbers (see, [5]). Then this idea can be extended on the metric spaces
(ch,d), (¢!, d) and (£%,,d).
Let d(Zy,0) = sup, max{|z,, Or, |, |k, , O, |} = sup, max{|zx,|, |z, |} where 6
is unit element of the spaces ¢}, ¢* and ¢%_. After these explanations, we have

Theorem 3.5. The spaces ci, ¢ and ¢%_ are normed interval spaces with the norm

[l = sup max{|ze, |, [z, |}- (3-2)
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Proof. Let \' = ci(or ¢ and (i) and 7,7 € \'.

N1. Since ||Z||x; = sup;, max{|zg,|, |zk, |} we easily see that ||Z||y; > 0 for VT €
N — {0}

N2. |[z]

Ai = 0 < sup, max{|xg,|, |2k, |} =0T =6,
N3.

17+l = supmax{lax, +yi |, [ox, + ye. [}
< supmax{lze, | + [y, |, |z + [ye. [}

= supmax{(zk, |, [2e. [) + (Iyk. |, [y, )}

i+ 171

< supmax{(|z,|, |z, [)} + sup max{(y.|, lyx, )} = [[7] A
N4. [|az||x = supy max{|awy, |, |axy, [} = [o supy, max{ley, [, |25, [} = |al[[Z][x-
So ||Z]|xi is & norm on A°.
O

Now let’s give definition of interval base.
Definition 3.6. Let \! be normed sequence space of the interval numbers. If N
contains an interval sequence (7,) with the property that for every T € \' there is
a unique sequence of scalars (ay) such that

lim | [7 — (coBl + 17 + . + )| = 6

then (yy,) is called an interval basis for \'. The series Y, ax¥y, which has the sum
T is called the expansion of T with the respect to (3,,) and written as T =), T,

Let 6 = ([0k,,0k.]) = ([0,0]), 7’ = ([z},2.]) = ([0,1]) and (Ex) be an intervals
sequence whose k" position is ' and others all . Let’s suppose that

min{z1,%2,, T1,%ry, Tr T2, T1,Try } (3.3)
and
max{r1,22,, T1,Try, Tr T2, T1,Try } (3.4)

in multiplication of Z; and Ts.
Now we may establish interval basis of the spaces ¢} and c'.

Theorem 3.7. The set {Ey : k =0,1,2,...} is an interval basis for ¢} under norm
defined by (3.2) and conditions (3.8) with (3.4).
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Proof. Let T = (zy,) € ¢} and limy 2. = 6. Then for every & > 0 there exists a
n € N such that

=

ch = CZ(ka,G) = Supmax{l‘”%'? |ka|} <e
k

whenever k > n. Now, since

K= ||E—ifEk

o = [T — @oEo + T1E1 + - + TnEn) |

k=0
= ||f - ([{EOZ,IQT]([O, 1]7 [07 0]7 o ')+ [Ileaxlr]([ov 0]7 [07 1]7 o ')+
1.position 2.position
+ [:Enwxnr]([oao]a [OaO]a R [Oa 1]) o ) ||c§)

n.position

From (3.3) and (3.4), we see that 1" position=([zo,, z0,], [0, 0],[0,0],...),
2" position=([0, 0], [x1,, 71, ], [0,0], ...), - - - and n'" position=([0, 0], ... [ 0], [Tn,s Tn,.])-

Thus,
K = ||9505a[ T(n+1)es L(n+1), ] [ T(n+2)e» (n+2)T]7"'||cé
= s max{|zy,|, |2k, [} — 0, (n— o)
k>n+

and we have

T=)Y TE. (3.5)
k

Let us show that uniqueness of the representation for T € ¢ given by (3.5). On
the contrary, suppose that there exists a representation Z =), 7Fj. Then,

1> @ — Tw) Eel| = d((7 — 7),0)
k=0
= sup max{|(yr, — x,) = O], [(yx, — x,) — 0|} — 0
k>n+1
for n — oo. This shows that |y>nt1), — Thkznt1),| — 0 and [Y>nt1), —
x(k2n+1)r| — 0. In this case, we have, Y>ni1), = T(k>nt1), A Yr>nt1), =
x(k2n+1)r7 i.e., T = y

Theorem 3.8. The set {E, Ei:k=0,1,2,...} is a degenerate interval basis
for ¢ under norm defined by (3.2) and conditions (3.8) with (5.4), where E =
@',7,...).

Proof. Let T = (Ty) € ¢ and limy, Tj, = To. Then for every € > 0 there exists a
n € N such that whenever k > n. Since,

n

|T —ToF — Z Tk — To)Exl|| = sup max{|xke 2o, |, [Tk, — x0,.|} — 0, (n — o0).
k>
k=0
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Then, we have T = ZoE + >, _(Tx — To)Ey. It is easy to check that this repre-
sentation for T is unique. [l

Definition 3.9. Let \' is a sequence space of the interval numbers. Then A' is
called normal or solid if § € X' whenever ||g,|| < ||Tk||, (k € N) for some T € \'.

Theorem 3.10. The spaces ¢f and ¢* are solid and monotone.

Proof. We consider only c¢§. Now, let |[7,|| < ||Zk||, for all (k € N) and for
some T € ¢. Then we have, d(7y,0) < d(Ty,0), that is {|yx, — O, |y, — 0|} <
{lzx, — 0|, |xk, — 0]}. Thus we obtain yx, < zj, and yi,. < zj, ie., 7y <T. Itis
clear that 7 € ¢. Therefore c is solid or normal. O

Theorem 3.11. The inclusion w C w® holds.

Proof. The proof is clear since every element of w is a degenerate interval sequence,
(see, Definition 3.1). Also, the inclusions £, C %, ¢ C ¢" and ¢y C ¢ holds. O

Theorem 3.12. The inclusion ¢}y C ¢' holds.

Proof. If we take any T € ¢} then we see that T € ¢’ since d(Zy, 0) = supj, max{ |y, —
0], zk, — 0|} < e. Furthermore, the convergent sequence of the interval numbers
7= ([1,1+ 2]) € ¢ but § ¢ ¢f since lim,, y,, = 1 and lim, y;7 = 1. O
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