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Abstract : In this paper, a new three-step iterative scheme for three nonexpan-
sive mappings is introduced and studied. Weak and strong convergence theorems
of such iterations to a common fixed point of the nonexpansive mappings are es-
tablished. The results obtained in this paper extend and improve the results due
to [W. Takahashi and T. Tamura, convergence theorems for a pair of nonexpansive
mappings, J. Convex Anal., 5 (1995), 45-58], [K. K. Tan and H. K. Xu, Approx-
imating fixed points of nonexpansive mappings by the Ishikawa iteration process,
J. Math. Anal. Appl., 178 (1993), 301-308] and [H. F. Senter and W. G. Dotson,
Approximating fixed points of nonexpansive mappings, Proc. Amer. Math. Soc.,
44 (1974), 375-380] and [G. Liu, D. Lei and S. Li, Approximating fixed points of
nonexpansive mappings, Internat. J. Math. & Math. Sci., 24 (2000), 173-177].
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1 Introduction

Let C' be a nonempty convex subset of a real Banach space X, and let 11,75
and T3 : C — C be given mappings. Then for a given z; € C, compute the
sequence {2, }, {yn} and {z,} by the iterative scheme

Zn = anTIIn + (1 - an)xna
Yn = bnTZZn + CnTlxn + (1 - bn - Cn)xna
Tn+1 = anT3yn + 571T22n + ’YnTlxn + (1 — OQp — ﬁn - Vn)xna (11)
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where {an}, {bn}, {cn}, {an},{Bn}, {7n} are appropriate sequences in [0, 1].
If ¢, = B = 9 = 0 and Ty = To = T3, then (1.1) reduces to the Noor

iterations :

zn = ayThxn + (1 — an)xn,
Yn = bnlen + (1 - bn)xnu
Tpt1 = o1y, + (1 - an)xnv n>1, (12)

where {an}, {bn}, {an} are appropriate sequences in [0, 1].
If a, = b, = B = v =0 and Ty = To = T3, then (1.1) reduces to the usual
Ishikawa iterative scheme

Yn = CnTlxn + (1 - Cn)xna
Tn+1 = anlen + (1 - an)xnv n Z 17
where {¢,}, {an} are appropriate sequences in [0, 1].
If Ty = I, the identity operator on C, and (3, = 0, then (1.1) reduces to the
iterative scheme defined by Das and Debata [1] and Takahashi and Tomura [9]
Tn+1 = apT3yn+ (1 —ap)z,, n>1, (1.3)
where {b,},{an} are sequences in [0,1]. Das and Debata [1] used the scheme
(1.3) to approximate common fixed points of the maps when X is stricty convex.
Takahashi and Tamura [9] prove weak convergence of the iterates {z,} defined by
(1.3) in a uniformly convex Banach space X which satisfies the Opial property or
whose norm is F're’chet differentiable.
If Ty = I, the identity operator on C, 8, = 0 and T := Ty = Tj, then (1.1)
reduces to the usual Ishikawa iterative scheme:
Yn = bpTan+ (1—0by)xn,
Tnt1 = apTyn+ (1 —ay)x,, n>1

If Ty = T5 = T the identity operator on C and T := T3, then (1.1) reduces to
the usual Mann iterative scheme:

Tny1 = opTan+(1—ap)r,, n>1
If a, = b, = ¢, =0, then (1.1) reduces to the iterative scheme

r1 € C,
Tpny1 = Spxp n>1, (1.4)
where S, = a, T3+ G To + v Th + (1 — o — B — Yn) 1.
If o, = a,B, =band v, =cfor all n € N, then (1.4) reduces to the iterative
scheme defined by Liu, Lei and Li [3]
r1 € C,
Tpy1 = Sz, n>1, (1.5)
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where S = aT53 + VT2 + ¢Th1 + (1 —a — b — ¢)I. Liu et al. [3] showed that {z,}
defined by (1.5) converges to a common fixed point of Tj,T> and T3 in Banach
space, provided that T;(i = 1,2, 3) satisfy condition A.

The purpose of this paper is to establish weak and strong convergence of the
iterative scheme (1.1) to a common fixed point of three nonexpansive mappings in
a uniformly convex Banach space.

Now, we recall the well-known concepts and results.

Let X be a normed space and C a nonempty subset of X. A mapping T : C — C
is said to be nonezpansive on C if ||Tz — Ty| < ||l — y|| for all z,y € C.

A Banach space X is said to satisfy Opial’s condition if x,, — x weakly as
n — oo and x # y imply that

limsup ||z, — z|| < limsup ||z, — yl|.
n—oo n—oo

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.1. ([5], Lemma 4) Let X be a uniformly conver Banach space and
B, ={z € X : ||z|| <r}, r > 0. Then there exists a continuous, strictly increasing,
and convez function g : [0,00) — [0,00), g(0) = 0 such that

law + By + vz + dwl* < allzl* + Bllyll* + 1121 + Al
1
—zMag(llz = wil + By(lly — wll +vg(llz - dl),

for all z,y,z,w € B, and all a, B,v,\ € [0,1] witha+8+~v+ X =1.

Lemma 1.2. ([4], Lemma 1.6) Let X be a uniformly convex Banach space, C a
nonempty closed convex subset of X, and T : C' — C be a nonexpansive mapping.

Then I —T is demiclosed at 0, i.e., if x, — x weakly and x,, — Tx, — 0 strongly,
then x € F(T), where F(T) is the set of fized point of T.

Lemma 1.3. ([7], Lemma 2.7) Let X be a Banach space which satisfies Opial’s
condition and let {x,} be a sequence in X. Let u,v € X be such that lim, . ||2n—
u|| and img, o0 ||@n —v|| ezist. If {xy, } and {xm,,} are subsequences of {x,} which
converge weakly to u and v, respectively, then u = v.

2 Main results

In this section, we prove weak and strong convergence theorems of the iterative
scheme (1.1) to a common fixed point of nonexpansive mappings 77, 7> and T5.
Let F(t;),i =1,2,3 denote the set of all fixed points of T}, and let F' = N3_, F(T}).
We first prove the following lammas.

Lemma 2.1. Let X be a Banach space and C' a nonempty closed and convex subset
of X. Let Ty, Ts and T3 : C — C' be nonezxpansive self-maps and {an}, {Bn}, {¥n},
{an},{bn} and {c,} be real sequences in [0,1] such that b, + ¢, and o, + Bn + Vn
are in [0,1] for all n > 1. For a given x1 € C, let {xn},{yn}, {2n} be sequences
defined as in (1.1). If F # 0 then lim, o ||z — p|| exists for all p € F.
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Proof. Let p € F. Then

||anT133n + (1 - an)xn —p||

an||T1zn — pll + (1 = an)||zn — pll

anllzn —pll + (1 — an)l|zn — pl

[z = pll (2.1)

[lzn — pll

IA N CIA

and

|6nT2zn + cnTixn + (1 — by — cn)xn — |

bullTozn — pll + cnl|Thzn — pll + (1 = bp — cn)||lzn — pl|

bullzn = pll + cnllzn —pll + (1 = bn — en)l|zn — p|

[z = p- (2:2)

From (2.1) and (2.2), we have

llyn — pll

VAN VANVAN

lznt1 —pll = llenT3yn + BnTozn + ¥ Ti7n + (1 = an — Bn — yn) 0 — pl|
< anl|Tsyn — pll + BalTo2n — pll + Wl Tizn — p|
+(1 = an = B — ) llzn — pll
< anllyn =2l + Bullzn — pll + Yallzn —pll
+(L = an = Bn = vn)l|lzn — pll
< an—ol. (2.3)

Thus the sequence {||z, — p||} is bounded and decreasing which implies that
limy, o0 ||@n — pl| exists. O

The next lemma is crucial for proving the main theorems.

Lemma 2.2. Let X be a uniformly convex Banach space, and C a nonempty
closed and convex subset of X. Let Ty, T3 and T3 : C — C' be nonexpansive self-
maps with F # 0 and {a,}, {Bn}, {7}, {an}, {bn} and {c,} be real sequences in
[0,1] such that b, + ¢, and o, + Bn + Y are in [0,1] for all n > 1. For a given
x1 € C, let {xn}, {yn}, {zn} be sequences defined as in (1.1).

(i) If 0 <liminf,, o @y, 0 < liminf, . b, and
0 < liminf,, o a, < limsup,,_, ., a, < 1, then lim, . || T12n — 2,|| = 0.

(i) If 0 <liminf,, e cn < limsup,,_, . (bn +cn) <1 and
0 < liminf,, o0 @y, then limy, o ||Th2, — 2,] = 0.

(i) If 0 < liminf, o ap <limsup, . a, <1 and
0 < liminf,, o Bn, then lim, o | T12n — 4| = 0.

(iv) If 0 <liminf, o v < limsup,_ . (on + Bn +7n) <1,
then lim, o || T12n — 2n|| = 0.
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(v) If 0<liminf,— o b, <limsup,,_, . (bn +cn) <1 and
0 < liminf, oo apn, then lim,_ o || Tozn — 25| = 0.

(vi) If 0<liminf, o Bn <limsup, . (@, + Bn +7n) < 1,
then lim, o0 || T22n — 24|| = 0.

(vii) If 0 <liminf,—cc ay < limsup,, o (an + Ba +70) < L,
then lim, oo || T3yn — xn|| = 0.

Proof. Let p € F. By Lemma 2.1, sup,,»; ||z, — p| exists. Choose a number
r > 0 and r > sup,>; ||z, — pl, then by (2.1), (2.2), (2.3) we have that all
sequences {z, — p}, {yn — o}, {zn — p}, {T12n — p}, {T22n — p}, {T3yn — p} belong
to B, and by Lemma 1.1 there is a continuous strictly increasing convex function

g:[0,00) — [0,00), g(0) =0, such that

1
low + By + vz + xwl* - < alal* + Bllyl* +vll2]1* + Allwl* — zarg([lz — wll)

~20g(ly — wl) ~ 3729011z - wl) (24)

for all z,y, z,w € B, and all o, 3,7,\ € [0,1] with a+ 8+~v+ A= 1.
From (1.1) and (2.4) we have

lzo =plI* = llan(Tran —p) +0(0) +0(0) + (1 — an)(zn — p)|>

< an|Tizn = pl* + (1 = an)|zn — pll?

1
_gan(l —an)g([|T1wn — 20|

< anllen = ol + (1= an)lzn — ol
(1~ an)g(|Trz, — o)
= e = 2l = 5an(l — an)g(ITiza — 2. (25)
and
lyn —plI> = [bn(Tozn —p) + ca(Tizn — p) +0(0) + (1 = by — ¢u) (20 — p)|?
< ballTyz— I+ call Tirn = pIP + (1 = by — )z — p?
(1= b = en)bng 1Tz — ) + eng(ITrzn — )]
< ballzn = bl + enllrn — I+ (1= b — o)z — p?
20— b= ) g (1T — ) + eng (| Trn — )]
< ballan —pl? = baan(l — an)g (T, — )

+enlln _p”2 + (1= by —cn)lzn —p||2

1

_g(l = bn = cn)[ng(|T22n — 20 |) + cng([|T1zn — z0l])]
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1
|Zn —p||2 — bnan(1 —an)g(|Tizn — x0|)

3
(1 = bn = cn)[bng (|| Tozn — 2a|) + cng([|T12n — 20|)]- (2.6)

By (1.1), (2.4), (2.5) and (2.6), we also have

lns1 = pl?

Thus

IN

IN

IN

||04n(T3yn - P) + 671(T2Zn _p) + ’Yn(Tlxn _p) +
(1 — Qn — 671 - Vn)(xﬂ _p)||2
an || Tsyn — plI* + BnlTozn — plI* + vul Trzn — pl|?
+(1 = an = Bn — v l(@n — p)II?
1
_5(1 —an = Bn = ) lang (| T3yn — nll) + Bug([|Tozn — zal|)
FYng(|T1 20 — 20 ])]
anllyn = plI* + Bullzn — plI* + nllzn — pl?
+(1 = an = Bn — W)l (@n —p)II”
1
—z(1—an = Bn — ) [ang(|Tsyn — znll) + Brg((|T22n — znll)
3
g ([ T12n — 2n|))]

1
an Ty, —p||2 - ganbnan(l = an)g(| T vy — 2n]])

1
_gan(l — by — ) [bng ([ T2zn — nll) + cng (|| Tr1zn — 2a|)]

+Bnllwn —pl* - %ﬁnan(l — an)g(|Tazn — 2n)) + nllon — pl|?
+(1 = an = B = m)ll(zn — p)|I?

—%(1 —an = B — ) [ang(|Tsyn — @nll) + Brg([T2zn — all)
+ g (| Tran — znl))]

1
|zn _p”2 - ganbnan(l — an)g(|Thwn — 2nl])

1
_gan(l = bn — cn)[ng(|T22n — 20 |) + cng([|T12n — 0 l])]

1
—30nan(l = an)g([Tin — znl])

1

_5(1 —an = Bn = ) lang (| T3yn — nll) + Bug([|Tozn — zal|)

+mg([Thzn — nl])]- (2.7)

anbnan(l = an)g([|[Trizn — znl]) < 3[||lzn — p||2 — |41 —p||2]. (2.8)
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(i) If 0 < liminf,, 00 i, 0 < liminf, o0 b, and 0 < liminf, . a, <
limsup,,_, . an < 1, then there exist positive integer ng and reals 71,72,13,Mm14 €
(0,1) such that 0 < n; < ap, 0 <n2 <b,, 0<n3 < a, <ng <1 forall n > ng.
It follows from (2.8) that

mnanz(1 = na)g(||Tizs — ) < 3[|zn — plI? = [|#0g1 — plI*]  for all n > ng.

This implies by Lemma 2.1 that lim g(||Ti2, — ,||) = 0. Since g is strictly
n—oo
increasing and continuous at 0 with g(0) = 0, it follows that lim ||Tyz, —z,| = 0.
n—oo

By using (2.7) and Lemma 2.1 with the same method as in (i), then (ii)-(vii)
are directly obtained, respectively. (|

Lemma 2.3. Let X be a uniformly convex Banach space, and C a nonempty
closed and convex subset of X. Let Ty,T5 and T3 : C — C' be nonexpansive self-
maps of Cwith F # 0. Let {can},{Bn}, {1}, {an}, {bn} and {c,} be real sequences
in [0,1] such that by, + ¢, and ay, + Bn + n are in [0,1] for all n > 1. For a given
x1 € C, let {xn},{yn}, {zn} be the sequences defined by the iterative scheme (1.1)
g

f

(i) 0 <liminf, e ay <limsup,,_, (@, + Bn + 7n) < 1,
0 < liminf,, 00 b, <limsup,,_, . (bn +¢n) <1 and
0 < liminf,, o an < limsup, . an <1, or

(i1) 0 < liminf, o ap < limsup,,_, . (an + Bn +vn) < 1,
0 < min{liminf,_, o by, liminf, o ¢, } <limsup,, . (b +¢n) < 1, or

(iii) 0 < min{liminf,,—,~ ap, liminf, . Bn} < limsup,, .. (@n + Bn + ) < 1,
0 < liminf,, o0 by, < limsup,,_, . (bn +cn) <1 and
0 < liminf,, o an < limsup,,_, an <1, or

(iv) 0 < min{liminf,, o0 ap, iminf, o ¥} < limsup,,_, o (n + Bn + 7n) < 1,
0 < liminf,, 00 by, < limsup,,_, o (bn +¢n) <1 or

(v) 0 < min{liminf, o oy, liminf, o B} < limsup,,_, (an + Bn + 7n) < 1,
0 < liminf,, o an < limsup, ., an < 1, and
0 < liminf, .. by, or

(vi) 0 < min{liminf,, o0 a, liminf,, o B} < limsup,,_, o (an + Bn + 7n) < 1,
0 < liminf, o ¢, <limsup, . (bn +cn) <1, or

(vii) 0 < min{liminf, . ap, iminf, o Bn} < limsup,,_, . (@n + Bn +70) < 1,
0 < liminf,,, ay <limsup,_,. an, <1, or

(viii) 0 < min{liminf, o ap, liminf, o Gp, iminf, oo v, }
<limsup,,_(an + B +70) <1,

then lim ||Thx, — zp|| = lim [|[Thz, — 2| = lm || T2, — .| = 0.
n—oo n— o0 n—oo
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Proof. (i) By Lemma 2.2, we have

lim [|[Thx, — z,|| =0, lim ||Ts2, — 2z,| =0, lim ||T5y, — 2| = 0.
n—oo n—oo n—oo

It follows that

[Toxn — 2l < [[T2zn — Tozal| + T2z — n|
< an = @all + | T22n — @a|
= lanTizn + (1 = an)on — @nll + [ T22n — 24|
< anl|Thian — o + (| T22n — 0
< NTzn — zp|| + |T22n — 2] — 0 as n — oo, and
ITs2n — anll < T3z — Tsynll + [ Tsyn — 2|
< lzn = yall + ([ T3yn — 24|
= ||bpT2zn + cnTixn + (1 — by — ¢n)xn — || + | T3Yn — 20|
< bp||Tozn — o + cnl|Tixn — xp || + [|Tayn — 20|
< NTezn — znl| + |1 Thxn — nll + | T3Yn — 2]l = 0 as n — oo.
By using the same proof as in (i), (ii)- (viii) are obtained. O

Theorem 2.4. Let X be a uniformly convexr Banach space, and C a nonempty
closed and convex subset of X. Let Th,Ts and T3 : C' — C' be nonexpansive self-
maps of Cwith F # 0. Let {an}, {Bn}, {1}, {an}, {bn} and {c,} be real sequences
in [0,1] such that b, + ¢, and o, + B + vn are in [0,1] for alln > 1. For a given
x1 € C, let {zn}, {yn}, {2n} be the sequences defined by the iterative scheme (1.1)

if
(i)

0 < liminf,, e oy < limsup,, . (an + Bn + ) < 1,
0 < liminf,,— o0 by < liminf,, oo (b + ¢n) <1 and
0 < liminf,, o an, <limsup, . an <1, or

0 < liminf,, o0 oy < limsup,, o (an + Bn + ) < 1,
0 < min{liminf,,_, s by, liminf, o ¢} < liminf, oo (by +¢n) < 1, or

0 < min{liminf,, o @y, liminf,, o G, } <limsup,, (o, + B + 70) < 1,
0 < liminf,,— o by, < liminf,, oo (b + ¢n) <1 and
0 < liminf,, o an < limsup,_, . an <1, or

0 < min{liminf,, s @y, liminf, o v} < limsup,, o (an + B + 1) < 1,
0 < liminf,,— o by < liminf,, oo (by +¢,) <1 or

0 < min{liminf,, o @y, liminf,, o G} <limsup,,_ (o, + B + 70) < 1,
0 < liminf,, o an < limsup,,_, ., an <1, and
0 < liminf, . by, or

0 < min{liminf,, o @y, liminf, o G, } < limsup,, . (an + Bn +7n) < 1,
0 < infp— oo ¢ < liminf, (b, +¢n) < 1, or
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(vii) 0 < min{liminf, o ap, liminf, o Bn} < limsup,, . (n + Bn + ) < 1,
0 < liminf,, o an < limsup,,_, an <1, or
(viii) 0 < min{liminf, o ap, liminf, . Gp, iminf, . v, }
< lim SUpPy, o (an + ﬁn + '771) < 17

and one of Ty, Ty and T5 is completely continuous, then {xy}, {yn} and {z,} con-
verge strongly to a common fixed point of T1,T> and T3.

Proof. (i) By lemma 2.3, we have

lim Tz, — 2] = lim ||Taz, — x,|| = lm || T2, — z,| = 0. (2.9)

Suppose without loss of generality that T} is completely continuous. Since {z,,} is

bounded, there exists a subsequence {z,, } of {x,} such that {Tyz,,} converges.

Therefore from (2.9), {zy, } converges. Let lim x,, = ¢. By continuity of 77 and
n—oo

(2.9) we have that T1q = g, so ¢ is a fixed point of T}. Since Ty, T5 are continuous
and lim ||Toz, — z,|| = lim ||T52, — z,|| = 0, we obtain that ¢ € F(T3),q €
n—oo n—oo
F(T3), so ¢ € F. By Lemma 2.1, lim ||z, — ¢|| exists. But lim z,, = ¢, so
n—oo n—oo

lim z, = ¢q. Since

n—o0
[Yn = @nll < bnl[Tozn — x|l + ol Trzn — znll — 0
and
lzn — Znll = an||ThZn — zn|| — 0 as n — oo,

it follows that lim y, = ¢ and lim 2z, =g¢q
n—oo

n—oo

The proof of (ii)-(viii) is similar to that of (i). O

For ¢,, = B, = 7 = 0 for all n € N, the following result are obtained directly
from Theorem 2.4.

Corollary 2.5. Let X be a uniformly convex Banach space, and C' a nonempty
closed and convex subset of X. Let T1,T» and T3 : C' — C' be nonexpansive self-
maps of C with F # 0. Let {an}, {an} and {Bn} be real sequences in [0,1]. For
a given x1 € C, let {xn},{yn}, and {z,} be the sequences defined by the iterative
scheme (1.2). If

0 < liminfa, <limsupa, <1,

n—oo n— oo

0 < liminfb, <limsupb, <1,
n—00 n—oo

0 < liminfea, <limsupa, <1,
n—oo n— o0

and one of Ty, Ts and T5 is completely continuous, then {x,},{yn} and {z,} con-
verge strongly to a common fized point of T1,Ts and Ts.
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In the next result, we prove weak convergence for the iterative scheme (1.1)
for three nonexpansive mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s

condition, and C' a nonempty closed and conver subset of X. Let T1,T> and Tj :

C — C be nonezpansive self-maps of Cwith F # 0. Let {an }, {Bn}, {10}, {an}, {bn}
and {c,} be real sequences in [0, 1] such that by, + ¢, and oy + B + v, are in [0,1]

for alln > 1. For a given x1 € C, let {xn},{yn}, {zn} be sequences defined by the

iterative scheme (1.1)

(i) If 0<liminf, o ap <limsup,_,.(an + Bn + ) < 1,
0 < liminf,, o O < limsup,,_, . (an + Bn + ) <1, and
0 < liminf,, o0 Vs < limsup,,_, o (@n + Bn +7n) < 1,
then {xn}, {yn} and {z,} converge weakly to a common fized point of Ty, T>
and T3.

(i) If 0<liminf,_ a, <limsup,_,. a, <1,
0 < liminf,, o b, < limsup,,_, . (bn + ¢n) < 1, and
0 < liminf,, e oy < limsup,,_, o (an + Bn + ) < 1,
then {xn}, {yn} and {z,} converge weakly to a common fized point of Ty, T>
and Ts.

Proof. (i) If follows from Lemma 2.3 that
lim ||Th2, — x| = lim ||[Tex, — 2,|| = lim || T2, — 2| = 0.

Since X is uniformly convex and {z,} is bounded, we may assume that =, — u
weakly as n — oo, without loss of generality. By Lemma 1.4, we have u € F.
Suppose that subsequences {x,, } and {z,,, } of {x,} converge weakly to u and v,
respectively. From Lemma 1.2, u,v € F. By Lemma 2.1, limy,_co||xn — u|| and
lim;, o0 ||€n — v|| exist. It follows from Lemma 1.3 that w = v. Therefor {z,}
converge weakly to a common fixed point of 77,75 and T3.

(ii) The proof of (ii) is similar to that of (i). O
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