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Abstract : For f € L,[0,00),1 < p < co Gupta et al [10] introduced a sequence
of linear positive operators by coupling the well-known Szasz operators and beta
operators called as Szasz—beta operators . In this paper we obtain an inverse
theorem for a linear combination of these operators.
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1 Introduction

The Szasz-beta operators are defined by

Balfit) = Y- posl®) [ busfa)f(w)du, ¢ € [0.50),
0

v=0
where )
e "(nt)” 1 tv
nwl(l) = — bn J(t) =
p s ( ) l/! s () B(V+ l,n) (1+t)n+u+1

and B(v + 1,n) is the well known beta integral.
The operators B,, can be expressed as

mww:/mﬁMﬂww
0

where W, (¢, u) = Y02 o Pnw(t) bn,w(u) is the kernel of the operators.
For some other modifications of the Szdsz operators we refer the reader to
[7],[8] and [12].
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It turns out the order of approximation by these operators is at best O(n~1),
however smooth the function may be. In order to speed up the rate of convergence
by the operators B;,, Prerna [6] considered the linear combination B, (f, k, z) of op-
erators B, and obtained a direct theorem for these combinations in the L,—norm.

The linear combination B, (f, k, z) of the operators B, is defined as

k
W(f ko x) =Y C(, k) Bagn(f, @),
7=0

where
k

- 11 3

i=0,i J

k;éOandC(O 0) =1,
do,d1,...d are (k+ 1) arbltrary but fixed distinct positive integers. Throughout
this paper let 0 < a < a1 < ag < az < b3 < by < by < b < 00, I = [a,}]
I =lai,bi],i=1,2,3and f € L,(I), 1 <p < o0.

The m'™ order integral modulus of smoothness of f is defined as

wm(fa T,Ps I) = oi%g ||A:§nf(t)||Lp[a,b7m5] )

where A} is the forward difference operator with step length § and 0 < 7 <
(b — a)/m. Further y denotes the characteristic function of the interval I; and C
a positive constant not necessarily the same in different cases.

In [6] it was established that for f € L,[0,00),1 < p < oo there holds

HBn(f7k7 ) - fHLp(Ig) <C (w2k+2(f7 ”_1/27197 Il) + n_(k+1)||f||Lp[O,oo)) )

where C' depends on k and p, but is independent of f and n.

In the present paper, we obtain a corresponding inverse result, i.e.,the char-
acterization of the class of functions for which || By (f,k,.) = flz, ) = O(n=/?)
as n — 00, where 0 < a < 2k + 2. Thus we prove the following theorem (inverse
theorem):

Theorem 1.1. Let f € Ly[0,00),p 2 1, 0 < o < 2k + 2 and ||B,(f,k,.) —
fHLp(h) = O(nfa/Q) as n — 00.Then, wopyo2(f, 7,p, I2) = O(T%) as 7 — 0.
2 Preliminaries

In this section we give some results which are useful in establishing our main
theorem.

Lemma 2.1. [6] For the function A, () defined by

“ St (£-2)"
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we have Apo(z) =1, Ay,1(x) = 0, and there holds the recurrence relation:
NAnm41(T) = x(m)\nﬁm,l(x) + /\;Lm(:zz)), m > 1.

Consequently, we have
(1) Apm(z) is a polynomial in x of degree [m/2];
(i) Ay (2) = O (n=lm+D/2) g € [0, 00),
where [3] is the integer part of 3.

Lemma 2.2. [6] For m € N° (the set of non-negative integers), the mth order
moment for the operators B, be defined as

Va,m(t) = By, ((u—t)™;t).

Then Vo o(t) =1, Vo1 (t) = 2LV, 0(t) = ("Jr%zlt?{)z((::f))”rz, and there holds the

recurrence relation,
(n—m—1)Vyme1(t) = tVn(,lm(t) +{m+1)2t+1) =t} Vim(t) + mt(2 +
t)Vn)m_l(t), m 2 1.

Consequently, for each t = 0,

Vi (t) = O(n~lnF1/2]),

For sufficiently small 7 > 0 the Steklov mean f,, ,,, of m th order corresponding
to f is defined as follows:

n/2 /2 m
fam@) =0 [ [ (s + Comtag, @) [[dnee
-n/2 —n/2 =t

Lemma 2.3. For the function f, ., we have

(a) fnm has derivatives up to order m over Iy;
() I fimllyry < Con™wr(fin, Dyr = 1,2, e
(c) If = fomllz, (1) € Cmsr wm(fim,1);

(d) N fnml,r) < Cmrz 77" fllL, @)

(¢) | fimllz, () < Comes 1|z,
where Cls are certain constants that depend on i but are independent of f and n.
Following [Theorem 18.17, [2]], or [pp.163-165,[1]], the proof of the above

lemma easily follows hence the details are omitted.
We establish the following Lorentz [3] type lemma:
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Lemma 2.4. [6] There exist the polynomials Q; ;.»(t) independent of n and v such
that

d"pn. i j
tr%@) = Z n' (v —=nt) Qi j.r(t)pn,u(t).

2i+5<r
520

Lemma 2.5. Let h € L,[0,00),p > 1 has a compact support, i,j € N° and m > 0
be fized. Then, for a constant C independent of n and h there holds

u

| /an v —— t) /bny(u)(u —w)?h(w) dw du
t Lp(l2)
<c {n-<i+j+1>/2||h||Lp<h> 1Al 0000 -
Proof. Defining s = jp + p — 1 and using Jensen’s inequality repeatedly, we
get

u p

/ ipnyu(t) (% - t)i / bn oo (u)(w — w)’ h(w) dw du
v=0

t

anu ‘__t‘ /nl/ u_t

o0

" [ vt o~ o

0

+ ipn,u(t) E - f‘ip /(1 —(u))bpp(u)|u —t]°

w)|? dw

/ h(w) P dw

t

du

< an,y(t)
v=0

u

[ intw)p du

t

du(2.1)

In the first integral we divide integration in v’ over [t + T’ t+ (Z\J/ll)] [=0,%1,..., £
where r = r(n) € N satisfies rn /2 < max(b; —ag, by —a1) < (r+ 1) A typlcal

element of the 1st term of (2.1) is now L,— bounded by

G RN
lanu }——t‘ / (1) [~ t|s+4du< / b(w)|h(w )|pdw>]d
t+-L

We now use Holder’s inequality for infinite sum coupled with moment estimates
and finally Fubini’s theorem to obtain estimate. The presence of factor (1 — ¥ (u))
in second term in (2.1) implies [u — ¢|/§ > 1. This gives arbitrary order O(n™™).
This completes the proof.
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Lemma 2.6. Let h € Ly[0,00),p > 1 and supph C Iy. Then

|BED (| < OnF il .

Ly(I2)
Moreover, if RV € A.C.(Iy) and h**2) € L,(I5), then

HB,(f’“”)(h, .)’ ed i

Lp(I2)

the constants C' and C' are independent of n and h.

433

Proof. Since Q; jox+2 and t~(*+2) are bounded on Iy, it follows from Lemmas

2.1 and 2.4 that for h € L1]0, c0)

<Cn* bl 1y -

HB’S%H) (h, )’ i <
142

If h € Loo[0,0), then by Lemma 2.4 and moment estimates we get

B2k+2) (1, H < CnFHln _
|BE 20, <ot bl

Now, using Riesz-Thorin interpolation theorem [4], we obtain(2.2) To obtain (2.3),

the differentiability properties of h imply that

2k+1 (u _ t)
h(u) = Z - ——2 M) + 2l<: T / w) 2R R E2) (1) duy,
r=0 ’ t

Using Lemma 2.4 we have

1 - ; ,
B£L2k+2) (h, t) = m an),,(t) Z n (I/ — nt)JQiJ)g]H_g (t) X
T u=0 ij

><//bn,y(u)(u—w)%ﬂh(%”)(w) dw du.
0t

Now, applying Lemma 2.5 in above we obtain

/Ooipnw(t)(% - t)jQi,j,2k+2(t) X
o v=0

B2 (ht) < Ozniﬂ'

X /bn,,,(u) (u — w) 1 RCEH2) () dw du
t
< C Hh(2k+2)’

Lp(I2)

Ly(I2)

Thus, we get (2.3).
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3 Proof of Main Theorem

Proof. We choose points a1 < 1 < 2 < 3 < a2 < by < ys < y2 < y1 < by
and a function g € C2**2 such that suppg C (z2,y2), g(t) = 1 on [z3,y3] and
[z, yi] C [®iz1,yi-1], @ = 2,3. with [x;,y;] C [;. Writing fg = F, for all values of
r < v we have

|‘A72«k+2-7:||Lp[I27y2] < ”Azk-"_Q(}-_Bn(fv k"))||Lp[m27y2]
“+ ||A£k+2Bn(]:a kv')||Lp[lE27y2]'

On a repeated application of Jensen’s inequality and then Fubini’s theorem we
obtain

|‘A$k+2‘7:||LP[I27’92] < ||A£k+2 (‘7: - Bn (‘7:7 k’ '))”Lp[m?vy?]
22 B (F b, Ly s o+ 2k 20 (1)

In second term of (3.1) we write F = (]—" — .7-"77_,21“2) + Fy 2642, where Fp op4o is
the (2k + 2)th order Steklov mean of F and then use Lemma 2.6. It follows from
the properties of the Steklov mean that for sufficiently small n > 0,

A2 F N L ras) < IAYY2F = BulF by D)Ly foas)

+C 2 (”kH + 77_(2k+2)) wakt2 (F.n,p, [£2,92])-

Now, following the lemma of Berens and Lorentz [5] we can complete the proof
once it is established that

|AZKT2(F = Bo(F, b, )l pyfwage) = O(n7?), n — . (3.2)

Thus,
w?k-‘r?(]:a T,Ps [x27y2]) = O(Ta)u T — 0.

Therefore, as F = f for t € [23,y3], waps2(f. 7., [22,92]) = O(7%), 7 — 0 as
required.
We prove this by induction on «. Consider the case o < 1.

1Bn(fg:k,t) = (FO)OllLplasn) < N9 Ba(f(w) = F(8))s k)L, fr2 0]
+{[Bn(f (u)(g(u) = g()), ks D)l L, fw2 a1

Now, g(u) — g(t) = (u — t)g’(0) for some 6 lying between u and ¢. Using Jensen’s
inequality, Fubini’s theorem, moment estimates and the compactness of f to esti-
mate the second term and statement of the theorem we get

IBu(fg:k,t) = (FO) (O L, fwarge) = O(n™ /%) +O(n~1/?) = O(n=/?).

This proves (3.2) when o < 1.
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Now, we assume (3.2) to hold true for all values of « satisfying r —1 <a <r
and prove that the same holds true for » < a < r 4+ 1. Thus we have

w2k+2(—7:7 P, [C, d]) = O(TT_1+B)7 T—0,0< ﬁ <1,

for any [c,d] C (a1,b1).

Hence, following [1] it follows that f coincides a.e. on [z2,y2] C (¢, d) with a
function F possessing an absolutely continuous derivative F("~2) and the (r—1)th
derivative FU—1) ¢ Ly[z2,y2]. Let x denote the characteristic function of the
interval [z1, y1].

Therefore, we have

HBn(fgv ka t) - (fg)(t)”Lp[mg,yz]

< i %Hf(i) (t)Bn(u— 1) (g(uw) — (), k. )| 1, [2.02]
=0
+ﬁ‘ Bn <x<u><g<u> 10) ( / (u— )2 x

t

X (f(’“’l)(w) - f(“l)(t)) dw>,k,t>

B (F(u, ) (1 = x(u)))(g(u) = g(t), ks )l 1, [22.50]
=N +Ja+J3, say,

Lp[$27y2]

where F(u,t) = f(u) — Z:;OQ (u;—!t)if(i)(t); u € [0,00), t € [x2,y2]. Using mean
value theorem on g the direct theorem 3.1 [6] and the moment estimates we get
Ji,J3 = O(n*(k“)), n — o0. By repeated application of Jensen’s inequality, mean

value theorem on g and breaking [t, u] as in Lemma 2.5, we have

e = f

x (f<r—1>(w) - f(r—l)(t)) dw,k,t) pdt
y2 n1 u
< c / / Wit — 17 / ) [£00) = £

(1+1) (141) i
Ay t+7\/ﬁ =

VAN
Q
N
—
—
—
_|_
—
—
—
=3
%
2
&
X

i 1 t (a+1) (a+1)
2 T e ol

*u — ¢"PHP =1y () ‘f(T_l)(w) ) ]p duw du] dt
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Y2 y2+% t+ﬁ
+ / [ Wi (t, u)|u — t|rp—1x(w) X

x |70 w) - f(’”’l)(t)‘p duw du] dt

-
/ w(f(r_1)7w7p7 [‘Tluyl])p dw
0

+n*(’l‘p*1)/2 w(f(ril)vvaa [xlvyl])pdwv

T

on using moment estimates and then interchanging order of integration in ¢ and
w. Lastly, utilizing w(f(rfl),w,p, [z1,11]) = O(wP) we find

Jo = O(n_(”’ﬁ)m), n — oo.

Combining the estimates of Jy, Jo and J3, we obtain (3.2). The proof of (3.2)
shows that

wok2(f, 7D, [T2,92]) = O(T%), a<2k+2, a#2,3,.,2k+ 1. (3.3)

This very statement implies that it is also true for integer values 2,3,...2k + 1. To
prove this, let @« = r where r takes value from 2.3,...,.2k + 1.
Then, since (3.3) is true for (r,r + 1), it follows that

woppa(f,mp, [w2,92]) = O(FF), 0<p<1
= O(m").
This completes the proof of the theorem. O

Remark 3.1. Similar results can be obtained for the operators L,(f,x) and the
operators My o 5(f,x) for a =3 =1 and I,, = {0} defined as follows:

Lo(fi) = 3" pui(e) [ bua®)7(6)dr
k=0 o

n+k— —(n k
where pn,k('r) = ( +]]: 1)Ik(1 + .I) ( +k)7 bn,k(t) = B(k+11n)i(51+t)n+k+1 and
n—a+3 1 k
Mn,a,ﬁ(f, !E) = (n_a+1) Z pn,k(x) /pn—a,k—ﬁ(t)f(t) dt+ Z pn,k(‘r)f (g) )
k=p3 0 kel,

where
porto) = () )1 = oy,
in [9] and [11] respectively.



On L,— inverse theorem for a linear combination of szdsz-beta operators 437

Acknowledgement : The authors are thankful to the reviewer for making valu-
able suggestions leading to a better presentation of the paper. The second author
is thankful to the “Council of Scientific and Industrial Research”, New
Delhi, India for financial support to carry out the above work.

References

[1]

A. F. Timan, Theory of Approzimation of Functions of a Real Variable (Eng-
lish Translation), Dover Publications, Inc., N.Y., 1994.

E. Hewiit and K. Stromberg, Real and Abstract Analysis, McGraw-Hill,
NewYork, 1969.

G. G. Lorentz, Bernstein Polynomials, Toronto Press, Toronto (1953).

G. O. Okikiolu, Aspects of the theory of bounded integral operators in L,-
spaces, Acadaemic Press, London (1971).

H. Berens and G. G. Lorentz, Inverse theorems for Benstein polynomials,
Indiana Univ. Math. J. 21(1972), 693-708.

P. Maheshwari, Some direct estimates for Szdsz-beta operators in L,— norm,
Int. J. Pure Appl. Math. Sci., Vol.3 No.1 (2006), 61-72.

P. N. Agrawal and Kareem J. Thamer, On Micchelli combination of Szasz-
Mirakyan Durrmeyer operators, Nonlinear Funct. Anal. Appl., 1 (2008), 135-
145.

Vijay Gupta, Simultaneous approximation for Bézier variant of Szasz-
Mirakyan Durrmeyer operators, J. Math. Anal. Appl. 328 (2007) 101-105.

V. Gupta, A note on modified Baskakov type operators, Approx. Theory
Appl. (N. S.) 10 (3) (1994) 74-78.

V. Gupta, G. S. Srivastava and A. Sahai, On simultaneous approximation by
Szész-beta operators, Soochow J. Math., 21, No. 1(1995) 1-11.

V. Gupta and N. Ispir, On simultaneous approximation for some Bernstein
type operators, Int. J. Math. Math. Sci.71(2004), 3951-3958.

V. Gupta, R. N. Mohapatra and Z. Finta, On certain family of mixed
summation-integral type operators, Math. Comput. Modelling, 42 (2005) 181-
191.

(Received 8 October 2008)

P.N. Agrawal and Asha Ram Gairola
Department of Mathematics,



438 Thai J. Math. 8(3) (2010)/ P.N. Agrawal and A.R. Gairola

Indian Institute of Technology,

Roorkee-247667, INDIA,

e-mail : pna_iitr@yahoo.co.in (P.N. Agrawal) and ashagairola@gmail.com
(A.R. Gairola)



