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Abstract : Annihilator conditions relative to a class of modules are studied and
used to characterize the relative extending modules. In particular, dual rings
relative to the class of all small right ideals, called right small-dual rings, are
investigated and some known results on the dual rings are generalized to the case
of small-dual rings.
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1 Introduction

A ring R is called a right dual ring, if every right ideal I of R is a right
annihilator, that is, rrlr(I) = I. Analogously a left dual ring is defined, a left
and right dual ring is called a dual ring in [8]. For a given one-sided ideal of a ring
R, it may or may not be easy to check if it is an annihilator. Moreover, for any
ring R, in general there will be some one-sided ideals which do have the property
that they are annihilators. Thus the annihilator conditions are limited to a special
class of one-sided ideals of a ring. For instance, if every maximal right ideal of R
is a right annihilator, then R is called a right Kasch ring[2]; if every essential right
ideal of R is a right annihilator, then R is called a right quasi-dual ring[11].

Using similar thought, Dogruéz and Smith in [5] introduce extending modules
with respect to modules classes. Let £ be a class of right R-modules, according
to [5], an .Z-submodule N of M means that N is a submodule of M with N € .Z;
a right R-module M is type 2 Z-extending[5] if for every .Z-submodule N of
M, every closure of N in M is a direct summand of M; a right R-module M is
called weak type 2 .Z-extending if every Z-submodule of M is essential in a direct
summand of M. For a special class of right R-modules, we recently investigate
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the weak type 2 Z-extending modules in [14], which is extending relative to the
class .Z of finitely generated submodules of M.

Motivated by these, in this paper we investigate annihilator conditions of a
module M with respect to a general class of right R-modules, and obtain that these
annihilator conditions are closely connected with the relative extending modules
in [5]. In Section 2, to built the consistency of each relative dual module and
ring, we define the relative annihilator conditions of a module, that is, an .Z-dual
module, and obtain some characterizations of weak type 2 .Z-extending modules
[5] by £-dual modules. As applications, in Section 3, a dual ring relative to the
class of all small right ideals, that is, a small-dual ring, is studied, and some known
results on the dual rings are generalized to the case of small-dual rings.

In the sequel sections, the notion A C¢ B (resp. A co® B) means that A is
an essential submodule (resp. a direct summand) of B. Assume that M is a right
R-module and S = End(MRg), let Is(N) = {f € S| f(n) =0, Vn € N} be the
left annihilator of N in S. Similarly, rps(I) = {m € M | f(m) =0, Vf € I}
be the right annihilator of I in M. By a class .Z of right R-modules we mean a
collection of right R-modules which contains the zero module and which is closed
under isomorphisms. For other terminology we refer to [1] and [6].

2 Relative dual modules

Definition 2.1. Let £ be a class of right R-modules, a right R-module M 1is
called an £-dual module if rals(N) = N for each £ -submodule N of M. In

particular, if Rr is an Z-dual module, then R is called a right £-dual ring.
Similarly, £ -dual left R-modules and left .£-dual rings are defined.

Example 2.2. Let R be a ring.

(1) If & s the class of all right ideals of R, then the right £-dual Ting R is
called a right dual ring[8]. If R is a left and right dual ring, then R is called
a dual Ting;

(2) If & is the class of all mazximal right ideals of R, then the right £ -dual ring
R is called a right Kasch ring[2];

(3) If £ is the class of all essential right ideals of R, then the right £ -dual ring
R is called a right quasi-dual ring[11].

Let .Z be a class of right R-modules, according to [5] .Z¢ denotes the class
of right R-modules which contain an essential .Z-submodule, and so . C .Z°.
It is proved that M is type 2 Z-extending if and only if M is weak type 2 .£°-
extending[5, Theorem 2.7]. In the following, let Z¢ denote the class of right
R-modules, which contain an essential .Z-submodule and have no essential exten-
sions. Note that .Z¢ C £° and every .Z°-submodule of a right R-module M is
closed in M, thus
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Proposition 2.3. Let .Z be a class of right R-modules. If M is a type 2 L -
extending module, then M is an £°-dual module.

Proof. Note that for each £“-submodule N of M, there is a submodule Ny € ¥
such that Ny is essential in N. Since N is a closed submodule of M, thus it is a
direct summand of M by hypothesis, it follows that N = ry/lg(N), so M is an
Z¢-dual module. O

We firstly give some general characterizations of .Z-dual modules. For each
Le Z, M/L is called an .Z-dense factor module of M.

Proposition 2.4. The following are equivalent:

(1) M is an £-dual module;

(2) For each Z-submodule N of M andm € M, if ls(N) C ls(m), thenm € N;

(3) every Z-dense factor module of M is cogenerated by M (i.e., can be embed-
ded in M, where I is an index set).

Proof. (1) = (2). For each .Z-submodule N of M and m € M, if lg(N) C lg(m),
then m € rarls(m) C rarls(N). From (1) we have N = rpslg(N), hence m € N.
(2) = (1). Let N be an .Z-submodule of M. For each m € rlg(N), we have

ls(N) =lsrpmls(N) C ls(m).

From (2) m € N, so that rpsls(N) C N. Clearly, N C rylg(N). So N = rpls(N),
that is, M is an .Z-dual module.
(1) & (3). By [1, Lemma 24.4 and P109] for each submodule N of M we have

muls(N)/N = Rejyyn(M) = n{kerh | h € Hom(M/N, M) }.

Thus M is an .Z-dual module if and only if Rejrs /v (M) = 0 for each Z-submodule
N of M, if and only if M/N is cogenerated by M for each Z-submodule N of M,
that is, every .Z-dense factor module of M is cogenerated by M. O

A class .Z of right R-modules is said to be closed under endomorphisms of M,
if for each f € End(Mp) and .Z-submodule N of M we have f(N) € .Z.

Proposition 2.5. Let .Z be closed under endomorphisms of M. Then M is an
Z-dual module if and only if rar(Sb Nig(N)) = rar(b)+ N for each £ -submodule
N of M andbe S.

Proof. The sufficiency is clear. Conversely, it is obvious that ras(b)+N C rp (SN
ls(N)) for each .Z-submodule N of M. Suppose that x € rp (Sb N Ilg(N)) and
y € lg(bN), then ybN = 0, hence yb € SbNlg(N), so ybx = 0, that is, y € lg(bx).
Therefore Ig(bx) D lsg(bN). Since .Z is closed under endomorphisms of M, we have
bN € £, hence bx € rylg(bz) C rarls(bN) = bN for M is an Z-dual module.
Thus there is an n € N such that bz = bn, i.e., x —n € ry(b). Sox € N + ru(b),
as required. O
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We now provide some characterizations of non-singular .Z“-dual module, which
will be necessary in the last theorem.

Lemma 2.6. Let M be non-singular. Then rals(N) is a closed submodule of M
for each submodule N .

Proof. Suppose that ryls(N) C° B and rylsg(N) # B, then thereis a 0 # b €
B\rpyls(N) and L C° Rp such that 0 #b- L C ryls(N). Hence Is(N)b- L = 0.
Since Mg is non-singular, we have Ils(N) -b = 0, i.e., b € rplg(N). This is a
contradiction. So rprls(N) is a closed submodule of M. O

Theorem 2.7. Suppose that Mg is non-singular. The following are equivalent:

(1) Mg is an £°-dual module;

(2) N C°¢ ryls(N) for each £L-submodule N of M;

(3) Is(N) # 0 for each non-essential £ -submodule N of M ;
(4)

4) for each ZL-submodule N of M, N is an essential submodule of M if and
only if ls(N) = 0.

Proof. (1) = (2). For each .Z-submodule N of M, let Ny be a closure of N in M,
that is, N C¢ Ny and Ny € Z°. From (1) we have N C ryls(N) C rarls(Ng) =
Ny, hence N C¢ rplg(N).

(2) = (1). Let N be an .Z°-submodule of M, by Lemma 2.6 rpsls(N) is a
closed submodule. Thus ryslg(N) is a closure of N in M, whence N = rpslg(N),
that is, M is an .Z“-dual module.

(1) = (3). Suppose that N is a non-essential .#-submodule of M, there is an
No # M such that Ny is a closure of N. From (1) Ny = rasls(Np), hence Ig(Ny) #
0. Since Is(Ng) C ls(N) we have Ig(N) # 0.

(3) = (4). The sufficiency is clear. Conversely, if N € . and N C¢ M, then
N C¢ rpylg(N) C° M. By Lemma 2.6 we have rpls(N) = M, hence lg(N) = 0.

(4) = (3). Clearly.

(3) = (1). Let N be an .Z-submodule of M and Ny a closure of N in M.
It is to show that No = rarls(No). Obviously No C rarls(Ng). Suppose that
No # ruls(Ng), then N is non-essential in s ls(Ng), thus there is a 0#£ Ar C
rarls(No) such that NoN A = 0. By [7, 1.10] there exists B such that Ny C B and
A® B C° Mpg. Clearly, B is non-essential in Mg. From (3) we have lg(B) #£0. Let
0# x € lg(B). Then B = 0 implies Ny = 0. Hence x € ls(Ny) = lsrarls(No),
so zA = 0, that is, (A ® B) = 0. On the other hand, since A ® B C¢ My, for
each 0 # m € Mg, there is an L C¢ Rp such that mL C A @ B, hence xmL = 0.
But since M is non-singular, we have xm = 0. That is, zM = 0, also x = 0. A
contradiction. Therefore Ny = rprls(No). O

Lemma 2.8. Let Mg be a non-singular module. Then M is a weak type 2 £ -
extending module if and only if each £°¢-submodule Ny of M is a direct summand
of M.
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Proof. The sufficiency is obvious. Conversely, let Ny be an .Z°-submodule of M,
then there is an N € . such that Ny is a closure of N. Since M is weak type 2
Z-extending, there exists a direct summand My such that N C¢ M,. For M is
non-singular, we have Ny = M. O

Now we characterize the relative extending modules by the annihilator condi-
tions as follows.

Theorem 2.9. Suppose that M is a non-singular right R-module and S = EndMpg
is the endomorphism ring of M. Then M is a weak type 2 Z-extending module
if and only if M is an £°-dual module and ls(N) is a direct summand of sS for
each £ -submodule N of M.

Proof. (=). Let Ny be an .Z“-submodule of M, by Lemma 2.8, there is an idem-
potent e € S such that Ng = eM. Thus Is(Ng) = S(1 — e), so ryls(Ng) =
rm(S(1 —e)) = eM = Ny, that is, M is an .Z°-dual module. Moreover, since
M is non-singular, for each Z-submodule N if Ny is a closure of N in M, then
Is(N) = Is(Ng). Thus Is(Ng) €% ¢S by Lemma 2.8, so lg(N) is a direct summand
of sS.

(<). Let N be an Z-submodule of M, by Theorem 2.7 N C¢ rp;ls(N). Since
Is(N) C® 55, we have myfls(N) C® Mg, that is, M is a weak type 2 Z-extending
module. O

3 Small-dual rings

Let I be a right ideal of R, if for each right ideal K such that K +1 = Rp
we have K = Rp, then [ is called a small (or superfluous) right ideal of R. As we
know, the small one-side ideals are very important in the study of rings, especially
the largest small ideal, i.e., the Jacobson radical J = J(R). In this section, we
mainly investigate the right .Z-dual ring for the class .Z of all small right ideals
of R.

Definition 3.1. A ring R is called a right small-dual ring, if rrlr(I) = I for each
small right ideal I.

Obviously, every semiprimitive ring (i.e., J(R) = 0) is a small-dual ring (e.g.,
7).

Proposition 3.2. Let R be a right small-dual ring.
(1) If I is a small right ideal of R, then Ir(I) C° rR;
(2) Soc(rR) C Ir(J(R)) €° rR;
(3) J(R) € Z(rR).

Proof. (1) For b € R, if Ig(I) N Rb = 0, then since bl is a small right ideal, by
Proposition 2.5, we have I 4+ rg(b) = R. Thus rgr(b) = R, so b = 0, that is,
Ir(I) C° RR.

(2),(3) Note that J(R) is the largest small ideal of R. O
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Corollary 3.3. Suppose that R is a right small-dual ring, and satisfies ACC on
left annihilators, then J(R) = Z(rR) is nilpotent.

Proof. By the well-known result, if R satisfies ACC on left annihilators, then
Z(rR) is nilpotent. Thus Z(rR) C J(R), so J(R) = Z(rR) is nilpotent by
Proposition 3.2(3). O

As we note that, the Jacobson radical J(R) need not be nilpotent in a small-
dual ring R. In fact, a self-injevtive dual ring R is given in [8, 6.2Example| such
that 0# J(R) = J(R)?.

Theorem 3.4. If R is a right small-dual ring, and satisfies ACC on essential left
ideals, then J(R) is nilpotent.

Proof. If R satisfies ACC on essential left ideals, then R/SocgrR is left noetherian
by [3, Proposition 4]. Let J = J(R) and consider the descending chain of ideals

J2J22 D,
then from Proposition 3.2 we have an ascending chain of essential left ideals
SOCRR - ZR(J) - lR(J2) ..

Thus there is an m € N such that [g(J™) = [r(J™1). Since R is right small-dual,
we have J™ = J™HL. Also since R/SocgR is a Noetherian left R-module, then
(J™ + SocrR)/SocrR is finitely generated, and note that

(J™ 4+ SocgR)/SocgkR = J - ((J™ + SocgR)/SocrR).

Thus by Nakayama Lemma we have (J™ 4+ SocgrR)/SocgR = 0, that is, J™ C
SocgR. So J™t! C JSocgrR = 0. O
R

Corollary 3.5. If R is a right small-dual semilocal left noetherian ring, then
is left aritian.

Proof. Since R is right small-dual left noetherian ring, by Theorem 3.4 J(R) is
nilpotent. So R is semiprimary, thus R is left aritian by Hopkins’ Theorem. O

According to [12], a ring R is called a left Ca-ring, if every left ideal, which
is isomorphic to a direct summand of R, is a direct summand of R. If R is a left
extending and left Cs-ring, then R is called a left continuous ring. A semiperfect
left continuous ring R satisfying Socr R = SocRr C% R is studied in detail in [12],
and it was proved that a right Kasch ring R is a left Cy ring. A ring R is said to
be semiregular, if R/J(R) is regular and idempotents modulo J(R) can be lifted.
Obviously every semiperfect ring is semiregular.

Proposition 3.6. Suppose that R is a semireqular right small-dual ring. Then
(1) R is a left Cao-ring;
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(2) J(R) = Z(rR).

Proof. (1) Let I be a left ideal of R, and I = Re, where e is an idempotent of
R. Since R is semiregular, there is a direct sum decomposition Rgr = C & D such
that CC I and I N D is a small submodule of gR. Thus I = C @& (I N D) and
IND C J(R). Also since R is right small-dual, we have I N D C Z(grR) by
Proposition 3.2, that is, I N D is a finitely generated projective singular module,
this is impossible. So I N D = 0. Therefore I = C is a direct summand of gR,
that is, R is a left Cy-ring.

(2) Since R is a right small-dual ring, J(R) C Z(rR) by Proposition 3.2. For
each a € Z(gR) since Ig(a)Nir(1—a) =0, we have [g(1 —a) = 0. Thus R(1—a) =
R, whence R(1 — a) is a direct summand of R by (1), which implies (1 — a)R is
also a direct summand of R. Let (1 —a)R =eR,e =¢? then 1 —e € Ig(1 —a) =
0, hence (1 —a)R = R. So Z(grR) C J(R). O

Theorem 3.7. Suppose that R is a semilocal right small-dual ring. Then J(R) =
TR(SOC(RR)) and SOC(RR) g SOC(RR) = ZRT’R(SOC(RR)) ge RR.

Proof. Since R is semilocal, we have that Soc(Rg) = Ig(J(R)), thus
J(R) = rrlr(J(R)) = rr(Soc(RRr))
and Igrrg(Soc(RR)) = Ir(J(R)) = Soc(Rg) C° rR. O
Corollary 3.8. Suppose that R is a semilocal small-dual ring. Then
Soc(rR) = rr(J(R)) = Ir(J(R)) = Soc(Rr)
is an essential ideal of R, and
rr(Soc(Rg)) = J(R) = lg(Soc(rR)).

A ring R is called a left PP ring, if every cyclic left ideal is projective, equiv-
alently, the left annihilator of each element of is a direct summand of gR.

Proposition 3.9. Suppose that R is a left PP ring. Then R is a right small-dual
ring if and only if R is a semiprimitive ring.

Proof. The sufficiency is clear. Conversely, for each z € J(R), R is a small right
ideal of R. Thus Ig(xz) C° grR by Proposition 3.2. Since R is left PP, we have
Ir(z) €% RR. Whence Ig(z) = gR, so xR = rglr(x) = 0, that is, J(R) = 0. O

It is showed in [14] that every right semihereditary dual ring is semisimple.
We generalize it as follows.

Corollary 3.10. Every left (or right) PP dual ring is semisimple.

Proof. From [8, Theorem 3.9] every dual ring R is semiperfect. It follows from
Proposition 3.9 that R is semisimple. O
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It is proved in [1] that an artinian ring R is QF if and only if R is a dual
ring, and in [8] that every left perfect dual ring is QF. Note that every dual ring
is small-dual ring, we have

Theorem 3.11. If R is left (or right) perfect, then R is small-dual if and only if
R is dual, hence every left (or right) perfect small-dual ring is QF.

Proof. Suppose that R is small-dual ring. Let I be a right ideal of R. Since R
is right perfect, hence semiperfect, there is a projective cover P of R/I. By [1,
17.17] there is a direct sum decomposition Rgr = P; @ P> such that P; = P. Thus
R is a projective cover of R/I @ P,. By Proposition 2.4, R/I @ P» is cogenerated
by Rr, hence R/I is cogenerated by Rgr. So by Proposition 2.4, R is a right dual
ring. Similarly, R is a left dual ring, so R is a dual ring.

By [8, Theorem 5.3] every cyclic right R-module is finite Goldie dimensional.
Since R is right perfect, every cyclic right R-module has an essential socle. Thus
every cyclic right R-module has a finitely generated essential socle, hence R is
right artinian. So by [1, Ex24.11,13], R is QF. O

Hopkins’ theorem asserts that R is a right artinian ring if and only if R is a
right noetherian semilocal ring and J(R) is nilpotent. In presence of a small-dual
ring we have

Corollary 3.12. If R is a semilocal small-dual ring satisfying ACC on essential
left (or right) ideals, then R is QF.

Proof. By Theorem 3.4 J(R) is nilpotent, so that R is right (or left) perfect. It
follows from Theorem 3.11 that R is QF. O
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