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Chromatic Uniqueness of Certain
Bipartite Graphs with Six Edges Deleted

Y.H. Peng and H. Roslan'

Abstract : For integers p, ¢, s with p > ¢ > 2 and s > 0, let 5 *(p, ¢) denote the
set of 2—connected bipartite graphs which can be obtained from K , by deleting
a set of s edges. F.M.Dong et al. (Discrete Math. vol.224 (2000) 107-124) proved
that for any graph G € K5 °(p,q) with p > ¢ > 3 and 0 < s < min {4,¢ — 1}, then
G is chromatically unique. In this paper, we study the chromaticity of any graph
G € K3°(p,q) when p > 6, ¢ =4 and s = 6.
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1 Introduction

All graphs considered here are simple graphs. For a graph G, let V(G), A(G)
and P(G, ) be the vertex set, maximum degree and the chromatic polynomial of
G, respectively.

Two graphs G and H are said to be chromatically equivalent (or simply
x—equivalent), symbolically G ~ H, if P(G,l) = P(H,!l). The equivalence class
determined by G under ~ is denoted by [G]. A graph G is chromatically unique
(or simply x—unique) if H & G whenever H ~ G, i.e, [G] = {G} up to isomor-
phism. For a set G of graphs, if [G] C G for every G € G, then G is said to be
x—closed. For two sets G; and Gy of graphs, if P(G1,\) # P(Ga, ) for every
G1 € G1 and Gy € Gy, then G; and Gy are said to be chromatically disjoint, or
simply x— disjoint.

For integers p, ¢, s with p > ¢ > 2 and s > 0, let K*(p, q) (resp. K5 °(p,q))
denote the set of connected (resp. 2—connected) bipartite graphs which can be
obtained from K, , by deleting a set of s edges.

In [4, 5], Dong et al. proved the following results.
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Lemma 1.1. Ifp > g > 3 and s < p+ q — 4, then for any G € K~ 5(p,q) with
§(G) > 2, then G is 2-connected.

Theorem 1.2. For integers p,q,s withp > q>2 and 0< s < q—1, K, *(p,q) is
X -closed.

Teo and Koh [13] showed that every graph in K(p,q) UK~ 1(p, q) is x—unique.
The case when s > 2 has been studied by Giudici and Lima de Sa [6], Peng [7],
Borowiecki and Drgas-Burchardt [1]. Their typical results are of the following;:

(i) If 2 < s < 4 and p — q is small enough, then each graph in K~ *(p,q) is
X—unique;

(ii) If G € K~*(p, q), where 0 < p — ¢ < 1, such that the set of s edges deleted
forms a matching, then G is y—unique.

Chen [2] showed that if G € K~%(p, ¢), where 3 < s < p — ¢ and

1 3 8 1
> “(p— - s —(p—q)?+=(p—
g > max { 2(p q)(s 1)—i—27 27(]9 q) +3(p q)+5s+6},

and the set of s edges deleted forms a matching or a star, then G is y—unique.
In [5], Dong et al. proved that any 2—connected graph obtained from K, , by
deleting a set of edges that forms a matching of size at most ¢ — 1 or that induces
a star is chromatically unique.

Very recently, Dong et al. [4] showed that any graph in K, *(p, ¢) is x-unique
ifp>¢g>3and 1 < s < min{4,¢q— 1}. In [9], we proved that any graph in
K5 °(p,q) is x-unique if p > ¢ > 6 and s =5; or p > ¢ > 7 and s = 6. In [10, 11],
we extended this study for the case p > ¢ =5 and s =5;0or p>g=4and s = 5.
In this paper, we shall study the chromaticity of any graph in K5 *(p,q) when
p>6,g=4and s =06.

2 Preliminary Results and Notation

For a bipartite graph G = (A, B; E) with bipartition A and B and edge set F,
let G’ = (A’, B’; E’) be the bipartite graph induced by the edge set E' = {ay | xy ¢
E,z € Ajye€ B}, where A/ C A and B’ C B. We write G' = K, , — G, where
p=|A| and g = |B|.

For a graph G and a positive integer k, a partition {A1, As,..., A} of V(G)
is called a k-independent partition in G if each A; is a non-empty independent set
of G. Let a(G, k) denote the number of k-independent partitions in G. For any
graph G of order n, we have (see [8]):

P(G,A) =Y a(GRAN—1)---(A—k+1).

k=1

n

Thus, we have
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Lemma 2.1. If G ~ H, then «(G,k) = a(H, k) for k=1,2,....

For any bipartite graph G = (A, B; E) with bipartition A and B and edge set
E, let
o (G,3) = (@G, 3) — (214171 £ 2lBI=1 _ 9y, (2.1)

For a bipartite graph G = (A, B; E), let
Q(G) ={ Q| Q is an independent set in G with QN A #0,QNB#0 }.
Lemma 2.2. (Dong et al. [5]) For G € K~%(p, q),
o/(G,3) = |UG)| > 22 4 s —1 - AG).

For a bipartite graph G = (A, B; E), the number of 4—independent partitions
{A1,A3,A3,A4} in G with A; CAor A;, CBforalli=1,2,3,41is

(241 —1)@!BIt 1) + %(3“4‘ —3.2M 1 3) 4 %(3“9' —3.2181 1 3)
= (2=t —9)(2IBI=t —9) 4 %(3'*“'—1 +3BI=1) _ 9,
Define
o (G, 4) = (G, 4) — { (2171 —2)(21Bl=1 —2) 4 %(3'*“'—1 +3BI=1y 21,
Observe that for G, H € K~*(p, q),
a(G,4) = a(H,4) if and only if o'(G,4) =o' (H,4).

The following results will be used to prove our main theorem.

Lemma 2.3. (Dong et al. [3]) For G = (A, B;E) € K~%(p,q) with |A| = p and
Bl = ¢,

o (G,4) = Z (2v=1-1QNAI | 9a—1-1QNB| _ 9y 4
QeQ(G)

‘{{Q17Q2}|Q1,Q2€Q(G),Q10Q2—@}-

Lemma 2.4. (Dong et al. [5]) For a bipartite graph G = (A, B; E), if vow is a
path in G" with dg/(u) =1 and dg/ (v) = 2, then for any k > 2,
a(G k) = a(G+uv, k) + a(G — {u, v}, k—1) + (G — {u,v,w}, k—1).

Theorem 2.5. (Dong et al. [5]) For integers p,q,s withp > q > 3 and 0 < s <
2q — 3, and G € K5°(p, q),
[G] € K5%(p,9),

if one of the following conditions is satisfied:
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(i) s <q-—1;

(1)) s=q>6andp>2;
(i) p>q+4;

() pe{qg+3,q+1} and 0 < s < 2q — 4;
(v) p=q+2 and AG') > s+3—q;
(vi) p=q and o/ (G;,3) < 2P72.

3 Main Result

In [9], we proved that every graph in K5 °(p, q) is x-unique if p > ¢ > 6 and
s =>5or s =6. In [10], we showed that every graph in K5 *(p,q) is x-unique if
p>q=>5and s =5. In [11], we proved that every graph in K5 *(p, ¢) is x-unique
if p> g =4and s = 5. In this section, we shall prove that every graph in K5 °(p, q)
is x-unique if p > 6, ¢ =4 and s = 6.

Let G be any graph in K;ﬁ(p,q), and G' = K(p,q) — G. By construction
method and Lemma 1.1, one can easily verify that there are 44 structures of G’
(¢ = 4 and G is 2—connected), which are named as G, G5, ..., Gl (see Table
1). We group the graphs Gy, Ga, ..., G4 according to their values of o/(G;, 3),
which can be calculated by using Lemma 2.2 and these values are in column three
of Table 1. Thus we have the following observations.

(i) d(G;,3) =8, fori=l;
(i) o/(Gy,3) =9, fori=2,34,5;
(i) o/(Gi,3) =10, for i=6,7,...,11;
(iv) o(Gy,3) =11, fori=12,13,... 17
v)  o(Gy,3) =12, fori=18,19,...,25;
(vi)  o/(Gy,3) =13, for i=26,27,28;
(vii)  o/(G;,3) =14, for i=29,30;
(viii)  o/(G;,3) = 15, for i=31,32;
(ix) a'(Gy,3) =17, for i=33,34;
(x)  o(Gy,3) =18, for i=35,36,37;
(xi)  o/(Gy,3) =19, for i=38,39;
(xii)  /(G;,3) =20, for i=40;
(xiil)  o/(Gy,3) =21, for i=41;
(xiv)  o/(Gy,3) =32, for i=42;
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(xv) a/(G;,3) =33, fori=43;
(xvi  d/(G4,3) =63, fori=44.

We then group these graphs according to their o/(G;, 3). Hence we have the
following classification of the graphs.

71 = {Gi}

T = {G2,G3,G4,G5 }
35 = {Ge,Gr,...,G11}
7. = {Gi2,Gus,...,Gi7 }
s = {Gis,Gro,...,Gos }
Te = {G2,Gar,Gas }

Tr = {G2,G30 }

Ts = {G3,G3}

Ty = {G33,G34}

Tio = {Gs5,G36,Gar }

Ti1 = {Gss,G39}

T2 = {Gu}

Ti3 = {Gu}

Ty = {Ga}

Tis = {Gu}

Tis = {Gu}

We also calculate the values of o/(G;,4) by using Lemma 2.3 and we list
them in column four of Table 1. We now present our main result in the following
theorem.

Theorem 3.1. FEvery graph in lC;G(p, q) with p > q = 4 is x-unique if one of the
following conditions is satisfied:

(i) p=T1,
(it) p =16 and A(G') > 5.

Proof Observe that for any 4, j with 1 < i < j < 16, ¢/(G,3) < &/(H,3)
if G € T, and H € 7;. Thus by Lemma 2.1 and Equation (2.1), 7; and 7;
(1 < i < j < 16) are y—disjoint and since K;%(p,4) is x—closed under the
conditions (iii) or (iv) of Theorem 2.5, then each 7; (1 < i < 16) is x—closed.
Hence, for each i, to show that all graphs in 7; are y—unique, it suffices to show
that for any two graphs, G, H € T;, if G % H, then either o/(G,4) # o'(H,4)
or a(G,5) # a(H,5). Note that Ty, T2, 713, T14, 715 and 716 contains only one
graph G1, G41, G4, G43 and G4, respectively and hence G1, Gyo, Ga1, Ga2, Ga3
and G44 are y—unique. The remaining work is to compare every two graphs in 7;
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for 2 <4 < 11. Note that all graphs in 7; (2 < ¢ < 11) are not considerable for
the case p = 6 since A(G’) < 5. Thus, for all 7; (2 < ¢ < 11), we only consider

the case p > 7.
1] T

o/ (Gy,4) — o/(G2,4)
= [3-2p—3+3-2q—2+21} - [4-2P—3+5-2q—3+14}
=203 42073 4 7 <0,

o/ (Ga,4) — o/ (G3,4)
= [4-2P3+5-2q3+14} - [4-21”34—5-2‘134—18}
=—-4<0,

o (G3,4) — ' (G5, 4)
= [4-2p3+5~2‘13+18} - [4-2P3+5-2q3+21}
=-3<0.

Thus, we can conclude that o/ (G;,4) # o/(G;,4) for 2 <i< j <5.
[2] 73
Oél(Gll, 4) — a’(G7, 4)

= {7~2p4+4.2q2+16] — [5~2p3+7~2‘13+18]

=-3.2074 42073 _2 <,
Oél(G7, 4) — a/(Gﬁ, 4)
_{5~2P—3+7~2q—3+18]—[6~2p—3+6~2q—3+14]
=203 42973 1 4 <,
O/(Gﬁ, 4) — a/(Gg, 4)
=16-2P346-203 414 | —[6-2P346-2034+18 | =—-4<0,
O/(Gg, 4) - O/(Gg, 4)
=16-27346-203 418 | - [6-2P"346-293 418 | =0,

O/(Gg, 4) — O/(Glo, 4)

=16-27346-293 418 | - |6-2734+6-293+19 | = -1 <0.

Thus, we can conclude that o/(G;, 4) # o/ (G;,4) for 6 < i < j < 12 except for
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the graphs Gg and Gy. Since o/(Gg,4) = o/(Go,4), we need to compare a(Gg,5)
and a(Gy,5). By using Lemma 2.4, we can show that a(Gs,5) # a(Go,5) (see
[12]).

3] 74

al(Gl574) _a/(G1754)
= {9~2p4+5~2‘12+21] - [11-2P4+9~2q3+12]

=273 1 2973 1 9 <0,
Oél(G17,4) — a/(Glﬁ, 4)

= {11-2P4+9~2q3+12] — {11-2P4+9-2q3+21} =-9<0,
a'(G16,4)—a’(Gl4,4)
= {11-2P—4+9-2q—3+21] - {7-2P—3+7-2q—3+11]

=-3.20"1492.2973 1 10 < 0,
O/(G14,4) — O/(G12,4)

= [7-2p—3+7-2q—3+11] - [7-2P—3+8-2q—3+15]

=203 -4 <0,
o' (Gi2,4) — &' (G13,4)

= [7-2P3+8-2q3+15] - [7-2‘13+8-2P3+15]
= 2P 4 2973 <,
Thus, we can conclude that o/ (G;,4) # o/(G;,4) for 13 <i < j < 18.

[4] 75: We consider two cases p =7 and p > 8.

(4.1) Case 1: When p=17.
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o/ (Gos,4) — o (Gag, 4)
= {13~2P4+11-2q3+12} — [13-2p4+11-2‘13+18] —-6<0,

o/ (Gag, 4) — o (Gag, 4)
= {13~2”_4+11-2q_3+18} - [15-2p—4+10-2q—3+8}
=-2.207% 42973 1 10 < 0,

o/ (Gaz,4) — o/ (Ga1,4)
= [15-2p—4+10-2q—3+8] — [13-2P—4+11-2q—3+24}
=-2.207% 2073 _ 16 < 0,

o/ (Ga1,4) — o/ (Ga4,4)
= [13-2p4+11-2‘13+24} — [15-27”4—1—10-2‘13—1—18]
=-2.2"1 42073 4 6 <0,

o/ (Gag,4) — o (G, 4)
= {15~2p4+10-2‘13+18} - [8-2”34—9-2‘134—17}
=214 2073 41 <0,

o/ (Gis,4) — o/ (Ga,4)
= {8~2P3+9~2q3+17] - {9~2P3+9~2‘13+12]
=2 +5<0,

o/ (Gao,4) — ' (Grg,4)
= [9~2P—3+9~2q—3+12] - [8~2q—3+9~2p—3+17]
=213 _ 5 <0.

Thus, we have O/(G25,4) < O/(G23,4) < a'(G22,4) < O/(Ggl,4) < O/(G24,4) <
a’(G18,4) < a’(G20,4) < a’(G19,4).

(4.2) Case 2: When p > 8, we can easily show that o/(Gos,4) <
O/(G23,4) < O/(G21,4) < OZ/(G22,4) < O/(G24,4) < O/(Glg,4) < O/(GQO,4) <
a/(Glg, 4).

Thus, we conclude that o/(G;,4) # o/(G;,4) for 18 < i < j < 25.

Similarly, we can show that for any two graphs, G, H € 7; (6 <1i < 11),
then o/(G,4) # o/(H,4). For details, see [12]. Hence, the proof of the
theorem is now completed. O
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In view of Theorem 3.1 and results in [9], we posed the following prob-
lem:

Problem. Study the chromaticity of any graph in K5 6 (p,q) with p >
q and g = 5, 6.
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Name of Graphs G
Graph Gl = — 6
rgp ; (\;1’\ KPA\B'\GZ) o' (G5,3)| of(Gy,4) —6(2P~2 2072 2)
3 =1 :4

A/

G \/ \/ I I 8 2.9p—8 1+ 9.94-3 118
BI
AI

G W 1 I 9 4.97-% 15,065 414
B/
AI

G 9 4.9P8 1 5.993 4 18
B/
A/

Gy \/ \/ \/ 9 3.9 %4 3.29 2491
BI
A/

G \/ \//\ 9 A TRB B 990 9
BI
A!

Ge \/\/\ I 10 | 6.9~ 15.99-3 414
B/
A/

& 10 5.27=3 1 7.99-3 1 18
BI
A!

Gg W/\ 10 6.2P3 1 6.298 418
B/

TABLE 1 (1 of 6): Graphs in K5%(p,4), p > 6
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Name of Graphs G}
(e _ 5
Graph, (G; = Kpa - Gy) o'(G5,3)| (G, 4) — 622 + 202 _9)
G, |4’ =p, |B| =4

Al

Gy 10 6.2P7% 1.6.297% 118
B!
Al

B 10 6.2°73 +6.2978 4+ 19
Bl

A!

G 10 7.9p74 1 4.992 116
AV ||
A!

G2 \/W 11 Fu0e8 1 8998 115
B!

A!

Gia /\/\/\ 11 2.7P73 4 8.2978 415
Bl
A!

G14 N [[ Tl 7-2]]73—5—7-2[173—0—11
B!

A!

G1s \V \/ [ 11 G g4 L5 B2
A!

Gig \V/\ I 11 11.27440.929%4 91
B!

TABLE 1 (2 of 6): Graphs in K3%(p,4), p > 6
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Name of Graphs G,/L
e _ i
Gfgphv “ﬁ;/‘* KP’4|Bqu)4 &(Gi,3)| o/ (Gr, ) — 6(2P~% 1292~ 2)
i =5 =

AI

Gz 11 11-277440.2975 412
BI
AI

Gis \/ 12 8.9p-3 +9 .24*3+17
BI
AI

G1g 12 8.27-3 19.94-3 1 17
BI
AI

Gao >q 12 9.97-% 4 0.903 12
BI
AI

Gy \V M 12 13.971 4 11.29°% 4 24
BI
AI

Goz % I 12 15.97=4 £ 10.99-3 4 8
BI
AI

Gas \V\\/ 12 1883 T 88878
BI
AI

Gaa \V\ /\ 12 15.27~4 410293 1 18
BI

TABLE 1 (3 of 8): Graphs in K5 %(p,4), p> 6
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Name of Graphs G
[ s
Graph, (Gz = Kp,4 == Gz) O/(Gi,g) OLI(GZ',4) _ 6(2;9—2 _ 2q—2 _ 2)
G |4 =p, |B| =4

A/

Gur W I 12 13.2P4 411290+ 12
Bl
Af

G1s W 13 | 17.2p4412.2¢% 115

Al

Gar 13 17.2P74 4 12.29°3 49
Bl
Af

Gas /\m 15 19.2P=4 4 11 .29°3 1 4

A!

sy 14 9.97=3 { 11.29-3 1 @
B/
A!

Gso 14 14.97~% 1 §.29-2 | 33

Al

Ga1 15 | 18:2P44 17252415
Bl
A!

Gz /W 1% | $3-grbyptsaaeia

TABLE 1 (4 of 6): Graphs in X35(p,4), p > 6
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Name of Graphs G}
T _ -
gty (G = Kpa — Gi) o/ (G03)| of(Gi,4) — 6(2P2 1292 _9)

e® || =p, |B|=4
A!

g 17 | 24.90-%4119.29°3 1
Bf
A!

Gaa W I I 17 58 2By 11 gy
Bf
A!

Gs W \/ 18 37.97-5 1 12.24-2 4 91
B/
Af

Cae W/\ 18 | 12.2°2437.2¢54+ 21
Bf
A!

Gar 18 41 .97=5 4 93.94-3
Bf
Af

Gas 19 A5.9P~5 105903 1.3
Bf
A!

Gao W 19 49 .9P=5 4 05.29°3 1 3
Bf
A!

Gao W 20 | 49.97-% 4 17.202 22
Bf

TABLE 1 (5 of 6): Graphs in K;5(p,4), p > 6
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Name of Graphs G/
e i 5
Graph, (G = Kpa— Gy o' (G5,3)| o (G, 4) —6(2P2 4292 _9)
G |4'| = p, |BY| = 4
A!
= 2l P a0
Bf
A!
Gyo \% I 39 927 . 9P—5497 . 22-31999
Bf
A!
s B | persRerEean
B/
Af
s W 63 | 17277400205

B!

TABLE 1 (6 of 6): Graphs in K;5(p,4), p > 6



