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Abstract : The concepts of an idempotent element and a regular element are
important role in semigroup theory. In this paper we characterize idempotent and
regular elememts of the set of all generalized hypersubstitutions of type 7 = (3).
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1 Introduction

All idempotent elements and all regular elements of the set of all generalized
hypersubstitutions of type 7 = (2) were studied by W. Puninagool and S. Leer-
atanavalee [3], [4]. In this paper we characterize idempotent and regular elememts
of the set of all generalized hypersubstitutions of type 7 = (3).

A generalized hypersubstitution of type 7 = (n;)ier is a mapping o which
maps each n;-ary operation symbol of type 7 to the set W, (X)) of all terms of type
7 built up by operation symbols from {f; | i € I'} where f; is n;-ary and variables
from a countably infinite alphabet X := {1, x2, z3, ...} which does not necessarily
preserve the arity. We denote the set of all generalized hypersubstitutions of type
7 by Hypa (7). To define a binary operation on Hypa(7), we define at first the
concept of generalized superposition of terms S™ : W,(X)™+!1 — W, (X) by the
following steps:

(i) Ift=x;,1<j<m,then S™(z;,t1,...,tm) = 1;.
(ii) ft=x;,m < j e N, then S™(xj,t1,...,tm) == ;.

(iil) If ¢t = fi(s1,...,8n,), then
Sm(t,tl,...,tm) = fi(Sm(Sl,tl,...,tm),...,Sm(Sni,tl,...,tm)).
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We extend a generalized hypersubstitution ¢ to a mapping 6 : W.(X) —
W, (X) inductively defined as follows:

(i) 6[z] =z € X,

(ii) a[fi(te, ... tn,)] == S™(a(fi),0[t1],...,0[tn,]), for any m,-ary operation
symbol f; supposed that &[t;], 1 < j < n; are already defined.

Then we define a binary operation o on Hypg(7) by 01 o 02 := 61 0 09
where o denotes the usual composition of mappings and o1,02 € Hypa(7). Let
0iq be the hypersubstitution which maps each n;-ary operation symbol f; to the
term f;(z1,...,%,,). It turns out that Hypg(7) = (Hypa(7); oG, 0i4) is a monoid
and o;4 is the identity element.

Proposition 1.1. ([2]) For arbitrary termst,ty,...,t, € W.(X) and for arbitrary
generalized hypersubstitutions o, 01,09 we have

(i) S™(6[t],&[t1], ., 6[tn]) = 8[S™(t,t1, vy b)),
(ii) (61 009) = 610 09.

Proposition 1.2. ([2]) Hypa(r) = (Hypa(7);06,0:4) is a monoid and the set
of all hypersubstitutions of type T forms a submonoid of Hypa(T).

For more details on generalized hypersubstitutions see [2].

2 Idempotent elements in Hypg(3)

In this section we characterize idempotent generalized hypersubstitutions of
type 7 = (3). We have only one ternary operation symbol, say f. The generalized
hypersubstitution o which maps f to the term ¢ is denoted by o;. For any term
t € W(3)(X), the set of all variables occurring in ¢ is denoted by var(t). First, we
will recall the definition of an idempotent element.

Definition 2.1. ([1]) For any semigroup S, an element e € S is called idempotent
if ee = e. In general, by E(S) we denote the set of all idempotent elements of S.

Proposition 2.2. An element or € Hypa(3) is idempotent if and only if 64[t] = t.
Proof. Assume that o; is idempotent, i.e. 02 = ;. Then

ilt] = Ge[oe ()l = 0 (f) =0

Conversely, let 6,[t] = t. We have (o; og 0¢)(f) = 6¢|oe(f)] = 6¢[t] = t = or(f)-
Thus 02 = 0y, i.e. 0y is idempotent. [

<
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~
=
I
~

Proposition 2.3. For every x; € X, 04, and o;q are idempotent.
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Proof. Since for every x; € X, 6,,[z;] = ;. By Proposition 2.2 we have o,

is idempotent. ¢;q is idempotent because it is a neutral element. [ |

Note that for any ¢t € W(3)(X)\ X and x1, z2, 23 ¢ var(t), o; is idempotent.
Because there has nothing to substitute in the term 6¢[t]. Thus &;[t] = t.

Theorem 2.4. Let 7 = (3) be a type with a ternary operation symbol f. Let
t = f(t1,t2,t3) € Wi3)(X) and var(t)N X3 # 0. Then o is idempotent if and only
t; = a; for all x; € var(t) N Xs.

Proof. Assume that o; is idempotent. Then

Ss(f(th ta, fg), 6f(t1’t2’t3) [tl]’ &j'(tl,t2,t3) [tQ]’ &f'(t11t27t3) [t3]) = UJ%(tl,tz,m)(f)
= Uf(tl,tz,ts)(f)
= [f(t1,t2,t3).
Suppose that there exists x; € var(t) N X3 such that ¢; # z;. If t; € X, then
6.f(t1;t2,t3)[t'] =1 7£ z;. So

SP(f (b1, b2, 83), 6 f (1 0.) (1] O (11 15) [b2]s Tt ) [E3]) 7 F (1, b2, 83)
and it is a contradiction. If #; ¢ X, then G (s, 1,.+,)[t:] ¢ X. We obtain

Op(t) = Op(S3 (f(tlv l2, t3)7 a'f(thtz,ts) [tl]a é'f(tl,tzﬂfs) [tQ]v 6,f(t1,t2,t3) [t3])) > Op(t)

where op(t) denotes the number of all operation symbols occurring in ¢. This is a
contradiction. For the converse direction, consider

OA-t [t] = &j'(tl,t2,t3)[f(t17t27t3)]
= S0 f (b1 ta,t0) () Ot st,t) [11]s O f (010 80 [E2)s B (11 1) [E3]) -

Since var(t)N X3 # 0 and ¢; = z; for all z; € var(t) N X3. Then after substitution
in the term ¢ we get the term ¢ again. Thus oy is idempotent. [ ]
Let 1,7,k € IN. For convenience, we denote:

Eo:={o:|te X} U{os |t € W5 (X)\ X and x1, 22,23 ¢ var(t)},

Ey = { f(z1,x2,22)1 O f(x;i,23,23)5 Uf(mg,w],wg) O f(x2,22,21) | ( 7£ 2 jvk 7£ 1}

Ey = {Uf(w Lj,T) |.] 3&3 k#

Es = {Uf(w VT2, T k) |i>3,k# 1}

Ey = {0z, ;20 | 1,5 >3,k >3},

Es = {0fz,2,0) | J ¢ {2,3},t ¢ X and x2,23 ¢ var(t)} U{o iz, 200 |
t¢ X and x3 ¢ var(t)} U{o sz, 200 | 1 ¢ {1,3},t ¢ X and 21,23 ¢ var(t)},

Eg = {0f(z1,t,00) | T ¢ X, 22,23 ¢ var(t) and k ¢ {2,3}} U{op@, t.00) |
t¢ X and w2 ¢ var(t)} U{os(e, 12 |1 ¢ {1,2},t ¢ X and 21,22 ¢ var(t)},

E7 = {O.f(t,LIJQ,LEk) | t ¢ X, @1, 3 ¢ ’UCL’I”(t) and k ¢ {153}} U {O.f(t,ilig,wg) |
t¢ X and 1 ¢ var(t)} U{o(t.a;.2) | t & X, 21,22 ¢ var(t) and j ¢ {1,2}},

Eg :={0f(z,,t1,t) | t1,t2 ¢ X and x2, 23 ¢ var(ty)Uvar(ta) }U{o s, 20 ,t0) |
ti,te ¢ X and 21,23 ¢ var(ty) Uvar(ta)} U{o s, th.2) | t1,t2 € X and @1, 22 ¢
var(ty) Uvar(tz)}.

By Theorem 2.4, we have

Corollary 2.5. F(Hypg(3)) = Eg UE, UFE;U. ..U Fg.
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3 The Regular Elements in Hypg(3)

In this section we will determine all regular elements of Hypg(3). At first we
want to recall the definition of a regular element.

Definition 3.1. An element a of a semigroup S is called regular if there exists
x € S such that axa = a. The semigroup S is called regular if all its elements are
regular.

It is clear that for all o, where i € IN and x; € X is regular and o,q is
also regular. If var(t) N X3 = 0 where X5 = {x1, 22,23}, then o1 oG 05 oG 01 = 0t
where o5 € W3y (X) and thus oy is regular. Then we consider only the case
var(t) N Xs # 0.

Proposition 3.2. Let t = f(t1,t2,t3), s = f(s1,52,83) and O # var(t) N X3 =
{a1}.

Ift; =z and s1 = x; where j € {1,2,3}, then oy is reqular. Otherwise oy is not
reqular.

Proof. Consider (0t og 05 og 0¢)(f) = 6+[65[t]]. Since

Gs[t] = S3(s,64[t1], 6s[ta], 54[ts])

= S3(f(s1,52,53),04[t1], Gs[ta], 64[ts])

= S°(f(wj,80,53),05[t1], 0s[ta], 65[ts])  since 51 = x;

= f(&s [tj], t4, t5) where t4, t5 S W(g) (X)

f(x1,t4,t5)  since t; = z1.

Next, we consider 6¢[65[t]] = 6+[f(x1,ts,t5)]. Since O # var(t) N X3 = {x1}, so
21 € var(t) is substituted by the term x; and z,, € var(t) is untouched. Hence
61[6s[t]] = t. Therefore oy is regular.

Now, let t; # z1. Suppose that o, is regular, thus there exists o, €
Hype(3) such that 6¢[65[t]] = t. We let 65[t] = f(u1,ua,us). Since § # var(t) N
X3 = {@1}. So u; = x1. But since f(u1,uz,uz) = S3(s,65[t1],05[ta], 0s[ts]) =
S3(f(s1,82,83),05[t1],05[t2],05[ts]) and s1 = ;. Hence s; € var(s) is substituted
by the term &[t;] # 6[z1] = z1 which contradicts to u; = x1. Therefore o, is not
regular. [ ]
Proposition 3.3. Let t = f(t1,t2,t3), s = f(s1,82,83) and 0 # var(t) N X5 =

{z2}.
Ift; = xo and sy = x; where j € {1,2,3}, then oy is reqular. Otherwise oy is not
regular.

Proof. Consider (0, og 05 og 0¢)(f) = 6¢[65s[t]]. Since
&S[t] = 83(55&S[tl]vﬁs[t2]565[t3])
= S%(f(s1,52,83),05[t1], 0s[ta], Gs[ts])
= S’S(f(sl,xj, 83), 0s(t1], Osta], Os[ts])  since so = z;
= f(t4, a’s [tj], t5) where t4, ts € W(g) (X)

- f(t4,$2,t5) since t] = T2.
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Next, we consider 6¢[65[t]] = 6¢[f (ta, 22,t5)]. Since O # var(t) N X3 = {x2}, so
x9 € var(t) is substituted by the term xo and wx,, € var(t) is untouched. Hence
6¢[0s[t]] = t. Therefore oy is regular.

Now, let t; # x2. Suppose that o, is regular, thus there exists o, €
Hypa(3) such that 64[6s[t]] = t. We let 65[t] = f(u1,u2,us). Since § # var(t) N
X3 = {x2}. So uz = x5. But since f(ui,uz,uz) = S3(s,65[t1], 0sta], 6s[t3]) =
S3(f(s1,82,83),05(t1], 05[t2], 0s[ts]) and s2 = ;. Hence sa € var(s) is substituted
by the term &[t;] # d[x2] = x2 which contradicts to ug = x2. Therefore oy is not
regular.

|

Proposition 3.4. Let t = f(t1,t2,t3),8 = f(81,82,83) and O # var(t) N X3 =

{ws}.
Ift; = x5 and s3 = x; where j € {1,2,3}, then o, is reqular. Otherwise oy is not
reqular.

Proof. Consider (0, og 05 o¢ 0¢)(f) = 6¢[65s[t]]. Since

6[t] = S°(s,64[t1], 6s[ta], 6s[ts])

= SB(f(ShSQa83)76S[t1]565[t2]765[t3])

= Sg(f(ShSQaxj)v&S[tl]a&s[t2]5&5[t3]) since 83 = Xy

= f(t4,t5,6’s[tj]) where t4,t5 € W(g)(X)

= f(ts,t5,23) since t; = x3.
Next, we consider 6¢[65[t]] = ¢[f(t,t5,23)]. Since @ # var(t) N X3 = {x3}, so
x3 € var(t) is substituted by the term z3 and x,, € var(t) is untouched. Hence
6¢[0s[t]] = t. Therefore oy is regular.

Now, let ¢t; # x3. Suppose that o; is regular, thus there exists o5 €
Hypc(3) such that 6¢[0s[t]] = t. We let 65[t] = f(u1,ua,us). Since § # var(t) N
X3 = {.Ig} So uz = I3. But since f(ul,’lLQ,U3) = Sg(S,a's[tl],é's[tg],é's[tg]) =
S3(f(s1,82,83),05[t1],05[t2],05[ts]) and s3 = ;. Hence s3 € var(s) is substituted
by the term &[t;] # 6[x3] = x3 which contradicts to us = x3. Therefore oy is not
regular.

|

Proposition 3.5. Let t = f(t1,t2,t3), s = f(s1,52,83) and O # var(t) N X3 =
{LL‘l,!EQ}.

Ift; =z, ty, = x2 and s1 = xj, S2 = x) where j # k and j, k € {1,2,3}, then o,
is reqular. Otherwise oy is not reqular.

Proof. Counsider (0t og 05 o¢ 0¢)(f) = 6+[65[t]]. Since
Gslt] = S%(s,05[t1], 6s[ta], 65 [ta])
= Sg(f(slas%33)76s[t1]7&s[t2]7&s[t3])
= 53(f(xj,xk, 83), Oslt1], Os[ta], Os[ts])  since s1 =z, 80 = xi,
= f(é's [tj], (5'5 [tk], t4) where ty € W(g) (X)

= f(z1,22,ts) since t; = xq,t, = zo.
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Next, we consider 6¢[d5[t]] = o¢[f (21,22, t4)]. Since O # var(t)N X5 = {x1, 22}, so
x1 € var(t) is substituted by the term z1, x2 € var(t) is substituted by the term
x9 and z,, € var(t) is untouched. Hence 64[65[t]] = t. Therefore oy is regular.

Now, let t; # x1 or t; # x2. Suppose that o, is regular, thus there
exists 05 € Hyp(3) such that 6,[04[t]] = t. We let 64[t] = f(u1,us2,us). Since
0 # var(t) N X3 = {z1,22}. So u; = z1 and us = xo. But since f(uy,uz,u3) =
SB(S, 6'5[t1], &S[tg], 65[t3]) = Sg(f(sl, S92, Sg), 6'5[t1], &S[tg], 65[t3]) and S1 = Tj, S2 =
xp. Hence s1 € war(s) is substituted by the term &[t;] # &[z1] = 21 which
contradicts to u; = x1 or s € var(s) is substituted by the term 6[t;] # &[z2] = 2
which contradicts to us = x5. Therefore o is not regular.

Proposition 3.6. Let t = f(t1,t2,t3), s = f(s1,52,83) and O # var(t) N X5 =

{z1, 23}
Ift; = x1, ty, = x3 and 1 = xj, s3 = x where j # k and j, k € {1,2,3}, then o,
is reqular. Otherwise oy is not reqular.

Proof. Consider (0t og 05 og 0¢)(f) = 6+[65[t]]. Since

Gslt] = S%(s,04[t1],6s[ta], 6s[ts])
= S%(f(s1,82,83),04[t1], Gs[ta], 05 [ts])
= S’?’(f(:bj,52,:Ek),&s[tl],és[tg],6s[t3]) since s1 = xj, S3 = Xk,

f
f

(6 [tj], ty, 05 [tk]) where t4 € W(g) (X)

(.Il, t4, Ig) since tj = .Il,tk = 3.

Next, we consider 6¢[d5[t]] = o¢[f(21,t4,23)]. Since O # var(t)N X5 = {x1, 23}, so

x1 € var(t) is substituted by the term xy, x3 € var(t) is substituted by the term

x3 and @, € var(t) is untouched. Hence 6;[65[t]] = t. Therefore oy is regular.
Now, let t; # x; or t; # wx3. Suppose that o, is regular, thus there

exists o5 € Hypa(3) such that 64[d5[t]] = t. We let 64[t] = f(u1,uz2,us). Since

0 # var(t) N X3 = {z1,23}. So u; = z1 and uz = x3. But since f(uy,uz,u3) =

53(8, &s[tl], &S[tz], 6'5[t3]) = 53(f(81, So, 83), &s[tl], &s[tg], 6'5[t3]) and 51 = J,'j, S3 =

xp. Hence s1 € war(s) is substituted by the term &[t;] # &[x1] = x1 which

contradicts to u; = x1 or s3 € var(s) is substituted by the term o[ty] # &[zs] = 3

which contradicts to ug = x3. Therefore oy is not regular.

|

Proposition 3.7. Let t = f(t1,t2,t3), s = f(s1,82,83) and O # var(t) N X5 =
{LL‘Q,!Eg}.

Ift; = xo, ti, = x3 and sg = xj, S3 = x), where j # k and j, k € {1,2,3}, then o,
is reqular. Otherwise oy is not reqular.
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Proof. Counsider (0t og 05 o¢ 0¢)(f) = 6+[65[t]]. Since

Gslt] = S°(s,04[t1],6sta], 6s[ts])
3(f(s1,52,83), 05 [t1], 05 [ta], Gs[ts])
(f

I
N

= S3(f
= f

(s1,24, k), Os[t1], Os[ta], Os[ts])  since sg = x;, 53 = 4,
(ta,0s[t)],04[tx])  where tg € W(3)(X)
(t4, o, Ig) since tj = T2, tp = xIs3.
Next, we consider 6¢[65[t]] = 6¢[f (ts, x2, 23)]. Since () # var(t)N X3 = {x2, x5}, so
x9 € var(t) is substituted by the term zg, x3 € var(t) is substituted by the term
xg and z,, € var(t) is untouched. Hence 64[65[t]] = t. Therefore oy is regular.
Now, let t; # xp or t # x3. Suppose that oy is regular, thus there
exists o5 € Hypa(3) such that 64[65[t]] = t. We let 65[t] = f(u1,uz2,us). Since
0 # var(t) N X5 = {w2,23}. So us = @9 and uz = z3. But since f(u,us,us) =
53(8, &s[tl], 6'5[t2], &5[t3]) = 5'3(f(81, So, 83), &s[tl], &S[tg], &5[t3]) and S2 = XTj, 83 =
xp. Hence sy € war(s) is substituted by the term &[t;] # &[z2] = x2 which
contradicts to ug = xg or s3 € var(s) is substituted by the term &[tx] # d[xs] = x3
which contradicts to ug = x3. Therefore oy is not regular.
|

Proposition 3.8. Let t = f(t1,t2,t3), s = f(s1,82,83) and O # var(t) N X5 =
{z1,22,23}. Ift; = 21, tj = o, t, = x3 and s1 = x;, S2 = x;, S3 = T, where
1,7,k € {1,2,3} and all are distinct, then oy is reqular. Otherwise o, is not reqular.

Proof. Consider (0, og 05 o¢ 0¢)(f) = 6¢[65s[t]]. Since

65[t] = S(s,65[t1], 65ta], 6s[ts])

*(f(s1,52,83),05[t1], s [ta], 85 [t3])

3(f fxiyzj,xr), 0s[t1], 0s[ta], 0s[ts])  since s1 = x;, s2 = xj, 53 = X
= f(0sti], 0s[t5], 05 [tk])

= f(:El,.IQ,.Ig) s1nce ti = Il,tj = .Ig,tk = 3.

195)

n

Next, we consider 6¢[65[t]] = 6¢[f (x1, 22, x3)]. Since O # var(t)NXs = {x1, 22, 23},
so x1 € war(t) is substituted by the term z1, xo € var(t) is substituted by the
term xo, x3 € var(t) is substituted by the term x3 and z,, € var(t) is untouched.
Hence 64[65[t]] = t. Therefore oy is regular.

Now, let t; # x1 or tj; # o or tj, # x3. Suppose that o is regular, thus
there exists o5, € Hypg(3) such that 6,[65[t]] = t. We let 4[t] = f(u1,u2,us).
Since 0 # var(t) N X3 = {x1, 22, x3}. So uy = 71, us = x2 and uz = x3. But since
f(ul, ug, Ug) == Sg(S, &S[tl], &S[tg], a's[tg]) = Sg(f(sl, S92, 83), &S[tl], 6'5[t2], a's[tg]) and
s1 = x;, S2 = xj, s3 = xp. Hence s1 € wvar(s) is substituted by the term
G[t;] # &[z1] = x1 which contradicts to u1 = 1 or s € var(s) is substituted
by the term 6t;] # 6[r2] = x2 which contradicts to ug = 2 or s3 € var(s) is sub-
stituted by the term &[t;] # 6[x3] = 23 which contradicts to uz = 3. Therefore
oy is not regular.
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