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Abstract : In this paper, we suggest and analyze an iterative scheme based on the
hybrid steepest descent method for finding a common element of the set of solutions
of a system of equilibrium problems, the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality problems for inverse-
strongly monotone mappings in Hilbert spaces. We obtain a strong convergence
theorem for the sequence generate by these processes in Hilbert spaces. The results
in this paper improve and extend the corresponding results given by many others.

Keywords : Nonexpansive mapping; Variational inequality; Fixed points; System
of equilibrium problems; hybrid steepest descent method
2000 Mathematics Subject Classification: 47H09, 47H10, 47J20

1 Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ and
let C be a nonempty closed convex subset of H. A mapping S of C into itself is
called nonexpansive (see [11]) if ‖Sx− Sy‖ ≤ ‖x− y‖ for all x, y ∈ C. We denote
F (S) = {x ∈ C : x = Sx} be the set of fixed points of S. Recall also that a
self-mapping f : C → C is a contraction if there exists a constant α ∈ (0, 1) such
that ‖f(x) − f(y)‖ ≤ α‖x − y‖, ∀x, y ∈ C. In addition, let B : C → H be a
nonlinear mapping. The variational inequality problem is to find x ∈ C such that

〈Bx, y − x〉 ≥ 0, ∀y ∈ C. (1.1)

The set of solutions of (1.1) is denoted by V I(C,B).
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Let {Fi, i = 1, 2, . . . , N} be a finite family of bifunctions from C × C into
R, where R is the set of real numbers. The system of equilibrium problems for
{F1, F2, . . . , FN} is to find a common element x ∈ C such that























F1(x, y) ≥ 0, ∀y ∈ C,

F2(x, y) ≥ 0, ∀y ∈ C,
...

FN (x, y) ≥ 0, ∀y ∈ C.

(1.2)

The set of solutions of (1.2) is denoted by ∩N
i=1SEP (Fi), where SEP (Fi) is the

set of solutions of the equilibrium problem, that is,

Fi(x, y) ≥ 0, ∀y ∈ C. (1.3)

If N = 1, then the problem (1.2) is reduced to the equilibrium problem (EP ).
If N = 1 and F (x, y) = 〈Bx, y − x〉, then the problem (1.2) is reduced to the
variational inequality problem.

The system of equilibrium problems includes fixed point problems, variational
inequality problems, optimization problems, Nash equilibrium problems and the
equilibrium problem as special cases (see, for instance, [1, 2, 3]). In 1997, Com-
bettes and Hirstoaga [2] introduced an iterative scheme of finding the best approx-
imation to initial data when EP (F ) is nonempty and proved a strong convergence
theorem.

Definition 1.1. Let B : C → H be a nonlinear mapping. Then B is called

(1) monotone if

〈Bx−By, x− y〉 ≥ 0, ∀x, y ∈ C,

(2) β-strongly monotone if there exists a constant β > 0 such that

〈Bx−By, x− y〉 ≥ β‖x− y‖2, ∀x, y ∈ C,

(3) η-Lipschitz continuous if there exists a positive real number η such that

‖Bx−By‖ ≤ η‖x− y‖, ∀x, y ∈ C,

(4) ξ-inverse-strongly monotone if there exists a constant ξ > 0 such that

〈Bx−By, x− y〉 ≥ ξ‖Bx−By‖2, ∀x, y ∈ C.

Remark 1.2. It is obvious that any ξ-inverse-strongly monotone mappings
B are monotone and 1

ξ
-Lipschitz continuous.
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A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H ,
f ∈ Tx and g ∈ Ty imply 〈x− y, f − g〉 ≥ 0. A monotone mapping T : H → 2H is
called maximal if the graph G(T ) of T is not properly contained in the graph of
any other monotone mapping. It is known that a monotone mapping T is maximal
if and only if for (x, f) ∈ H ×H , 〈x− y, f − g〉 ≥ 0 for every (y, g) ∈ G(T ) implies
f ∈ Tx. Let B be a monotone map of C into H and let NCv be the normal cone
to C at v ∈ C, that is, NCv = {w ∈ H : 〈u− v, w〉 ≥ 0, ∀u ∈ C} and define

Tv =

{

Bv +NCv, v ∈ C;
∅, v /∈ C.

Then T is the maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,B); see [9].
For finding a common element of the set of fixed points of a nonexpansive

mapping and the set of solutions of variational inequalities for a ξ-inverse-strongly
monotone, Takahashi and Toyoda [12] introduced the following iterative scheme:

{

x0 ∈ C chosen arbitrary,

xn+1 = αnxn + (1 − αn)SPC(xn − λnBxn), ∀n ≥ 0,
(1.4)

where B is a ξ-inverse-strongly monotone, {αn} is a sequence in (0,1) and {λn} is
a sequence in (0, 2ξ). They showed that if F (S)∩V I(C,B) is nonempty, then the
sequence {xn} generated by (1.4) converges weakly to some z ∈ F (S)∩V I(C,B).

For finding an element of V I(C,B), Iiduka et al. [5] introduced the following
iterative scheme:

{

x0 ∈ C chosen arbitrary,

xn+1 = PC

(

αnxn + (1 − αn)PC(xn − λnBxn)
)

, ∀n ≥ 0,
(1.5)

where B is a ξ-inverse-strongly monotone mapping, {αn} is a sequence in (-1, 1)
and {λn} is a sequence in (0, 2ξ). They proved that if V I(C,B) is nonempty, then
the sequence {xn} generated by (1.5) converges weakly to some z ∈ V I(C,B).

For finding a common element of F (S) ∩ V I(C,B), let S : H → H be a
nonexpansive mapping, Yamada [14] introduced the following iterative scheme
called the hybrid steepest descent method:

xn+1 = Sxn − λnµBSxn, ∀n ≥ 1, (1.6)

where x1 = x ∈ H , {λn} ⊂ (0, 1), B : H → H be a strongly monotone and
Lipschitz continuous mapping and µ is a positive real number. He proved that
the sequence {xn} generated by (1.6) converging strongly to the unique solution
of the F (S) ∩ V I(C,B).

In 2009, Peng and Yao [8] introduced an iterative scheme for finding a com-
mon element of the set of solutions for a system equilibrium problems, the set
of solutions to the variational inequality for a monotone and Lipschitz continuous
mapping and the set of common fixed points of a countable family of nonexpansive
mappings in a Hilbert space and proved a strong convergence theorem.
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Motivated and inspired by the work in the literature, in this paper, we intro-
duce an iterative scheme for finding a common element of the set of solutions of
the system equilibrium problems, the set of fixed points of a nonexpansive map-
ping and the set of solutions of variational inequality problems for inverse-strongly
monotone mappings in Hilbert spaces. Furthermore, we prove that the proposed
iterative scheme converges strongly to a common element of the above three sets
by using the hybrid steepest descent method. Our results extend and improve the
corresponding results of Iiduka et al. [5], Yamada [14], Peng and Yao [8] and many
others.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H . For a sequence {xn}, the notation of xn ⇀ x and xn → x means that the
sequence {xn} converges weakly and strongly to x, respectively. In a real Hilbert
space H , we have

‖λx+ (1 − λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x− y‖2,

for all x, y ∈ H and λ ∈ [0, 1]. For any x ∈ H , there exists a unique nearest point
in C, denoted by PCx, such that ‖x−PCx‖ ≤ ‖x− y‖ for all y ∈ C. The mapping
PC is called the metric projection of H onto C. It is well known that PC is a firmly
nonexpansive mapping of H onto C, that is,

〈x − y, PCx− PCy〉 ≥ ‖PCx− PCy‖
2, ∀x, y ∈ H. (2.1)

Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x− PCx, y − PCx〉 ≤ 0, ∀x ∈ H, y ∈ C (2.2)

Lemma 2.1. [11] Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let B be a mapping of C into H. Let x ∈ C. Then for λ > 0,

x ∈ V I(C,B) ⇐⇒ x = PC(x− λBx),

where PC is the metric projection of H onto C.

Lemma 2.1. [7] Let (C, 〈., .〉) be an inner product space. Then for all x, y, z ∈ C
and α, β, γ ∈ [0, 1] with α+ β + γ = 1, we have

‖αx+βy+γz‖2 = α‖x‖2 +β‖y‖2 +γ‖z‖2−αβ‖x−y‖2−αγ‖x−z‖2−βγ‖y−z‖2.

Lemma 2.2. [6] Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖,

hold for each y ∈ H with y 6= x.
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For solving the equilibrium problem for a bifunction F : C × C → R, let us
assume that F satisfies the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y, z ∈ C, limt↓0 F (tz + (1 − t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

Lemma 2.3. [1] Let C be a nonempty closed convex subset of H and let F be a
bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then,
there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Lemma 2.4. [3] Assume that F : C ×C → R satisfies (A1)-(A4). For r > 0 and
x ∈ H, define a mapping JF

r : H → C as follows:

JF
r (x) =

{

z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for all z ∈ H. Then, the following hold:

(1) JF
r is single- valued;

(2) JF
r is firmly nonexpansive, i.e., for any x, y ∈ H,

∥

∥JF
r x− JF

r y
∥

∥

2
≤

〈

JF
r x− JF

r y, x− y
〉

;

(3) F (JF
r ) = EP (F ); and

(4) EP (F ) is closed and convex.

Lemma 2.5. [10] Let {xn} and {zn} be bounded sequences in a Banach space X
and let {βn} be a sequence in [0, 1] with 0 < lim inf

n→∞
βn ≤ lim sup

n→∞

βn < 1. Suppose

xn+1 = (1−βn)zn +βnxn for all integers n ≥ 0 and lim sup
n→∞

(‖zn+1−zn‖−‖xn+1−

xn‖) ≤ 0. Then, lim
n→∞

‖zn − xn‖ = 0.

Lemma 2.6. [13] Let {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1 − ln)an + ̺n, ∀n ≥ 1,

where {ln} is a sequence in (0, 1) and {̺n} is a sequence in R such that

(1)
∞
∑

n=1

ln = ∞,

(2) lim sup
n→∞

(̺n / ln) ≤ 0 or
∞
∑

n=1

|̺n| <∞; then lim
n→∞

an = 0.

Lemma 2.7. In a real Hilbert space H, there holds the following inequality:

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉 for all x, y ∈ H.
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3 Main Results

In this following, we establish a strong convergence theorem which solved
the problem of finding a common element of the set of solutions of a system of
equilibrium problems, the set of solutions of variational inequality problems and
the set of fixed points of a nonexpansive mapping in Hilbert spaces.

We first prove the following lemma.

Lemma 3.1. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H, S : C → C be a nonexpansive mapping and let B : C → H be ξ-
inverse-strongly monotone. It 0 < λn ≤ 2ξ, then S − λnBS is a nonexpansive
mapping in H.

Proof. For all x, y ∈ C and 0 < λn ≤ 2ξ, we have

‖(S − λnBS)x− (S − λnBS)y‖2

= ‖(Sx− Sy) − λn(BSx−BSy)‖2

= ‖Sx− Sy‖2 − 2λn〈Sx− Sy,BSx−BSy〉 + λ2
n‖BSx−BSy‖2

≤ ‖x− y‖2 − 2λnξ‖BSx−BSy‖ + λ2
n‖BSx−BSy‖2

= ‖x− y‖2 + λn(λn − 2ξ)‖BSx−BSy‖2

≤ ‖x− y‖2.

So, S − αnBS is a nonexpansive mapping of C into H .

Now we can prove that a strong convergence theorem is a real Hilbert space.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H, let Fi, i ∈ {1, 2, 3, . . . , N} be a bifunction from C×C to R satisfying (A1)-(A4),
let S be a nonexpansive mapping of C into itself and let B be a ξ-inverse-strongly
monotone mapping of C into H such that

Θ := F (S) ∩
(

∩N
k=1SEP (Fk)

)

∩ V I(C,B) 6= ∅.

Let f be a contraction of C into itself. Let {xn} and
{

u
(k)
n

}N

k=1
be sequences

generated by



















































x1 = x ∈ C chosen arbitrary,

F1(u
(1)
n , y) + 1

r1

〈

y − u
(1)
n , u

(1)
n − xn

〉

≥ 0, ∀y ∈ C,

F2(u
(2)
n , y) + 1

r2

〈

y − u
(2)
n , u

(2)
n − u

(1)
n

〉

≥ 0, ∀y ∈ C,

...

FN (u
(N)
n , y) + 1

rN

〈

y − u
(N)
n , u

(N)
n − u

(N−1)
n

〉

≥ 0, ∀y ∈ C,

xn+1 = αnPC(Su
(N)
n − λnBSu

(N)
n ) + βnxn + γnf(Sxn),

(3.1)
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for all n = 1, 2, 3, . . . , where






















u
(1)
n = JF1

r1,n
xn,

u
(2)
n = JF2

r2,n
u

(1)
n

u
(i)
n = JFi

ri,n
u

(i−1)
n = JFi

ri,n
J

Fi−1

ri−1,nu
(i−2)
n = JFi

ri,n
J

Fi−1

ri−1,nJ
Fi−2

ri−2,n . . . J
F2
r2,n

u
(1)
n

= JFi
ri,n

J
Fi−1

ri−1,nJ
Fi−2

ri−2,n . . . J
F2
r2,n

JF1
r1,n

xn, i = 2, 3, . . .N

(3.2)
and JFi

ri,n
: C → C, i = 1, 2, 3, . . .N , where {αn}, {βn}, {γn} are sequence in

(0, 1), {λn} ⊂ [a, b] ⊂ (0, 2ξ) and {ri,n}, i ∈ {1, 2, 3, . . . , N} are a real sequence in
(0,∞) satisfy the following conditions:

(C1) αn + βn + γn = 1,

(C2) lim inf
n→∞

αn > 0 and lim
n→∞

αn = 0,

(C3) lim
n→∞

γn = 0 and

∞
∑

n=1

γn = ∞,

(C4) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1,

(C5) lim
n→∞

|λn+1 − λn| = 0.

Then, {xn} and
{

u
(k)
n

}N

k=1
converge strongly to z = PΘz provided JFk

rk,n
, k =

1, 2, 3, . . .N is firmly nonexpansive, that is,

∥

∥

∥
JFk

rk,n
x− JFk

rk,n
y
∥

∥

∥

2

≤
〈

JFk
rk,n

x− JFk
rk,n

y, x− y
〉

.

Proof. We proceed with the following steps.
Step 1. We claim that {xn} is bounded.

Let x̃ ∈ Θ. Denote by B
k
n = JFk

rk,n
J

Fk−1

rk−1,nJ
Fk−2

rk−2,n . . . J
F2
r2,n

JF1
r1,n

for k ∈ {1, 2, 3, . . . , N}

and B
0
n = I for all n. In fact, by the definition that for each k ∈ {1, 2, 3, . . . , N},

JFk
rk,n

is nonexpansive and x̃ = B
k
nx̃ and we note that u

(k)
n = B

k
nxn. If follows that

‖u(k)
n − x̃‖ = ‖Bk

nyn − B
k
nx̃‖ ≤ ‖yn − x̃‖.

Put ψn = PC(Su
(k)
n −λnBSu

(k)
n ) and form Lemma 3.1 S−αnBS is a nonexpansive

mapping and PC is a nonexpansive mapping. For x̃ ∈ V I(C,B), we have x̃ =
PC(x̃− λnBx̃) from Lemma 2.1, we have

‖ψn − x̃‖ = ‖PC(Su(k)
n − λnBSu

(k))
n − PC(x̃− λnBx̃)‖

≤ ‖(Su(k)
n − λnBSu

(k))
n − (x̃− λnBx̃)‖

= ‖(Su(k)
n − λnBSu

(k)
n ) − (Sx̃− λnBSx̃)‖

= ‖(S − λnBS)u(k)
n − (S − λnBS)x̃‖

≤ ‖u(k)
n − x̃‖ ≤ ‖xn − x̃‖.
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From (3.1), we obtain

‖xn+1 − x̃‖ = ‖αnψn + βnxn + γnf(Sxn) − x̃‖

≤ αn‖ψn − x̃‖ + βn‖xn − x̃‖ + γn‖f(Sxn) − x̃‖

≤ αn‖xn − x̃‖ + βn‖xn − x̃‖ + γn‖f(Sxn) − f(x̃)‖ + γn‖f(x̃) − x̃‖

≤ αn‖xn − x̃‖ + βn‖xn − x̃‖ + γnα‖xn − x̃‖ + γn‖f(x̃) − x̃‖

= (1 − γn)‖xn − x̃‖ + γnα‖xn − x̃‖ + γn‖f(x̃) − x̃‖

= (1 − γn + γnα)‖xn − x̃‖ + γn‖f(x̃) − x̃‖

= [1 − γn(1 − α)]‖xn − x̃‖ + γn(1 − α)
‖f(x̃) − x̃‖

(1 − α)

≤ max

{

‖xn − x̃‖,
‖f(x̃) − x̃‖

(1 − α)

}

≤ . . .

≤ max

{

‖x1 − x̃‖,
‖f(x̃) − x̃‖

(1 − α)

}

, ∀n ≥ 1.

This implies that {xn} is bounded. We also obtain that {u
(k)
n }, {ψn}, {BSu

(k)
n },

{Sxn},
{

f(Sxn)
}

are all bounded.
Step 2. We claim that if ωn be a bounded sequence in C then

lim
n→∞

‖Bk
nωn − B

k
n+1ωn‖ = 0, (3.3)

for every k ∈ {1, 2, 3, . . . , N}. From Step 2 of the proof Theorem 3.1 in [4], we
have that for k ∈ {1, 2, 3, . . . , N},

lim
n→∞

‖JFk
rk,n+1

ωn − JFk
rk,n

ωn‖ = 0. (3.4)

Note that for every k ∈ {1, 2, 3, . . . , N}, we obtain

B
k
n = JFk

rk,n
JFk−1

rk−1,n
JFk−2

rk−2,n
. . . JF2

r2,n
JF1

r1,n
= JFk

rk,n
B

k−1
n .

So, we have

‖Bk
nωn − B

k
n+1ωn‖ (3.5)

= ‖JFk
rk,n

B
k−1
n ωn − JFk

rk,n+1
B

k−1
n+1ωn‖

≤ ‖JFk
rk,n

B
k−1
n ωn − JFk

rk,n+1
B

k−1
n ωn‖ + ‖JFk

rk,n+1
B

k−1
n ωn − JFk

rk,n+1
B

k−1
n+1ωn‖

≤ ‖JFk
rk,n

B
k−1
n ωn − JFk

rk,n+1
B

k−1
n ωn‖ + ‖Bk−1

n ωn − B
k−1
n+1ωn‖

≤ ‖JFk
rk,n

B
k−1
n ωn − JFk

rk,n+1
B

k−1
n ωn‖ + ‖JFk−1

rk−1,n
B

k−2
n ωn − JFk−1

rk−1,n+1
B

k−2
n ωn‖

+‖Bk−2
n ωn − B

k−2
n+1ωn‖

≤ ‖JFk
rk,n

B
k−1
n ωn − JFk

rk,n+1
B

k−1
n ωn‖ + ‖JFk−1

rk−1,n
B

k−2
n ωn − JFk−1

rk−1,n+1
B

k−2
n ωn‖

+ . . .+ ‖JF2

r2,n
B

1
nωn − JF2

r2,n+1
B

1
nωn‖ + ‖JF1

r1,n
ωn − JF1

r1,n+1
ωn‖.
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Now, apply (3.4) to conclude (3.3).
Step 3. We claim that limn→∞ ‖xn+1 − xn‖ = 0.

On the other hand, from u
(N)
n = B

N
n yn and u

(N)
n+1 = B

N
n+1yn+1, we have

‖u
(N)
n+1 − u(N)

n ‖ = ‖BN
n+1xn+1 − B

N
n xn‖

= ‖BN
n+1xn+1 − B

N
n+1xn‖ + ‖BN

n+1xn − B
N
n xn‖

≤ ‖xn+1 − xn‖ + ‖BN
n+1xn − B

N
n xn‖. (3.6)

Since S − αnBS is nonexpansive, we have

‖ψn+1 − ψn‖

= ‖PC(Su
(N)
n+1 − λn+1BSu

(N)
n+1) − PC(Su(N)

n − λnBSu
(N)
n )‖

≤ ‖(Su
(N)
n+1 − λn+1BSu

(N)
n+1) − (Su(N)

n − λnBSu
(N)
n )‖

= ‖(Su
(N)
n+1 − λn+1BSu

(N)
n+1) − (Su(N)

n − λn+1BSu
(N)
n ) + (λn − λn+1)BSu

(N)
n ‖

≤ ‖(S − λn+1BS)u
(N)
n+1 − (S − λn+1BS)u(N)

n ‖ + |λn − λn+1|‖BSu
(N)
n ‖

≤ ‖u
(N)
n+1 − u(N)

n ‖ + |λn − λn+1|‖BSu
(N)
n ‖. (3.7)

Substituting (3.6) into (3.7), we obtain

‖ψn+1 − ψn‖

≤ ‖u
(N)
n+1 − u(N)

n ‖ + |λn − λn+1|‖BSu
(N)
n ‖

≤ ‖xn+1 − xn‖ + ‖BN
n+1xn − B

N
n xn‖ + |λn − λn+1|‖BSu

(N)
n ‖. (3.8)

Indeed, define a sequence {zn} by

xn+1 = βnxn + (1 − βn)zn, ∀n ≥ 1.

Then we have

zn+1 − zn

=
αn+1ψn+1 + γn+1f(Sxn+1)

1 − βn+1
−
αn + ψn + γnf(Sxn)

1 − βn

=
αn+1

1 − βn+1
(ψn+1 − ψn) +

(

αn+1

1 − βn+1
−

αn

1 − βn

)

ψn

+
γn+1

1 − βn+1
(f(Sxn+1) − f(Sxn)) +

(

γn+1

1 − βn+1
−

γn

1 − βn

)

f(Sxn)

=
αn+1

1 − βn+1
(ψn+1 − ψn) +

(

αn+1

1 − βn+1
−

αn

1 − βn

)

ψn

+
γn+1

1 − βn+1
(f(Sxn+1) − f(Sxn)) −

(

αn+1

1 − βn+1
−

αn

1 − βn

)

f(Sxn)

=
αn+1

1 − βn+1
(ψn+1 − ψn) +

(

αn+1

1 − βn+1
−

αn

1 − βn

)

(ψn − f(Sxn))

+
γn+1

1 − βn+1
(f(Sxn+1) − f(Sxn)). (3.9)
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It follows from (3.9) that

‖zn+1 − zn‖

≤
αn+1

1 − βn+1
‖ψn+1 − ψn‖ +

∣

∣

∣

αn+1

1 − βn+1
−

αn

1 − βn

∣

∣

∣

(

‖ψn‖ + ‖f(Sxn)‖
)

+

(

1 −
αn+1

1 − βn+1

)

α‖xn+1 − xn‖. (3.10)

Combining (3.8) and (3.10), we obtain

‖zn+1 − zn‖ − ‖xn+1 − xn‖

≤
αn+1

1 − βn+1

{

‖xn+1 − xn‖ + ‖BN
n+1xn − B

N
n xn‖

+ |λn − λn+1|‖BSu
(N)
n ‖

}

+
∣

∣

∣

αn+1

1 − βn+1
−

αn

1 − βn

∣

∣

∣

(

‖ψn‖ + ‖f(Sxn)‖
)

+

(

1 −
αn+1

1 − βn+1

)

α‖xn+1 − xn‖ − ‖xn+1 − xn‖

≤
αn+1

1 − βn+1

{

‖BN
n+1xn − B

N
n xn‖ + |λn − λn+1|‖BSu

(N)
n ‖

}

+
∣

∣

∣

αn+1

1 − βn+1
−

αn

1 − βn

∣

∣

∣

(

‖ψn‖ + ‖f(Sxn)‖
)

.

Since conditions (C1)-(C5), (3.3) and {f(Sxn)}, {ψn} and {BSu
(N)
n } are bounded,

so we have
lim sup

n→∞

(

‖zn+1 − zn‖ − ‖xn+1 − xn‖
)

≤ 0.

Thus, by Lemma 2.5, we obtain lim
n→∞

‖zn − xn‖ = 0. Consequently, it follows that

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1 − βn)‖zn − xn‖ = 0. (3.11)

From (3.3), (3.6), (3.7) and conditions in Theorem 3.2 and (3.11), we obtain that

lim
n→∞

‖u
(N)
n+1 − u(N)

n ‖ = lim
n→∞

‖ψn+1 − ψn‖ = 0.

Step 4. We claim that lim
n→∞

‖Sψn − ψn‖ = 0.

For any x̃ ∈ Θ, we see that

‖ψn − x̃‖2

= ‖PC(Su(N)
n − λnBSu

(N)
n ) − PC(x̃− λnBx̃)‖

2

≤ ‖(Su(N)
n − λnBSu

(N)
n ) − (x̃− λnBx̃)‖

2

= ‖(Su(N)
n − x̃) − λn(BSu(N)

n −Bx̃)‖2

= ‖Su(N)
n − x̃‖2 − 2λn〈Su

(N)
n − x̃, BSu(N)

n −Bx̃〉 + λ2
n‖BSu

(N)
n −Bx̃‖2

≤ ‖u(N)
n − x̃‖2 − 2λn〈Su

(N)
n − x̃, BSu(N)

n −Bx̃〉 + λ2
n‖BSu

(N)
n −Bx̃‖2

≤ ‖xn − x̃‖2 − 2λnξ‖BSu
(N)
n −Bx̃‖ + λ2

n‖BSu
(N)
n −Bx̃‖2

= ‖xn − x̃‖2 + λn(λn − 2ξ)‖BSu(N)
n −Bx̃‖2.
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Therefore, we have

‖xn+1 − x̃‖2 = ‖αn(ψn − x̃) + βn(xn − x̃) + γn(f(Sxn) − x̃)‖2

≤ αn‖ψn − x̃‖2 + βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2 (3.12)

≤ αn

{

‖xn − x̃‖2 + λn(λn − 2ξ)‖BSu(N)
n −Bx̃‖2

}

+ βn‖xn − x̃‖ + γn‖f(Sxn) − x̃‖2

= (1 − γn)‖xn − x̃‖2 + αnλn(λn − 2ξ)‖BSu(N)
n −Bx̃‖2

+ γn‖f(Sxn) − x̃‖2

≤ ‖xn − x̃‖2 + αnλn(λn − 2ξ)‖BSu(N)
n −Bx̃‖2

+ γn‖f(Sxn) − x̃‖2.

Thus, we have

αna(b− 2ξ)‖BSu(N)
n −Bx̃‖2

≤ αnλn(λn − 2ξ)‖BSu(N)
n −Bx̃‖2

≤ ‖xn − x̃‖2 − ‖xn+1 − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ (‖xn − x̃‖ − ‖xn+1 − x̃‖)(‖xn − x̃‖ + ‖xn+1 − x̃‖) + γn‖f(Sxn) − x̃‖2

≤ ‖xn − xn+1‖(‖xn − x̃‖ + ‖xn+1 − x̃‖) + γn‖f(Sxn) − x̃‖2.

Since lim inf
n→∞

αn > 0, γn → 0, (3.11) and {xn} and {f(Sxn)} are bounded, we have

lim
n→∞

‖BSu(N)
n −Bx̃‖ = 0. (3.13)

Moreover, form (2.1) we obtain

‖ψn − x̃‖2

= ‖PC(Su(N)
n − λnBSu

(N)
n ) − PC(x̃− λnBx̃)‖

2

≤
〈

(Su(N)
n − λnBSu

(N)
n ) − (x̃− λnBx̃), ψn − x̃

〉

=
1

2

{

‖(Su(N)
n − λnBSu

(N)
n ) − (x̃− λnBx̃)‖

2 + ‖ψn − x̃‖2

−‖(Su(N)
n − λnBSu

(N)
n ) − (x̃− λnBx̃) − (ψn − x̃)‖2

}

≤
1

2

{

‖u(N)
n − x̃‖2 + ‖ψn − x̃‖2 − ‖(Su(N)

n − ψn) − λn(BSu(N)
n −Bx̃)‖2

}

≤
1

2

{

‖xn − x̃‖2 + ‖ψn − x̃‖2 − ‖Su(N)
n − ψn‖

2

−λ2
n‖BSu

(N)
n −Bx̃‖2 + 2λn〈Su

(N)
n − ψn, BSu

(N)
n −Bx̃〉

}

,

which yields that

‖ψn−x̃‖
2 ≤ ‖xn−x̃‖

2−‖Su(N)
n −ψn‖

2+2λn‖Su
(N)
n −ψn‖‖BSu

(N)
n −Bx̃‖. (3.14)
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Substituting (3.14) into (3.12), we have

‖xn+1 − x̃‖2

≤ αn‖ψn − x̃‖2 + βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ αn

{

‖xn − x̃‖2 − ‖Su(N)
n − ψn‖

2 + 2λn‖Su
(N)
n − ψn‖‖BSu

(N)
n −Bx̃‖

}

+ βn‖xn − x̃‖ + γn‖f(Sxn) − x̃‖2

≤ ‖xn − x̃‖2 − αn‖Su
(N)
n − ψn‖

2 + 2αnλn‖Su
(N)
n − ψn‖‖BSu

(N)
n −Bx̃‖

+ γn‖f(Sxn) − x̃‖2.

Then we have

αn‖Su
(N)
n − ψn‖

2

≤ ‖xn − x̃‖2 − ‖xn+1 − x̃‖2

+ 2αnλn‖Su
(N)
n − ψn‖‖BSu

(N)
n −Bx̃‖ + γn‖f(Sxn) − x̃‖2

≤ ‖xn − xn+1‖(‖xn − x̃‖ + ‖xn+1 − x̃‖)

+ 2αnλn(‖Su(N)
n ‖ + ‖ψn‖)‖BSu

(N)
n −Bx̃‖ + γn‖f(Sxn) − x̃‖2.

Since lim inf
n→∞

αn > 0, γn → 0, (3.11), (3.13) and {xn}, {Su
(N)
n }, {ψn} and {f(Sxn)}

are bounded, we obtain

lim
n→∞

‖Su(N)
n − ψn‖ = 0. (3.15)

For any x̃ ∈ Θ, note that JFk
rk,n

is firmly nonexpansive (Lemma 2.4) for k ∈

{1, 2, 3, . . . , N}, then we have

‖Bk
nxn − p‖2 = ‖JFk

rk,n
B

k−1
n xn − JFk

rk,n
x̃‖2

≤
〈

JFk
rk,n

B
k−1
n xn − JFk

rk,n
x̃,Bk−1

n xn − x̃
〉

=
〈

B
k
nxn − x̃,Bk−1

n xn − x̃
〉

=
1

2

(

‖Bk
nxn − x̃‖2 + ‖Bk−1

n xn − x̃‖2 − ‖Bk
nxn − B

k−1
n xn‖

2
)

and hence

‖Bk
nxn − x̃‖2 ≤ ‖Bk−1

n xn − x̃‖2 − ‖Bk
nxn − B

k−1
n xn‖

2, k = 1, 2, 3, . . . , N

which implies that for each k ∈ {1, 2, 3, . . . , N − 1},

‖Bk
nxn − x̃‖2

≤ ‖B0
nxn − x̃‖2 − ‖Bk

nxn − B
k−1
n xn‖

2

−‖Bk−1
n xn − B

k−2
n xn‖

2 − . . .− ‖B2
nxn − B

1
nxn‖

2 − ‖B1
nxn − B

0
nxn‖

2

≤ ‖xn − x̃‖2 − ‖Bk
nxn − B

k−1
n xn‖

2.
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Also, we observe that for x̃ ∈ Θ,

‖xn+1 − x̃‖2

≤ αn‖PC(Su(N)
n − λnBSu

(N)
n ) − x̃‖2 + βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ αn‖u
(N)
n − x̃‖2 + βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ αn‖B
k
nxn − x̃‖2 + βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ αn

{

‖xn − x̃‖2 − ‖Bk
nxn − B

k−1
n xn‖

2
}

+ βn‖xn − x̃‖2 + γn‖f(Sxn) − x̃‖2

= (1 − γn)‖xn − x̃‖2 − αn‖B
k
nxn − B

k−1
n xn‖

2 + γn‖f(Sxn) − x̃‖2

≤ ‖xn − x̃‖2 − αn‖B
k
nxn − B

k−1
n xn‖

2 + γn‖f(Sxn) − x̃‖2.

Thus, we have

αn‖B
k
nxn − B

k−1
n xn‖

2

≤ ‖xn − x̃‖2 − ‖xn+1 − x̃‖2 + γn‖f(Sxn) − x̃‖2

≤ ‖xn − xn+1‖(‖xn − x̃‖ + ‖xn+1 − x̃‖) + γn‖f(Sxn) − x̃‖2.

Hence, by lim inf
n→∞

αn > 0, γn → 0, (3.11) and {xn} and {f(Sxn)} are bounded, so

we deduce that

lim
n→∞

‖Bk
nxn − B

k−1
n xn‖ = 0 for any k = 1, 2, . . . , N − 1, (3.16)

that is,
‖u(k)

n − u(k−1)
n ‖ → 0 as n→ ∞.

Therefore, we have

‖xn − u(N)
n ‖

= ‖B0
nxn − B

k
nxn‖

≤ ‖B0
nxn − B

1
nxn‖ + ‖B1

nxn − B
2
nxn‖ + . . . + ‖BN−1

n xn − B
N
n xn‖.

From (3.16), we have
lim

n→∞
‖xn − u(N)

n ‖ = 0. (3.17)

Since xn+1 = αnψn + βnxn + γnf(Sxn) and αn + βn + γn = 1, we obtain

xn+1 − xn = αn(ψn − xn) + γn

(

f(Sxn) − xn

)

.

It follows that

αn‖ψn − xn‖ ≤ ‖xn+1 − xn‖ + γn‖f(Sxn) − xn‖.

Since γn → 0, ‖xn+1 − xn‖ → 0 and lim inf
n→∞

αn > 0, so by the boundedness of

{f(Sxn) − xn}, we have

lim
n→∞

‖ψn − xn‖ = 0. (3.18)
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Furthermore, by the triangular inequality, we also have

‖Sψn − ψn‖ ≤ ‖Sψn − Su(N)
n ‖ + ‖Su(N)

n − ψn‖

≤ ‖ψn − u(N)
n ‖ + ‖Su(N)

n − ψn‖

≤ ‖ψn − xn‖ + ‖xn − u(N)
n ‖ + ‖Su(N)

n − ψn‖.

Applying (3.15), (3.17) and (3.18), we have

lim
n→∞

‖Sψn − ψn‖ = 0. (3.19)

Step 5. We claim that the mapping PΘf has a unique fixed point.
Let Q = PΘ. Since f is a contraction with α ∈ (0, 1), we obtain

‖Qf(x) −Qf(y)‖ ≤ ‖f(x) − f(y)‖ ≤ α‖x− y‖, ∀x, y ∈ C.

Therefore, Qf is a contraction of C into itself, which implies that there exists a
unique element z ∈ C such that z = Qf(z) = PΘf(z).

Step 6. We claim that lim supn→∞〈f(z)− z, xn − z〉 ≤ 0, where z = PΘf(z).
To show this inequality, we choose a subsequence {ψni

} of {ψn} such that

lim sup
n→∞

〈f(z) − z, Sψn − z〉 = lim
i→∞

〈f(z) − z, Sψni
− z〉.

Since {ψn} is bounded, there exists a subsequence {ψni
} of {ψn} which converges

weakly to z ∈ C. Without loss of generality, we may assume that {ψni
} ⇀ z.

From ‖Sψn − ψn‖ → 0, we obtain Sψni
⇀ z. Since {xni

} is bounded, there exists
a subsequence {xnij

} of {xni
} which converges weakly to w ∈ C. Without loss of

generality, we can assume that {xni
}⇀ w. Since limn→∞ ‖Bk

nxn − B
k−1
n xn‖ = 0

for k = 1, 2, 3, . . . , N , we have B
k
ni
xni

⇀ w for k = 1, 2, 3, . . . , N . Next, we show
that w ∈ Θ, where Θ := F (S) ∩

(

∩N
k=1SEP (Fk)

)

∩ V I(C,B).

First, we show that w ∈ ∩N
k=1SEP (Fk). Since u

(N)
n = B

k
nxn for k = 1, 2, 3, . . . , N ,

we also have

Fk(Bk
nxn, y) +

1

rn
〈y − B

k
nxn,B

k
nxn − B

k−1
n xn〉 ≥ 0, ∀y ∈ C.

If follows from (A2) that,

1

rn
〈y − B

k
nxn,B

k
nxn − B

k−1
n xn〉 ≥ −Fk(Bk

nxn, y) ≥ Fk(y,Bk
nxn)

and hence
〈

y − B
k
ni
xni

,
B

k
ni
xni

− B
k−1
ni

xni

rni

〉

≥ Fk(y,Bk
ni
xni

).

Since
B

k
ni

xni
−B

k−1
ni

xni

rni

→ 0 and B
k
ni
xni

⇀ w, it follows by (A4) that

Fk(y, w) ≤ 0 ∀y ∈ C,
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for each k = 1, 2, 3, . . . , N .
For t with 0 < t ≤ 1 and y ∈ H, let yt = ty+(1− t)w. Since y ∈ C and w ∈ C,

we have yt ∈ C and hence Fk(yt, w) ≤ 0. So, from (A1) and (A4) we have

0 = Fk(yt, yt) ≤ tFk(yt, y) + (1 − t)Fk(yt, w) ≤ tFk(yt, y)

and hence Fk(yt, y) ≥ 0. From (A3), we have Fk(w, y) ≥ 0 for all y ∈ C and hence
w ∈ EP (Fk) for k = 1, 2, 3, . . . , N , that is, w ∈ ∩N

k=1SEP (Fk).
Next, we show that w ∈ F (S). Assume w /∈ F (S). Since ψni

⇀ w and w 6= Sw,
it follows by the Opial’s condition (Lemma 2.2) that

lim inf
i→∞

‖ψni
− w‖ < lim inf

i→∞
‖ψni

− Sw‖

≤ lim inf
i→∞

{

‖ψni
− Sψni

‖ + ‖Sψni
− Sw‖

}

≤ lim inf
i→∞

‖ψni
− w‖.

This is a contradiction. So, we get w ∈ F (S).
Finally, we show that w ∈ V I(C,B). Define

Tv =

{

Bv +NCv, v ∈ C,
∅, v /∈ C.

Then, T is maximal monotone. Let (v, w1) ∈ G(T ). Since w1 − Bv ∈ NCv and

ψn ∈ C, we have 〈v − ψn, w1 − Bv〉 ≥ 0. On the other hand, ψn = PC(Su
(N)
n −

λnBSu
(N)
n ), we have

〈

v − ψn, ψn − (Su(N)
n − λnBSu

(N)
n )

〉

≥ 0,

and hence
〈

v − ψn,
ψn − Su

(N)
n

λn

+BSu(N)
n

〉

≥ 0.

Therefore, we have

〈v − ψni
, w1〉 ≥ 〈v − ψni

, Bv〉

≥ 〈v − ψni
, Bv〉 −

〈

v − vni
,
ψni

− Su
(N)
ni

λni

+BSu(N)
ni

〉

=

〈

v − vni
, Bv −Byni

−
ψni

− Su
(N)
ni

λni

〉

= 〈v − ψni
, Bv −Bψni

〉 + 〈v − ψni
, Bψni

−BSu(N)
ni

〉

−

〈

v − ψni
,
ψni

− Su
(N)
ni

λni

〉

≥ 〈v − ψni
, Bψni

−BSu(N)
ni

〉 −

〈

v − ψni
,
ψni

− Su
(N)
ni

λni

〉

.
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Hence, we have 〈v−w,w1〉 ≥ 0 as i→ ∞. Since T is maximal monotone, we have
w ∈ T−10 and hence w ∈ V I(C,B).
Hence w ∈ Θ, where Θ := F (S) ∩

(

∩N
k=1SEP (Fk)

)

∩ V I(C,B). Then we have

lim sup
n→∞

〈f(z) − z, xn − z〉 = lim sup
n→∞

〈f(z) − z, Sψn − z〉

= lim
i→∞

〈f(z) − z, Sψni
− z〉

= 〈f(z) − z, w − z〉 ≤ 0. (3.20)

Step 7. Finally, we claim that {xn} converges strongly to z = PΘf(z).
Indeed, from (3.1) and Lemma 2.7, we have

‖xn+1 − z‖2

=
〈

αnψn + βnxn + γnf(Sxn) − z, xn+1 − z
〉

= γn

〈

f(Sxn) − z, xn+1 − z
〉

+ βn〈xn − z, xn+1 − z〉

+αn〈ψn − z, xn+1 − z〉

≤
1

2
βn

(

‖xn − z‖2 + ‖xn+1 − z‖2
)

+
1

2
αn

(

‖ψn − z‖2 + ‖xn+1 − z‖2
)

+ γn

〈

f(Sxn) − f(z), xn+1 − z
〉

+ γn

〈

f(z) − z, xn+1 − z
〉

≤
1

2
(1 − γn)

(

‖xn − z‖2 + ‖xn+1 − z‖2
)

+
1

2
γn

(

‖f(Sxn) − f(z)‖2

+‖xn+1 − z‖2
)

+ γn

〈

f(z)− z, xn+1 − z
〉

≤
1

2

(

1 − γn

(

1 − α2
)

)

‖xn − z‖2 +
1

2
(1 − γn)‖xn+1 − z‖2

+
1

2
αn‖xn+1 − z‖2 + γn

〈

f(z) − z, xn+1 − z
〉

,

which implies that

‖xn+1 − z‖2 ≤
(

1 − γn

(

1 − α2
)

)

‖xn − z‖2 + 2γn〈f(z) − z, xn+1 − z〉. (3.21)

Taking
̺n = 2γn

〈

f(z) − z, xn+1 − z
〉

and ln = γn(1 − α2),

using (C3) and (3.20), we get ln → 0,
∑∞

n=1 ln = ∞ and lim supn→∞
̺n

ln
≤ 0.

Applying Lemma 2.6 to (3.21), we conclude that xn → z in norm. Finally, notice

that ‖u
(N)
n − z‖ = ‖Bk

nxn −B
k
nz‖ ≤ ‖xn − z‖. We also conclude that u

(N)
n → z in

norm. This completes the proof.
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