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The convolution product of s (jz| — ¢) x 6@ (|z| — ¢)
A. Manuel and T. Aguirre !

Abstract : In this article, we give a sense the Fourier transform of §¢*)(r — ¢)
and consequently we obtain a expasion type Taylor of 6% (|z| — ¢) and the mains
results is the convolution of 62— (|z| — ¢) x 6+ (|z| — ¢).

1 Introduction

Let © = (x1,...,x,) a point of n—dimensional Euclidean space in R™. Let
0(r — ¢) be the singular generalized function which corresponds to a uniform mass
distribution of unit density on the sphere O, of radius ¢ centered at the origin,

when
r=lz| =y/23+ ..+ 22 (1.1)

< 5(7' - C)v p>= fOc @(x)dx ) ([1]7 page 198)

In other words

for all ¢ in D, where D is the set of ¢*° functions with compact support.
(1.2)
Considering that 6(r — ¢) has bounded support, the Fourier transform of é(r — ¢)
is given by the following formulae

{6(r—c)} =< 6(r —c),et<%7> >=

(1.3)
= fUa ety ([1], pagel98)

where < x,0 >= 101 + ... + ,0,, U, = O, is the sphere of radius a = c.
From ([1],pagel98), formula (1.2), we have,

n

cg -3
=y = L) (1.4)
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where
N 2t (1.5)
tr(Ehr(3) '
n—1
Qm— =2
Q1= =57 (1.6)
L(%5)

Jx(z) is the Bessel functions the first kind,

I(z) = (5)5;% (1.7)

p=lo| =1/} +..+ 02 (1.8)

In this article, we give a sense the Fourier transform of §(*) (r —¢) and consequently
we obtain a expasion type Taylor of §*)(|z| — ¢) and the mains results is the
convolution of

and

5(k+2j71)(|x| —c) % 6(”+2l71)(|x| — o). (1.9)

To obtain our results, we need the following formulae:

<6W(r—c),p>= [6W(r —c)pdr =
(1.10)

—1)k k
= (6"1*)1 fOC[%(SDrn_l)]T:chc

([1],page231,formula(1.10)) where dO, is the Euclidean element of area of it.
2 The Fourier transform of 6*)(r — ¢)

Using the formula (1.3) the Fourier transform of (%) (r—¢) is given by following
formula .
{5( )(r —c)} =< §(r —c),ei<T> >=

(2.1)
= fo 5(k)(r — ¢)et<TT> .
Now using the definition (1.10) and making spherical coordinates (r = |z|,p =
|o|), where 0 is the angle between the z and o vectors) this becomes
{6(k) (T o C)} _ ((;i)f f[aa_:c (eirpcos Grnfl)]rzccnfl Sin"72 0dOdw =
(2.2)

— (_1)an—l foﬁ[g_:c (eirpcosern—l)]rzc Sinn72 0do

where €2,,_1 is defined by (1.6).
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Now using the integral representation of the function J, (x):
1 o
J () = ———— et o8tV 6in2v 9dg 2.3
0= 7T 5 23

([2],formula(9,2,16),page409,( [3]),formula7,page953),
where J,(2) is defined by (1.7) we have,
(—DF2* 7 7T (250 ok
{0(jz[ o)} = = (57 (2 Jug2 (r9))]r=c (2.4)

p 2
Using(1.7)and considering the formula

I'(z+1)

2(z=1)..(z—k+1) = TG—ktD

([4],page344)for k = 1,2, .. (2.5)

where I'(2) is the gamma function defined by

[(z) = / e “x* tdr (2.6)
0
we have,
o* (=1)7(§)% ¥ (n +2j) :
——(r%Ja e = 2 n-1+2j—k 2.7
[8Tk (r Joca (rp))lr= j;o T + T+ 2 =) c (2.7)
From (2.4) and (2.7) we obtain the formula
n n _1 7 2 7F 2 ] 9
{5(k)(|x| o) = (_l)kﬁﬂf Z : n( .) (p*) (.n-i- J)ﬂ+2‘_10n—1+2g—k.
= JIT(G + )T (n+2j — )22+
(2.8)
In particular by getting k = 0 in (2.8) we have
125 s (£)2j+%_1 peN1—%
{6(le) — ) = 2 < 3 )0 ) peytE (2.9)
221 j; JT(5 +7) (2)
From (2.9) and using (1.7) we obtain
{6(Jz] =)} = 6%2%7&'%[}17%‘]?,1(/)6). (2.10)

The formula (2.10) is the formula (1.4) and appears in([1],page198).
We observe that putting k = n + 2s — 1 in (2.8) where s =0, 1,2... we obtain
the following formula

{027 (|2] = o)} = (-~ t2E p s
(2.11)

S D () T42)) 2525
TZ0 In(24)D(2—2s41)22 TH ! ‘
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Using that

1
S S—— 2.12
T2j—2s+1) =% (2.12)

from (2.11) we obtain
{80250 (] — )} = (~1)n25- 128 xd,

(=17 (p*)'T (n+24) 2j—2s __
22520 (3 +/)0(2j—2s41)2 3721 € B
(2.13)

= (—1)n212a s,

S (=D (p*) T (n+21+25) 2
920 (14)I0 (2 +14s)T(204+1)27 T2+ -1

3 The Fourier transform of (|z| —¢)}

Let x = (x1, ..., 2,) be a point of the n—dimensional Euclidean space and let
be (|z| — a)} the distribution defined by

R (|z| —a)* if |z| —a >0
(lz] —a)y = (3.1)
0if [2] —a <0

The Fourier transform of (|z| — a)? by definition is given by the following formula

(el =t} = [ < (ol — )l (32)
where
< 0,0 >=0121 + ... + 0nln (3.3)
Using the formulae
A
A 1w v
(1—2)"= Z( 1) (V)z if 2] <1 (3.4)
v>0
where
AN TOA+1) (=1)T(=A+v) (3.5)
v) oA —v+1) vl (=A) '
and taking into account spherical coordinate r = |z|,p = |o| and 6 the angle

between the x and o vector this be comeswhere

{(j] = a)}} = X joo (1Y (}) fion €775 [a|* dz =
=3 so(=1Ya7 () Q1. (3.6)

fooo T)\fjJrnfl{fOW eir\o| cos 6 sin"_2 9d9}d7’
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where ,,_1 is defined by (1.6).
Now from(3.6)and using the formula(2.3), we have

{(lz] —a)}} =2 72" 1% || 2+1Z ()/0 rA*j+%J%4(r,|a|)dr.

7=>0
(3.7)
Now using the formula
o0 Qhe—h=Ip(L 2w
/ 2 Jy(cx)dr = ¢ : (i = 2) (3.8)
0 Lz -5+3%)
Rev—1<Rep<i ([3]formulald,page 684).
We have
0 n o N DAy
(ol = apt) = 28n3208 P -pyaizd (N 2Ll o )
jg JJT(=3+1)
From (3.9) and using (3.6) we arrive at the following formula
SESIMIEN (dpsd)
{(Jz] —a)}} =2%7% Z Bigl —— 2 |g| M (3.10)
(=5 +3)
under the condition A # —n+j —2t,t =0,1,2, ...
Putting a = 0 in (3.10) we obtain the Fourier transform of (|z|)*
PenriT(dgn)
{(2) = —— 2 lol 7" (3.11)
T(-3)

under the condition A # —n — 2¢t,t =0,1,2, ...
The formula (3.11) appears in([1] page194 formula (1.2)).

4 The Residue of {(|z| —a)}}

Considering that the gamma function I'(z) defined by (2.6) has singularities
at z=0,—1,—2,... then

r(% ) (4.1)
has singularities at A\ = —n — 2t + j,t =0,1,2, ..
On the other hand the function
|zt = r (4.2)
where )\ is a complex number, has singularities at A = —n,n—2, .. In the points A =

—n—2t+jfort=0,1,2,...and j = 0, 1,2, ...the equation (3.10) has singularities
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in the factor F(AJF—;W) but not in |o|~*~"/. Therefore the residue of {(|z|— a)}}
at A = —n — 2t + j depend of the factor F(H%)
From (3.10) and considering (4.1) we have

n n I'(n+2s+j
(Res, {(al —a)k} =23m% X ot
(4.3)
Gl Gl I 1 An—j
m 1lm)\*>7n725()\ +n—+ 2S)F(T):| .
Now considering the Legendre‘s duplication formula
1
[(22) = 2% 17 20 (2)[(z + 5) (4.4)
and the formula
L(z)  (-1)'T(—z+t+1) (4.5)
L(z—1t) I(—z+1) '
([4],page 4)
and putting 8 = A+ n we have,
. Mn—jy\ _1: (A+n+2s) L' (A+n—j) o
limy— —p—2s(A + 714 25)0(F5=L) = limy s o n—i-tpbp(atniil)
_ 1 . .
= 2—257j7171—*%f‘( 7227]_ +%) . hmﬁ‘;,QS(ﬁ + 2S)F(ﬂ ])
(4.6)
We observe that using (4.5)
limp _54(8 + 25)1(8 — j) = limp_ _p, LE2ITOLCS
(4.7)
- 7(71;(;(;53“) Jimp_, _a(B + 25)0(B)
and
limg_,_25(8 4 25)I'(8) = limq—o al'(a — 2s) =
1 ol(1-o)T(e)
= lima—0 ==r=arssn =
(4.8)
1 Ca+D)T(1—a) _ T(DT() _
= lime—o (71)(23F(70(c+254)rl) = F((2)s+(1)) =
_ 1
T (28)!
The formula (4.8) also can be obtain using the formula (4.4).
From (4.6), (4.7) and (4.8) we obtain
. Atn—j\ I'(1+2s
limy——p—2s (A +n 4+ 25)0(=5=4) = (*l)j%(Zer)jJrl)'
(4.9)

1 1
T28) s 1. — % j '
(2s) 2—2s—j—1pn 21‘*(,5,%4,%)
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On the other hand, using the formula

1 1 m
(=205 +2) = ——  (4].page 3.) (4.10)
we have
. I‘(%—I—s %) j 0 if j is odd
— - cos(s+§)7r = , o
L —(+5s) m PG+s+ )0 008 F ¢ 4 i aven,
(4.11)
From (4.9) and (4.11) we obtain
0 if j is odd
) A+n—j
lim (A +n+ 250202y = , -
)\HiI’rILl72S( n+ 291 2 ) D(z+s+3)(-1)° cos oF if j is even
(—1)7 2-25—3—1x 3 T(2s4j+1)
(4.12)

By letting j = 2m,m = 0,1,2, ... in (4.3) and using (4.12) we have the following
formula

Res, {(al—an}" =

— 4S8

(4.13)

_ 2rx% D D(n+2s542m)a" T (mts+3) (=1 (1) " (|o]*)* ™
Tz m>0 (2m)!T(n+42s)T'(25+2m+1)T (& +s+m) :

Using the Legendare s formula (see formula 38) the formula (4.13) can be rewritten
in the following form

_Res {(al -t} =

(4.14)
_ 2x3 ) D(nt+2s42m)a™ (~1)* (=)™ (jo|)*F™
mz0 (2m)!l—‘(n+25)225+2m7r7%(s+m)!l—‘(%+s+m)

1
T2

5 The Residue of (|z| —a)}

Let (Jz| — a)} be the distribution family defined by

< (2] - a)} i >= / (2] — ) () dz (5.1)

|z|—a>0

for all ¢ in D (space Schwartz of the test functions).
Let us go over to spherical coordinate in (5.1), writting it in the form

< (2l = P}, @ >= [, usglr = a* { o, plrw)do, } dr =
= foaZO (T - a)k {# foa [(p(rw)rn_l]r:adoa} dr = (52)

= [ r— ) (r)dr



242 Thai J. Math. 8(2) (2010)/A. Manuel and T. Aguirre

where )

v = o [ lelrwy a0, (53)
By putting p =7 — a in (5.3) we have

<(el-arg>= [ Moalp+adp (5.4)

0
where
1(p +a) = ¢(r). (5.5)
Using the formula
P50 (0)

A
)\7_]'1268_1 <zi,p>=

([1],paged9),from (5.4) we have,

T (5.6)

A _ 1 foki. _
JRes < (o] =)o >= gty [ fn (0 4 0))] =

=G 11)| [ 8:5 11 {v(r )}} r=a - (5.7)

Jj—1
= Gl o, [ r=adOa} =

g-1
= (j,ll)g anlfl an g,rj—l [(PT 1]r:ad0a'
Now using the formula (1.10) we have,

(=1)771 <60V (r —a),p >

[Res < (lz] — )}, o >= G (5.8)
From (5.8) we arrive at the following formula
fes ol -t = 00 D) 59
In particular if j =n+2s,s=0,1,..
Res (|z] —a)} = wé("ﬁsfl)ﬂﬂ —a) . (5.10)
A=—n—2s (n+2s—1)!

On the other hand,considering(3.1) and using the formulae(3.4)and(3.5) we have

)\7}3652 (|z] — a)} =limy—._p—2s(A 4+ n + 2s) > iso(=1) (j‘) |z} o =

=l 2 (A4 7+ 25) {5 (<12 (o, ) a2

+ 3 o (=D (o) 22 a2
(5.11)
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From (5.10),considering that r* = |z|* has simple poles at A = —n, —n — 2, —n —
A ..
([1] page 99) and the formula(5.11) we have,

W (=1)?*"T(n+2s+2m) om
Res (2l = a)} = X2,,5 | Shomnrt2stam gam]

(5.12)

Jimyo—p_os (A + 1+ 25) 2

On the other hand, using the formulae

. ! !
6@ (ry = G A+ n+42j)r = 2 s ([5]],page 792) (5.13)
Q) Q,, A=—n—2j

n A——n—2j

and
_ 2/)I0(Z) .
5(29) :<72A35 5 793 5.14
(") = gz 2 ;A0 (Blpage 799) (5.14)
where
q, = 27* (5.15)
"T(3) '
and _
. nog2 )’
J:
A ;6»@? (5.16)
we have

A—2m

limy——p_2s(A+n + 2s) || = lmy—p—2s—2m (¥ + 2m+n+ 2s) |z|" =

_ v _ 2r 3 ATt
B V:—vﬁ%fs-i-m) ol = 2264 (s4+m)IT(5 +s+m)*
(5.17)
From(5.12)and using (5.17) we obtain the formula,
—1)*" T (n+2s+2m
)\:‘552525('1:' - a)i\r = ZmZO ( ()2m)!§“(n+2s) :
(5.18)

a®morE AStmg
1 22(s+m) (s+m)!IT(5 +s+m)”

From(5.18) and considering the Fourier transform of Laplacian operator itereted
s times A%) ,
(A%5)" = (~1)1(0?)] (5.19)

where
o’=0i+.+0o2 (5.20)
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A

([1],page201) we obtain the Fourier transform of )\_Res , (|lz] —a)y ,

A
A — L(n+2)(=2m)
{A_R2525(|I| a)+} = 2 m<0 @I (nT2s) -

(5.21)

a2m2ﬂ_—% (_1)s+m(|o_2 |)s+m
©22(s+m) (s+m)!IT (5 +s+m)

From(4.14)and(5.21),we arrive at the following propierty
A
ol _ VA
{res, (ol =art} = Res (el -}y (5.22)

We observe by putting j = n + 2s and a = ¢ in(5.9)and using(5.22),we obtain the
same formula given by (2.13) :

A
B A n+2s—1)!
{50 +2=0Y (|| — ¢)) ={(£&37+23%A_R5825(|w|—0)i} =

T V| L (5.23)
— (—1)F- m>0 T'(n+2s) 22(S+m)(s+m)!f‘(%+s+m)

)s+m

B 1 3 (=1)?"T(n+2s+2m)a®" 21 % (=1)°+™ (|0
T CD@rE-D Zam>0 (2m)1226Fm) (s+m) T (2 +s+m)

6 The expansion of §*)(|z| — a)

From (2.8), considering the formula(5.18)and using the theorem of unicity for
the Fourier transform we obtain the following formula
T 24 n—1+2j—k )
(n+2j)c AIS(6.1)

SF) (|z] —¢) = (=1)F22 1% —
(Jol =) = (=1)"2%m j%2a+2J*1j!r(%+j)F(n+2j—k)

From (6.2) and taking into account the formula (5.16) we obtain the following

formula

_1)ko5 %5 N\ n—1425—k )

_
58 (jz| — ¢) = (27)!T(n +2j — k)

Jj=0

By putting k =n+2s—1,s =0,1,2,.. in(6.2) and considering that

1
——— =0 if j 6.3
T(1+2)— 25 < (6:3)
we have,
n s o (71)714»2371271,% F(n+2 -)C2j72s . -
§(n+2 1)(|x| —c)=2 Ned ijs (2]')!1“(2Jj—2s+1)5(2J)(|I|) =

(6.4)

—1)nt2e=lory D(n+20+2s)c?! s
=2l T(2) > 1>0 (2((l+s))IF(23+1)6(2(H_ D(|a])

2
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Now using the formula(5.16) and the following formula
SN (1z)) = a;,,Al6(x)  ([6],formula(1,2,4)and (1,2,5)) (6.5)
where

(n+ 20 — 1)(=1)"*+2=12 1%
2200 (% +1)

1=0,1,2,.. (6.6)

apn =

we have

n _ n42l—1)! nt20-1g
21 Jaf) = (LY

SO (J2)).

From(6.4) and(6.7) we arrive at the following formula

n+2s— 2(—1)nt2s 177 c?!
§n+2 1)(|:v| —c¢) = % Zl>0 F(2l+1)

F(71)6(n+2(l+s) 1)(|1D
|: ( 1)n+2(l+s) 171-2 i|

1 n+2s—1 2
= ( (1)n)+2(z+s) 7r17r2 Zl>0 2!)' n+2(l+s 1)(|x|)

_ )2l n o)—
= leo ((zzg! g2+ =1 (|a))

7 The convolution product of §*)(|z|—c)*6®(|z|—c)
To obtain our results, we need the following formulae
5D (|z|) % 6@ (|z]) = bj s n0CUTD (|2]) (5], page93,formula(33)).  (7.1)
and
§ 251 (|2]) % 62D (|2]) = di ;620D (j2])  ([6],pageld3). (7.2)

where

(£ 9)'(25)1(2)T(5)(5 +37 + s)

b'.s,n - Iy , 7.3
e = S0 + 5D + 303 +7) (7
e T rz+; +14
dyjn = (1) La"z 2" n(sH TG +5+5) (2+13+2) (7.4)
slj! [(g+j+s+3)
Using the Legendre s duplication formula
1
I'(22) = 22217 20 (2)T(z + 5) (7.5)
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bj.s,n can be rewritten in the following form

3P+ 3)PG +5) DET(G +5+7)

b j,s,n — T . . n . 7.6
" Is+j+35) T(E+s)0(5+7) (7.6)
We observe that getting j = s = 0 in(7.1) and considering(7.3) we have,
S(Jz]) * 0(lz]) = bo,0.nd(|z]) = 6(]=). (7.7)
Now from(6.8)and using(7.2)and(7.4) we obtain
5D [a] - ¢) 50D fa] — ) =
(=% c(n—1+42(i+k)) (=02 s(n—142(v+1))
=2 >0 @) 0 (EED I @) o (|l]) =
—c)20+) n— i n— v 7.8
= Tin0 Sz oot {0012 () w s12040) )y = ()
n—1_2=Lon k4+1)!1(—1)% ne
e L b LD S %me(s( 1+2(t4K40) (|
where
t n 1 n 1
T2 l+o+ 02 +hk+t—v+ 3
Btkln_z G vt )l vty) (7.9)
T = )2t —v)(k+t—v)(l+v)!
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