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Abstract : The sequence space c4 including the space ¢ has recently been defined
in [10] and its some properties have been investigated. In the present paper, we
have studied some inequalities related to the this sequence space analogously to
those that given in [2, 6, 7].
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1 Introduction

Let /o and c be the spaces of all real bounded and convergent sequences,
respectively.
Let us define the matrix A™ = (a,) by

14n >’

. fro<k<n
An =
0, for k > n.

Using the convergence domain of the matrix A", the new sequence spaces a, in-
cluding the space ¢ has been constructed in [1] and its some properties has been
investigated. Using the definition of the sequence space a;, some inclusion theorems
which like to Knoop’ s Core Theorem were proved in [4] and [5].

Let A = (ani) be a lower triangular matrix defined by a,r = a,bk, where a,
depends only on n and b; only on k, 0 < k < n. Recently, as a generalization of
the sequence space al,, the sequence space c4 has been defined by

ca = {x = (21) : {ta(2)} € ¢, tn(x) = ai Zbkxk}

n k=0

and its some topological properties have been studied in [10]. Also; it is shown that
ca is isomorphic to ¢ whenever A is regular. Throughout the paper we consider
the regular matrices A. Also, (¢o)a has been defined by

ca = {x = (z) : {tn(2)} € 00}.
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Let E be a subset of N ={0,1,2,...}. Natural density ¢ of E is defined by
1
o0(F) :limg Hk <n:keE},

where the vertical bars indicate the number of elements in the enclosed set. A
sequence x = (xy) is said to be statistically convergent to the number [ if for every
g, 0{k : |z — 1| > €} = 0, [8]. Statistical limit superior and inferior of a real
sequence was defined in [9].

Let T' = (t,x) be an infinite matrix of real numbers and z = (zx) a real
sequence such that

Tx = (Ty(x)) = (Z tnkxk> exists for each n.
k

Then the sequence Tz = (T, (z)) is called T- transform of x. For two sequence
spaces X and Y we say that the matrix 7' map X into Y if T'x exits and belongs
toY forall x € E. By (X,Y), we denote the set of all matrices which map X into
Y.

In what follows, for any A € R, we write A\~ = max{—\,0} and AT =
max{0, A\}. Then, it is clear that A = AT — A~ and [A\] = AT + ™.

The aim of this paper is to establish some inequalities like to those that studied
in [2, 6, 7] by using the definition of the sequence space c4.

2 Lemmas

In this section, we present some lemmas which will be useful to the proof of
our main results.

Lemma 2.1 [2, Th.1(c)] Let A = (ank(i)) be conservative. Then, for some con-
stant A > |x| and for all x € £,

lim sup supz (ank (i) — ag) 21 < At x L(z) - A x I(x)
n i T 2 2
if and only if
limsupsup 3 ani (i) — ax] < 1)

k

where x is the characteristic of A.

Lemma 2.2 [2, Lemma 1] Let A = (anx (7)) be conservative and A > 0. Then (1)
holds if and only if

A
lim sup sup Z(ank(i) —ap)t < %
n i L
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and
A—X

limnsupsgp Xk:(ank(i) —ap)” < —

Lemma 2.3 [2, Lemma 2] Let ||A|| < co and lim,, sup;ani(i) = 0. Then, there
exists a y € oo with ||y|| <1 such that

lim sup sup Z ank (1)yr, = limsupsup » |ank(i)|.

n 7 & n 7 k

Lemma 2.4 Let X be any sequence space. Then, T € (X,ca) if and only if
D € (X, c), where D is defined as in the proof.

Proof. Let x € X and consider the equality

m

1 n m 1 n
- Z b; Z tinTr = Z - Z bitizy; (m,n € N)
n k=0 " i=0

i=0 k=0

which yields as m — oo that
1 n
- Z bi(Tx); = (Dx)n; (n €N),
™ =0

where D = (dnk) is defined by
dpr = { LS obitin, for0<k<n

an

0, for for k > n,

(2)

for all k,n € N. Therefore, since c4 is isomorphic to ¢, one can easily see that
T € (X,ca) if and only if D € (X, ¢) and this completes the proof. O

One can easily deduce from Lemma 2.4 that T € (¢, c4) if and only if

sup E |dni| < o0, li7rlndn;c = ay
n
k

for each k and lim, Y, d,x = a. If T € (¢, ca), the number x(T) = a — )", ay is
defined and it is said to be characteristic number of T' with respect to A.
Now, we may give our main results.

3 Main Results

Theorem 3.1 Let T € (c,ca). Then, for some constant X > |x(T)| and for all
T € Ly,
A T
lim sup Z(dnk — )T < A+ )
" k
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if and only if
lim sup Z |dnk — ax| < A, (4)
" k
where dpy is defined by (2), L(x) = limsup z, and I(x) = liminf z.
Proof. Let (3) holds. Define the matrix C = (cpx) by cpr = dpr — o for all

n,k € N. Then, the matrix C satisfies the conditions of Lemma 2.3. Hence, for a
y € o with ||ly|| < 1, we have

lim sup Z CnkYr = lim sup Z lenk|- (5)
" k " k

So, from (3), we get that

timsup 3 o] < 2TXE 1y - A2 XDy
" k

< {/\ +x(T) | A—=x(T)
2 2

<A

which shows the necessity of the condition (4).
Conversely, suppose that (4) holds. For any x € ¢, we can write [(z) —e <
x < L(z) 4+ € whenever k > kq. Now, we can write

E CnkTE = E CnkTE + E cnkmk— E CpiTh-
k<ko k>ko k>ko

Hence, from the Lemma 2.2 and the fact that T € (¢, ca), we get that

) A+ x(T A= x(T
s 3 < A D gy 1 - A0y )
T —x(T
- LX()L(@ _ )\7X()l(x) e
2 2
Since ¢ is arbitrary, the proof is completed. O

Theorem 3.2 Let T € (c,ca). Then, for some constant A > |x(T)| and for all
T € by,

A T

hmsupz nk — Q)T < L()

if and only if (4) holds and
lim Y~ |dnr — x| =0 (8)
" keE

for every E C N with §(E) = 0, where f(z) = st — limsupx and a(z) = st —
liminf x.
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Proof. Let (7) holds. Then, since f(z) < L(z) and a(—z) < —I(z), the necessity
of the condition (4) follows from Theorem 3.1.

To show the necessity of the condition (8), for any E C N with §(E) = 0,
define the matrix B = (b,) by

by — dnk — O, forke E
"0, fork ¢ E

for all k,n € N. Then, since T' € (c,c4), we can write (5) for B. Now; for the
same F, let us choose the sequence (yi) as

|1, forkekFE
Y= 0, forkéeE.

Then; clearly y is a statistically null sequence and so, 5(y) = a(y) = st—limy = 0.
Hence, by the assumption and the equation (5), we get that

A+ x(T) A =x(T)

limsup Y~ [byi| < 5 Py +——F—al-y) =0

n keE

which implies (8).

Conversely; suppose that (4) and (8) hold. For any = € (o, let us define
Ey={k:z > 0(x)+e} and Ey = {k : 2 < a(z)—e}. Then, 6(E71) = §(E2) =0,
[9]. Hence the set E = E; N E5 has also zero density and

alz) —e <z < fB(x)+e 9)
whenever k ¢ E. Now; it can be written that
D (dnk — an)eg = Y (duk — ar)zn + Y (dor — ) wp — Y (dok — ax) 2.
k keE k¢ E k¢E

Thus, since (8) implies that the first sum on the right hand-side is zero, we get
from a special case of Lemma 2.2 that

A+ x
2

A—x
2

B(z) + a(—z) + Ae.

lim sup Z(dnk —ag)r) <
" k

Since € is arbitrary, this step completes the proof. O

To the construction of next theorem, we need to define two new sublinear
functionals on £,. Let us denote these functionals by L4(z), l4(x) and write

. 1« IR It
Ly(x) = hmnsup - ; bitikxr, la(z)= hn%sz - ; bitinTy.

Now, we have the following interesting result which will be useful to the proof of
next theorem.
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Theorem 3.3 La(x) = Wa(x) for allx € lo, where Wa(x) = inf (o), L(x+2).

Proof. By the Lemma 1 of [3], it is enough to show that L4(z) < Wy (x) for all
T € Ly
Since A is regular, we have that L4(z) < L(x) for any x € {s. Then, we get

inf La(z+2)< inf L(x+z)=Wa(z).

z€(co) A z€(co) A
On the other hand, by the definition of the space (cp)a, La(z) =0 and so,

inf La(x+2)>La(z)+ inf L(x+z)=La(z).

z€(co)a z€(co)a

Thus, the result follows. O

Theorem 3.4 Let T € (c,ca). Then, for some constant A > |x(T)| and for all
T €L,

, . A+ x(T A= (T
lim sup Z(tﬁlk —ag)zg < % La(z)+ A=) la(—x) (10)
" k
if and only if
limsupz [t — | < A, (11)
" k

where T™ = (%) is defined by

n 1
Atk(%)a’ for 0 <k <m,
mk =9 2t for k=m,

0, for k> n.

for all k,m € N and for every fired n € N.

Proof. Suppose that (10) holds. Then, by the regularity of A, La(z) < L(z)
and l4(—z) < l(—z) for any x € £. Therefore, the necessity (11) follows from a
special case of Lemma 2.1.

Conversely, let (11) and = € £o,. Then, we can write (6) with ", in place of
dpr. Thus, by taking infimum for z € (¢g)4 in (6), we have

. . - A+ x(T) .
inf lim su toe —ag)(xr + 2 < — 22 inf Li(zx+z
ot | S 3 = ) o) b La(e+2)
+)\_7X(T) inf la(—2—2)
2€(co) a
A+ x(T A—x(T
= ;(( )WA(:c)—l—i;(( )wA(—x).
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On the other hand, by the definition of (¢y)a, T"z € ¢y and S0,

mf {l1msu e — k) (zk + 2 }>hmbu E— O

ot {1 32— )+ 5 DBCIEAE
+ inf hmsu PO
zGcoA pz k

= lim sup Z —ag)x

So, by combining the last inequalities and Theorem 3.3, we complete the proof. [
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