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On the Almost Sure Convergence Rates for
Pairwise Negative Quadrant Dependent
Random Variables'

G.-D. Xing

Abstract : For sequences of pairwise negative quadrant dependent random vari-
ables, we obtain the almost sure convergence rate n~'/?(log n)*/?(log log n)*/¢ with
any 0 < £ <2of 3" (X; — EX;)/n — 0 a.s. by a maximal moment inequality,
which improves the relevant results in Wu (2002) and Wang et al. (2008). In
addition, the faster convergence rate n~'/2(logn)'/? is also obtained by the ex-
ponential inequality established in this paper, which reaches the available one for
independent random variables in terms of Berstein type inequality. Further, we
give the corresponding precise asymptotic with respect to the rate n=1/2 (log n)l/ 2,
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1 Introduction

Definition 1.1 The pair (X,Y) is said to be negative quadrant dependent
(NQD) if for any z,y € R,

P(X <z,Y <y <PX <z)P(Y <y).

A sequence of random variables is said to be pairwise negative quadrant dependent
(pairwise NQD) if X; and X; are NQD for any ¢, j € N and ¢ # j.

The definition above was given by Lehmann (1966). Obviously, sequences of
pairwise NQD random variables are a family of very wide scope, which includes
pairwise independent random variable sequences. Many known types of negative
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dependence such as negative upper (lower) orthant dependence and negative asso-
ciation (NA) etc. have developed on the basis of NQD notation. Among them the
negative associated (NA) class with many applications in multivariate analysis is
the special case of pairwise NQD sequences.

The limit theorems for pairwise NQD sequences have been investigated by
some scholars, such as, Matula (1992) obtained the Kolmogorov strong law of large
numbers for pairwise NQD random variable sequences with the same distribution,
Wang et al. (1998) investigated the Marcinkiewicz weak law of large numbers, Wu
(2002) gave the three series theorem of pairwise NQD sequences and proved the
Marcinkiewicz strong law of large numbers, Chen (2005) discussed Kolmogorov-
Chung strong law of large numbers for the non-identically distributed pairwise
NQ@D sequences under mild conditions and, Li and Wang (2008) explored the
central limit theorem for pairwise NQD random variables by Stein’s method. In
this paper, by the maximal moment inequality in Lemma 3.2 given later, we obtain
the almost sure convergence rate n~'/?(logn)3/?(loglogn)'/¢ with any 0 < £ < 2
of 1" | (X; — EX;)/n — 0 a.s., which improves the corresponding results in Wu
(2002) and Wang et al. (2008). And by establishing an exponential inequality
for pairwise NQD sequences, the faster convergence rate n~!/ 2(log n)l/ 2 is also
derived, which reaches the available one for independent random variables in terms
of Berstein type inequality. Further, we give the corresponding precise asymptotic
with respect to the rate n=/2(logn)/2.

Throughout this paper, we always suppose that C' denotes a positive constant
which only depends on some given numbers and may vary from one place to
another, [z] denotes the integer part of z, a, < b, means a,, < Cb, and S,, =:
>, X;. And this paper is organized as follows. Section 2 contains our main
results. Section 3 contains some lemmas. And the proofs of Theorems 2.1, 2.2 and
2.3 are contained by the Sections 4, 5 and 6, respectively.

2 Main Results

In this section, we show the main results as follow.

Theorem 2.1 Let {X;,i > 1} be a pairwise NQD sequence of random variables
with EX; = 0 and sup,>; E|X;|” < oo for some 1 < v < 2. Then, we have for any
0<&<2,

1/v
Sn/ (n(log logn)?/¢ log® n) —0 a.s. (2.1)
In particular, we have

1/2
Sn/<n(1og log n)%/¢ log® n) —0 a.s. (2.2)

for the case v = 2.

Remark 3.1.1 (1) Wu (2002) presented a strong law of large numbers for
pairwise NQD random variables (see Corollary 3 therein). For convenience of
comparison, we write the result below.



On the almost sure convergence rates for pairwise . .. 173
Theorem A Let {X;,i > 1} be a pairwise NQD sequence of random variables
with £X; = 0 and sup,; F|X;|[" < C for 1 <v < 2. Then

Sn,
nt/v (logn)3T9/v

—0 a.s., (2.3)

where § > 0.
In terms of (2.3), the almost sure convergence rate of

n 1 346
S (Xi— EX;)/n—0 as. is nv ' (logn) v,

i=1

which is slower than the corresponding one nv ! (log n)% (log log n)% obtained

by (2.1) because of (loglogn) € v < (logn)™ * for n large enough. In addition, the
method of the proof of our result is different from the relevant one of the proof of
Theorem A.

(2) For the case of v = 2, the convergence rate derived by (2.2) is

n"z (log n) (log log n)

with 0 < £ < 2, which is obviously faster than the relevant one n7 " with 1 <p<2
which Wang et al. (2008) obtained in Theorem 2.3.1.

Theorem 2.2 Let {X;,i > 1} be a sequence of strictly stationary and pairwise
NQD random variables which satisfies EX; = 0 and sup;~; E(e®¥) < M < oo
for some o > 1. Then, we have -

S, /(nlogn)'/? -0 a.s. (2.4)

Remark 2.2 By Theorem 2.2, we obtain the almost sure convergence rate
n~1/2(logn)'/2, which is faster than the corresponding one n~2 (log n) (loglog n) €
with 0 < £ < 2 and reaches the available one obtained in terms of Berstein
type inequality. The price we pay out, however, is that the moment condition
sup;s; E(e*!Xil) < M < oo for some o > 1 is stronger than the relevant one
sup;~; E|X;|? < oo in Theorem 2.1.

In the following theorem, the precise asymptotic is obtained with respect to
the rate n='/2(logn)/? in Theorem 2.2.

Theorem 2.3 Let {X;,7 > 1} be a sequence of strictly stationary and pairwise
NQD random variables which satisfies EX; =0 and 0 < EX? =: 0% < co. If

(Vi) Y BXf (S0 /(o)) =0
=1

for every bounded absolutely continuous function f(-), where Sy’ © = =>", Xi—X,
and the Lindeberg condition that

1 n
for any E>07ﬁ;EXZ—2[{|Xi|>EU\/ﬁ}—>O as n — 0o
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is satisfied. Then for —1 < 8 < 0, we obtain

. > (logn)? E|N2(6+1)
lim 2(5+1) (7P Sn| > 1 = — 2.5
lim 0 3 S5 (|80 2 cov/logn) = =5g—. @9

where N stands for the standard normal random variable.

3 Some Lemmas

In this section, we give some lemmas which will be frequently used later.

Lemma 3.1 (Lehmann 1966) Let X and Y be NQD random variables, then

(1) EXY < EXFEY,

(2) P(X > 2,Y >y) < P(X >x)P(Y > y),

(3) If r(-) and s(-) are non-decreasing, then r(X) and s(Y) are still NQD
random variables.

Lemma 3.2 Let {X;,7 > 1} be a pairwise NQD sequence with EX; = 0 and
sup;~; FX? < oo. Then for any n > 1, we have

E|S,|?> < nsup EX? (3.1)
i>1
and
E max |S;]? < n (log2n/log 2)? sup EX? (3.2)
1<j<n i>1

Proof By the definition of pairwise negative quadrant dependence, we have

n

E|S. P =" zn: Cov(Xi, X;)

i=1 j=1
n n—1 n

=Y EX7+2)> Y Cov(X;,X;)
i=1 i=1 j=i+1

n
< ZEXf < n51>111)EXf,
i=1 vz

which yields (3.1). Combining Theorem 2.4.1 in Stout (1974) and the result stated
earlier yields the desired result (3.2). The proof is completed.

Lemma 3.3 (Li and Wang 2008) Let {X;,7 > 1} be a pairwise NQD sequence
with EX; = 0. If

B Zn: EX,f (s,(;” /Bn) ~0
=1

for every bounded absolutely continuous function f(-), where B, = /> ; EX?
and ST(LZ) = Z?:l X,; — X;, and the Lindeberg condition that

1 n
for any £>0,?ZEXZ-QI{\XZ-|>5BTL}—>O as m— oo

n =1
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is satisfied. Then
Sh,

— — N(0, 1) in distribution as n — oo.
T

S/

3

4 Proof of Theorem 2.1

In this section, we will show the proof of Theorem 2.1 as follows.

Proof of Theorem 2.1 Set b,, = (n(loglog n)/¢ log® n)l/v, Xy = b I(X; <
—by) + X I(|Xi| < by) +b0,1(X; > by) and Sj1 = ZL 1 (X1 — EX;1). Obviously,
we know that the sequence {X;1,7 > 1} is still pairwise NQD by Lemma 3.1. In
what follows we will prove first that

-1 ]
Zn P(lréljagxn |S;| > eby) < o0 (4.1)

for any € > 0. For this purpose, the first thing we need to do is to show that

Z EXi| —

(4.2)

max
1<J<n

Since
E|X;|I(|X;] > by) + b, P (| X5] > bp)
<BETUE|XG|T(|Xs] > by) + bV E|IXG Y
< b7Y,

we have, by FX; =0,

Z EXi

1<]<n

<, Z (BIXG|T(1Xi| > bn) + bn P(Xi < —bp) + ba P(Xi > by))
=1
< nb,” — 0.

Hence, (4.2) holds. From this, it follows that for sufficiently large n

( max |S|>5b>
>eb>

(m 1] > b ) (m ZXﬂ

(max | X;| > b >—|—P<max |Sj1] > eby, — maX

| /\

1<i<n

Z EX; )

< Z (I1X;] > bn)+ P ( max |S;1] > Ebn/2> . (4.3)
1<j<n
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Thus, we need only to prove that

:in—lqum > by,) < 00

n=1 i=1

IT = Zn lp (1maX 1Sj1] > eby, /2) (4.4)

n=1

By Markov inequality, it follows that

:i —1§n:P (1 X:] > bn)
SZ 7lzb vE|X ‘v

<> b, < 0.

n=1

8”

g 1

By Lemma 3.2, we have

I = Zn IP(maX |Sj1] > ebn /2)

n=1

< CZn_lb 2E max. |5’71|

n=2
< C’Zn Lnb 21og nlz?EnEX

n=2
< CZb 2log’n sup (EXZI(|Xi| < bn) +02P(1X;] > by))

n—29 1<i<n

—1

< CZb % log? n121£ (EXZI(|X;] <by) +CZ( (loglogn) 2/£logn)

n=2
< CZb Y log? nsup(E|X ["I(|1X;| <bp))+C

n=2

1

< CZ( (loglogn) /5logn> +C

<oo.



On the almost sure convergence rates for pairwise . .. 177

Combing (4.3) and (4.4) yields the result (4.1). Since

1 S 2/¢ 1/v
3 ZP max |Sj| > ¢ (2@4'1 (loglog 2%"'1) log® 2%1)

o 1<j<28
oo 2811
< -1 1>
<2 D nP(max 18] > eba)
€=0 n=2%
[ee]
= -1 S >
> n ' P(max |S5] = ebn)
n=1
< 00,

we can get by Borel-Cantelli lemma,

max, ;o 1S;]

lim =0 a.s.
e oo 2/¢ 5 1/v
(2@‘*‘1 <log log 2@‘“) log 2@‘“)
Using
Sﬂ/ S"L
ny o« -n
| b, T 2@}111;3@@ | b
~ ~ 1/v
< o} max; ¢ j<oe |51 (i+1)log’(i + 1)
- Yo\ (i —1)log®(i — 1) ’

(Q@H (log log 2%+1) 2% log® 2@+1)

then |%\ — 0, a.s. Hence,
n
S

o 0, a.s. (4.5)

This completes the proof.

5 Proof of Theorem 2.2

To prove Theorem 2.2, some notations are needed. Let ¢,,n > 1, be a se-
quence of nonnegative real numbers such that ¢, — oo . Also, for convenience, we
define X,,; by X,,; = X; for 1 <i <n and X,,; =0 for i > n. Let

X17Z'7’I’L = _CnI(foo,fcn)(Xni) + Xnil[fcn,cn](Xn» + CnI(cn,+oo) (an)a

X2,i,n = (an - cn)I(cn,+oo)(Xni)a XS,i,n = (an + cn)I(—oo,—cn)(Xni) (5].)

for each n,i > 1, where I4 represents the characteristic function of the set A.
Consider now a sequence of natural numbers p,, such that for each n > 1,p,, < n/2
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and set r, = [n/(2p,)] + 1. Define then,

2(j—1)pn+pn

Yoin = Z (Xq,i,n - E(Xq,i,n)) s Zq,jm
i:2(j_1)pn+1
2jpn
= Z (Xgim — E(Xq,in)) (5.2)

i=2(j—1)pn+pn+1

forg=1,2,3and j=1,2,--- ,r, and

Tn

Sq,n,od = Z Y:z,j,nv Sq,n,ev = Z Zq,j,n- (53)
j=1

Jj=1

Clearly, n < 2r,p, < 2n. Next, we show the following propositions used later.

Proposition 5.1 Let {X;,i > 1} be a sequence of pairwise NQD random
variables with sup; >, EX? < oo. If 0 < 2Ap,c, <1 for A > 0, then on account of
definitions (5.1), (5.2) and (5.3), we have

E (exp(AS1,n,04)) < exp (C’l)\zn) , (5.4)

E (exp(AS1,n,ev)) < exp (C1A%n), (5.5)

where Cy = sup;>; EX}? < oc.
Proof Since EY; j, =0 and 0 < 2Ap,c, < 1, we have

E(exp(\Yjn)) = Y ———lt

A
~
_"_

el
>

o

EA

e
|

IAIA
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Therefore, in terms of (5.6), (3.1), sup;>; EX? < 00 and rp, < n,

T'n Tn

H E(exp(AY1,;,)) < exp [ A? Z EYlZ,jm

j=1 j=1

Tn

S exp A2 an Slip Vaer,i,n
j=1 1>1

Tn

<exp | A2 an Sgp EXii,n
j=1 1>1

Tn
<exp [ A2 an sg;l) EX?
12

j=1
< exp (C1A\°n), (5.7)
where C1 = sup;>; EX? < co. Also, we have

Tn

E (exp(AS1.n.04)) < [ E (exp(AY1,j.n)) (5.8)

j=1

by the proof of (8) in Lu and Zhao (2007). Hence, combining (5.7) and (5.8) yields
the desired result (5.4). Similarly, we can get (5.5) by the proof above. The proof
is completed.

Proposition 5.2 Let {X;,i > 1} be a sequence of pairwise NQD random
variables satisfying sup,~; EX2 < oo. If 0 < 2\p,c, < 1 for A > 0, then for any
e > 0, we have B

ne?
P (|S1,n,0a] > ne/2) < 2exp { 160, } (5.9)

and e
P (|S1,n,e0] > ne/2) < 2exp{1601}. (5.10)

Proof Applying Markov inequality and Proposition 5.1, we obtain
P (|Sl7"’0d| > TLE/Z) =P (Sl,ﬂ,od > n5/2) + P (_Sl,mod > n€/2)
—_p (exsl,n,od > e)\ne/Q) +p (e—xsl,n,od > e/\nE/Q)
< 2exp (C1A°n — Ane/2).

Optimizing the exponent in the last term of this upper-bound, we take A =
£/(4Cy), so that this exponent becomes equal to —ne?/(16C;), as desired. The
proof is completed.

Taking

en =4/ (aCilogn)/n for some o > 0, (5.11)
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then we can get the following result controlling the bounded terms.

Proposition 5.3 Let {X;,i > 1} be a sequence of pairwise NQD random
variables satisfying sup;~, EX? < oo. Suppose that &, is as in (5.11) and p, <
V/Cin/(4act logn). Then we have

d

Proof It is obvious that

d

Also, by the proof of Proposition 5.2, the optimizing value of X is

A=e,/(4Cy) = v/alogn/(Cin), (5.14)

which implies that 2Ap,c, < 1 can follow from p, < \/C’ln/(4ac% logn). So,
combining (5.13) and (5.14), we can get (5.12) by Proposition 5.2. The proof is
completed.

To control the unbounded terms, we give the following results.

Proposition 5.4 Let {X;,i > 1} be a sequence of pairwise NQD random
variables which satisfies sup;~; E(e?*i) < M < oo for some ¢ > 0. Then,

d

Proof Firstly, let us estimate EX, 3”, Without loss of generality, set ¢ = 2.
We assume F(z) = P(X; > ). Then, by Markov inequality and sup,>, E(e'*") <

M < oo for some t > 0, it follows that

n

Z(Xl,i,n —EX1in)

i=1

> n5n> < 4exp(—alogn). (5.12)

n

> (Xiim— EX1in)

i=1

> n5> < P (|S1,n,0a] > ne/2) + P (|S1,n,e0] > ne/2).

(5.13)

n

> (Xgin — EXqin)

i=1

nt2¢2 '

2Me~ten
> ne) <22° 7 g=23. (5.15)

F(z) <e E(e™) < Me™t®,

Writing the mathematical expectation as a Stieltjes integral and integrating by
parts we have

EX2,, = - / (@ — )? F(da)
(cn,+oo)

<2M (x —cp) e dr
(CT“—&-DO)
—tcy,

<oms

- 2 (516)
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by the inequality stated earlier. Hence, using (5.16) and (3.1), we have

p< m)

n 2
E ‘Zi=1<X2,i,n - EXZ,i,n)|

n2e2

n

Z(X2,i,n —EX5;n)

=1

2Meten
= nt2e?

which completes the proof of the proposition.

Applying Proposition 5.4, we can get immediately the following result by tak-
ing values for ¢, ¢,, and ¢.

Corollary 5.1 Let {X;,i > 1} be a sequence of pairwise NQD random vari-
ables which satisfies sup;; E(etXi) < M < o for some t > 0. Then for n > 3,

d

provided t = a, ¢, = logn and e, = 41/(aC logn)/n.

A combination of Proposition 5.3 with Corollary 5.1 yields

Proposition 5.5 Let {X;,i > 1} be a sequence of pairwise NQD random
variables which satisfies EX; = 0 and sup;s, F(e*Xil) < M < oo for some o > 0.

n

Z(Xq,i,n - EXq,i,n)

i=1

M
>ne, | < SCiatlogn exp(—alogn), ¢=2,3.
(5.17)

Suppose that &, is as in (5.11) and p, < y/Cin/(4a log®n). Then for n > 3,

P (|Sn] > 3ne,) < (4 + > exp(—alogn). (5.18)

M
4C1a3logn

By Proposition 5.5, we can give

Proof of Theorem 2.2 Taking p,, = {\/Cln/(éla log® n)},

en = 44/(aC1logn)/n and o > 11in (5.18), the desired result (2.4) can be obtained
by Borel-Cantelli lemma.

6 Proof of Theorem 2.3

Without loss of generality, set ¢ = 1 in what follows. In order to prove
Theorem 2.3, the following propositions are needed.
Proposition 6.1 For any 3 > —1, we have

] > (logn)? E|N|?(3+1)
i 208+ 5 (log)” ( N| > e/l ) i 6.1
lim ¢ ; - IN| > ey/logn T (6.1)

where N stands for the standard normal random variable.
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Proof Note that P(|N| > x) = 2P(N > z) for any = > 0, it suffices to show

that
> (1 B EIN|2(6+1)
lim 2B+ Z Mp (N > e /logn) - L
n=1

2(8+1)

N0 n

It is easy to observe that

s B
lim 2(8+1) Z @P (N > ey/log n)
n=1

e\.0

< li\% 62('8+1)/ (mng)P (N > e\/log:ﬂ) dx
E|N|2(ﬁ+1)

o206+ 7

which implies (6.1). The proof is complete.
Proposition 6.2 Under the conditions of Theorem 2.3, we obtain for —1 <
B8<0

° B
lim (71D ) @ ‘P (ISnl > 6\/n10gn) -P (|N| > e\/logn)‘ =0. (6.2)
n=1

eN\.0

1

Proof Let J(e) = exp <M€25 ), where M >4 and 0 < e < 1/4. Obviously,

[M]8

(logn)? ’P (|Sn| > GW) ) (|N\ > 6\/@)‘

n=1 n
(logn)”
< 7‘13 <|Sn\Ze\/nlogn)—P(|N|26\/logn)‘
n<J(e) "
(logn)” (logn)”
+ Z ————P (|Sn| > eanogn) + Z ——P (|N| > eVlogn)

n>J(e) K n>J(e) "

=11 + I, + I,

thus it is sufficient to prove that

lim P+ =0, lim 2PHD ], =0 and lim 2P, = 0, (6.3)
eN0 e\.0 e\0

respectively. We consider firstly I;. Set A,, = sup,, |P (|Sn| > xv/n) — P (|N| > z)|.
Noticing Lemma 3.3, we have A,, — 0 as n — oo. From this result, it follows that

lim 62(ﬂ+1)11
N0

< lim 20D 3 (logn)? |
= &0 n "
n<J(e)

B
<tmM 1 Y (ogm)” o,
o (log J(¢)) n<J(e) n
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which implies that lime g €2**V1; = 0. Turn to Iy, we have by Lemma 3.2,

lim 62(ﬁ+1)12
e\0

< lim 0D 3 (logn)” ES}
T eNo n  €enlogn

n>J(e)

2(84+1) Z (logn)ﬁ 771.EAXP12
n  €enlogn

<lime

o n>J(e)

<C hm €28 E logn
nlogn
n>J(e)

< Clim 62’6/ (logz)” dx
N0 J(e) Tlogw

z—gM_1—>0 as M — oo,
B
uniformly for 0 < € < 1/4. Hence, lim.\ o 2B+, 0 when M — . On the
other hand, noting that M > 4 and 0 < € < 1/4 imply J(e) — 1 > +/J(€), we can
obtain

lim 62(’6+1)I3
N0

< lim 62(B+1)/ MP (|N| > e\/logx) dx
J(€)

N0 x

< lim 62(B+1)/ MP <|N| > ex/logx) dx
J(e)—1

N0 x

< lim 62(B+1)/ MP (|N| > ex/logx) dx
\/ J(€)

N0 x
< C'lim y*PTIP(IN| > y) dy
eNO J M~—1/6/(2¢2)

SC/ P (N > ) dy — 0 as M — oo,

uniformly for 0 < € < 1/4. Thus we have lim. o e2#*D 13 — 0 when M — oo.
Combining the earlier results together yields (6.3). The proof is completed.

Now, we can give

Proof of Theorem 2.3 Combining Propositions 6.1 and 6.2 yields the desired
result (2.5).
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