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1 Introduction

Let G be an arbitary monoid with identity e. A ring R with non-zero identity is
G-graded if it has a direct sum decomposition (as an additive group) R = @ Iy
such that for all g,h € G, RgRp C Rgp,. If R is G-graded, then an R-module M
is said to be G-graded if it has a direct sum decomposition M = @geG M, such
that for all g,h € G, RgM), C Mg,. An element of R, or M, is said to be a
homogeneous element. If z € M, then = can be written uniquely as z = dec Zg,
where x4 is the homogeneous component of x in M,. A submodule N C M,
where M is graded, is called G-graded if N = €p geG(N N M,) or if, equivalently,
N is generated by homogeneous elements. Moreover, M/N becomes a G-graded
module with g-component (M/N), = (Mg + N)/N for g € G. Clearly, 0 is a
graded submodule of M. Also, we write h(R) = U cq Ry and h(M) = U cq M,y
Throughout this paper R is a commutative G-graded ring with identity.

Let R be a G-graded ring. A graded ideal I of R is said to be a graded prime
ideal if I # R; and whenever ab € I, we have a € I or b € I, where a,b € h(R).
The graded radical of I, denoted by Gr(I), is the set of all z € R such that
for each g € G there exists ny > 0 with xZg € I. A proper graded submodule
N of a graded module M is called graded prime if rm € N, then m € N or
re (N: M)={re R:rM C N}, where r € h(R), m € h(M) (note that
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(N : M) is graded by [2, Lemma 2.1]). A graded submodule N of a graded R-
module M is called graded maximal submodule if N # M and there is no graded
submodule K of M such that N ¢ K g M. A graded R-module M is called graded
finitely generated if M = " | Rx,,, where 4, € h(M) (1 <i <n). A graded R-
module M is called a graded multiplicative module (denoted by Gr-multiplicative)
if for every graded submodule N of M, N = IM for some graded ideal I of R.
In this case, it is clear that every graded module which is multiplicative is a Gr-
multiplicative module and N = (N : M)M.

Lemma 1.1. (¢f.[5]) Let M be a graded module over a G-graded ring R and I a
graded ideal of R. Then the following hold:

(i) If N is a graded submodule of M, a € h(R) and m € h(M), then Rm, IN
and aN are graded submodule of M and Ra is a graded ideal of R.

(i) If {N;}ics is a collection of graded submodules of M, then Y
Nics Ni are graded submodules of M.

(#ii) If P is a graded prime ideal of R and M a faithful graded multiplication
R-module with PM # M, then PM is a graded prime submodule of M.

icg Ni and

2 Gr-radical formula

Definition 2.1. Let R be a G-graded ring, M be a graded R-module and N be a
graded R- submodule of M.

(i) The graded radical of N in M denoted by Grp(N) and is defined to be the
intersection of all graded prime submodules of M containing N. Should there be
no graded prime submodule of M containing N, then we put Gry(N) = M. By
Lemma 1.1, It is easy to see that Gras(N) is a graded submodule of M containing
N. On the other hand, Gr(R) denotes the intersection of all graded prime ideals
of R.

(ii) The graded envelop submodule RGEN(N) of N in M is a graded submod-
ule of M generated by the set GEp(N) = {rm : r € h(R),m € h(M) such that r™m €
N for some n € N}.

(ii) We say that the graded submodule N of M satisfies Gr-radical formula
(graded radical formula), if Gras(N) = RGEp(N).

(iv) A graded R-module M will be called a Gr-McCasland module if every
graded submodule of M satisfies Gr-radical formula.

Lemma 2.2. Let M be a graded module over a G-graded ring R. Then N C
RGEN(N) C Gry(N) for every graded R-submodule N of M.

Proof. Obvious. O
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3 Gr-Multiplication Modules

In this section we list some basic properties of graded multiplicative module
and we will show that every Gr- multiplication module is McCasland.

Lemma 3.1. Let I be a graded ideal of a G-graded ring R and M be a graded R-
module. Then there exists a proper graded submodule N of M satisfies I = (N : M)
if and only if IM # M, I = (IM : M).

Proof. Let N be a proper graded submodule of M and I = (N : M). Then
IM CNCM,soIM# M. Itis clear that I C (IM : M). Let r € (IM : M)
then rM C IM C N, sor € I. Therefore I = (IM : M). The convers is clear
since I M is a proper graded submodule from Lemma 1.1. O

Theorem 3.2. Let M be a Gr-multiplicative R-module, N a graded submodule of
M and A= (N : M). Then Gry(N) = VAM = /(N : M)M.

Proof. Without loss of generality we can assume that M is faithful by [7, p. 155].
Let P denote the collection of all graded prime ideals P of R such that A C P. If
B = /A, then B =(\pcpP. Choose P € P. If PM = M, then Gry (N) € PM.
If PM # M, then since N is a graded submodule of M and M is Gr-multiplicative
then N = AM C PM. Therefore by Lemma 1.1, since PM is a prime submodule
of M, then Gry/(N) € PM. Thus BM = (\p.p PM, by [7, Corollary 4.2.8]. So
Gry(N) C BM.

Now let K be a graded prime submodule of M containing N. Then there exists
a graded prime ideal Q = (K : M) of R such that K = QM. We show that A C Q.
By Lemma 3.1, Q = (QM : M). Let r€e A= (N:M). SorM C N C K =QM,
then r € (QM : M) = Q. Thus A C Q. As Q is a graded prime ideal containing
A, s0 B=+/AC Q. Therefore BM C QM = K. Hence, since K is an arbitary
graded prime submodule of M containing N, then BM C Grp(N). O

Theorem 3.3. Let M be a Gr-multiplicative R-module. Then M is a Gr-McCasland
module.

Proof. Let N be a graded submodule of M. Then RGEy(N) C Gry(N) by
lemma 2.2, so it suffices to show that Gra(N) € RGEp(N). Let x € Gry(N).
Since Gry(N) = /(N : M)M, then z = 2?21 rjx; such that r; € /(N : M),
x; € M. As /(N : M), M are graded, so without loss of generality we can assume
that © = Y1 | 74,24, such that ry, € h(R) N /(N : M) and x4, € h(M) for each
i=1,2,..,n. Since 1y, € \/(N : M), so there exists n; € N such that rgi M C N
for each i = 1,2,...,n. Therefore r* 2, € N and rg,z,, € GEpm(N) C RGEp(N)

9gi
for each i = 1,2,...,n. Thus © € RGEy(N). O
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4 Gr-Semisimple Modules

In this section we list some basic properties of graded Semisimple module and
we will show that every Gr- Semisimple Module is McCasland.

Lemma 4.1. Let Ny, Ny be graded submodules of a graded R-module M and
N1 Q Ng, Then

(Z’L) GTM/Nl (NQ/Nl) = GTM(NQ)/Nl

Proof. (i) Let y € RGEy N, (N2/N1). So y = Zle 7g,(mg; + Ni) such that
rg; € h(R), my € h(M) and there exists n; € N such that ryi(mg + N1) €
Ny /Ny for each i = 1,2,....;k. Thus rgimg € N and rg,mg € RGE)N(N2). So
y =31 rgmy + N1 € RGEy(Na)/Ni.

Now let © € RGEpN(N2)/Ny. So z = Ef 1 8¢y + N1 such that sy, € h(R )
mg, € h(M) and there exists n; € N such that syimgy € Ny for each i = 1,2, ...
So syi(mg + N1) € N2/Ny and sy, (my + Ni) € RGEM/N1 (N3 /Ny). Therefore
T = Zle Sg:Mygr + N1 = Zle Sq, (mgg + N1) € RGEp/n, (N2/N1).

(ii) Tt is clear by [2, lemma 2.8]. O

Corollary 4.2. Let N, N’ be graded submodules of graded R-modules M, M’ such
that M/N = M'/N'. Then Gry(N) = RGEyN(N) if and only if Grap (N') =
RGEy/(N').

Proof. By lemma 4.1, we have the following implications:
Gry(N) = RGEy(N) < Gry(N)/N = RGEpN(N)/N
=4 G’I"M/(N/)/N/ = RGEM/(N/)/N/ = GTM/(N/) = RGEM/(N/) O

Corollary 4.3. Let N, L be graded submodule of graded R-module M such that
M=N+1Land Gr,(NNL)= RGEL(NNL). Then Grp (N) = RGEp(N).

Proof. Note that M/N = (N + L)/N = L/N N L. Apply Corollary 4.2. O

A graded R-module M is said to be a Gr-semisimple module if every graded
R-submodule of M is a direct summand of M. It is clear that every graded sub-
module of a Gr-semisimple module is Gr-semisimple.

A graded submodule K of a graded R-module M is said to be Gr-small submod-
ule in M, written K <g, M if for every graded submodule L C M, the equality
K+ L= M implies L = M.

The intersection of all graded maximal submodules of a graded R-module M is de-
noted by GRad(M). If M has no graded maximal submodule we set GRad(M) =
M.
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Lemma 4.4. For a graded R-module M, we have
GRad(M) =({K C M | K is a graded mazimal in M}
=>Y>{LC M| LisaGr—small submodule in M}.

Proof. The first row is just the definition. If L <, M and K is a graded maximal
submodule of M not containing L, then K C L+ K C M so L+ K = M. As
K is a graded maximal submodule, then K = M, since L <g, M. Hence every
Gr-small submodule of M is contained in GRad(M).

Now assume that m € GRad(M)Nh(R), U C M with Rm+U = M and U is a
graded submodule of M. If U # M, set A = {K | K is a graded submodule

of M withU C K and m ¢ K}. Then A # (). By Zorn’s lemma there is a graded
submodule L of M maximal with respect to U C L and m ¢ L. So M = Rm + L,
now we show that L is a graded maximal submodule of M. Let L’ be a graded
submodule of M and L C L' C M. We divide the proof into two cases:

Casel Ifm¢ L' then L' € Aand L=1L"

Case 2 If me L/, then M = Rm+ L' and so L' = M.

So L is a graded maximal submodule of M. But m € GRad(M) C L is a con-
tradiction. So U = M and Rm <, M. Since GRad(M) is a graded submodule
of M and every element of GRad(M) is a finite sum of homogenous elements,
therefore the result holds. O

Lemma 4.5. Let M be a Gr-semisimple R-module. Then GRad(M) = 0.

Proof. Since M is a Gr-semisimple R-module so M has no proper Gr-small sub-
module, then by lemma 4.4, GRad(M) = 0. O

Lemma 4.6. Let M be a graded R-module and M' be a graded submodule of M.
If P is a graded prime submodule of M, then PN M’ is a graded prime submodule
of M'.

Proof. Set L = PN M’'. Since P and M’ are graded submodules of M so L is a
graded submodule of M. Let rm/ € L for some r € h(R) and m € h(M’) C h(M).
Then rm’ € P. Som’ € P or rM C P since P is a graded prime submodule of M.
Thus m’ € L or rM’ C L. Therefore L = PN M’ is a graded prime submodule of
M. O

Lemma 4.7. Let M = M’ ® M" be a graded R-module, M' and M" be graded
submodules of M such that M" is a Gr-semisimple module. Then Gry(N) =
Gra(N) for any graded submodule N of M.

Proof. Let N be a graded submodule of M’. Since M" is Gr-semisimple and
GRad(M') = 0, so there exists a collection of graded maximal submodules P;(i €
I) of M" such that (;c; P; = 0 and there exists a collection of graded prime
submodules Q;(j € J) of M’ such that Grap(N) = (;c; @;. We show that for
alli eI and j € J, M' & P, and Q; & M" are graded prime submodules of M
containing N. First we show that for each i € I, L' = M’ & P; is a graded prime

submodule of M containing N, the proof for Q}; & M" is the same.
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Let rm € L' = M’ & P, for some r € h(R) and m € h(M). So m = m’ +m” for
some m’ € M" and m” € M". Thus r(m —m') =rm” € P,. f m —m’ € P;, then
m=m'+(m-m')e M' P, frM" C P;, then tM =rM' &rM" C M'® P,.
Hence

Gru(N) S ANy, (M’ @ Pi)}n{ﬂjeJ(Qj e M")} = ﬂjeJ Q; = Grar(N). By
lemma 4.6, Grap(N) C Gras(N). O

Let M and M’ be two graded R-modules. A morphism of graded R-modules
f:M — M'is a morphism of R-modules verifying f(M,) C M, for every g € G.

Lemma 4.8. Let M and M’ be two graded R-modules and N be a graded R-
submodule of M. If f : M — M’ is a morphism of graded R-modules, then f(N)
is a graded submodule of M'.

Proof. Let N = ®geG Ny such that Ny = NN M, for all g € G. Since f is a
morphism of graded R-modules so f(Ng) = f(N) N M,. We show that f(N) =
D cc f(Ng). Let y € f(N). Then y = > o my such that mj € Mg for all
g € Gand y = f(n) for some n € N. Thus n = 3 . ng, since N is graded.
Without loss of generality we can assume that n =Y | ny, and ngy = 0 for each
g ¢{91,....9n}. Therefore f(n) =>""" | f(ng,) = y. But every element of M’ has
unique representation, so mj, = f(ng,) € f(Ng,) C f(N) for some h; € G and
my, = 0¢€ f(N) for all h ¢ {hq,...,h,}. Therefore mj € f(N) for all g € G and
f(N) is a graded submodule of M. O

Theorem 4.9. Let M = M' & M" be a graded R-module, M' a Gr-McCasland
R-submodule and M" a Gr-semisimple R-submodule of M. Then M is a Gr-
McCasland module.

Proof. Let N be a graded R-submodule of M. It suffices to show that Gry (V) C
RGEp(N). Let m : M — M"” be the natural epimorphism. It is clear that
7 is a morphism of graded modules. Thus 7(N) C M” is a graded submodule
of M" by lemma 4.8. So there exists a graded submodule N of M" such that
M" = 7(N) & N". Then M = M’ & M" = M' & n(N) & N”. We show that
M =N+ (M & N"). Le¢t m € M. So there exists m' € M’', x € n(N) and
n” € N such that m = m’ + « + n”. Since z € w(N), so w(n) = = for some
n € N. Thus n = n; + na for some ny € M’, ng € M" and ny = w(n) = z. So
m=m'+z+n" =m'+n—n;+n" =n+(m' —ny)+n"’, then m € N+ (M’ &N").
Now consider submodule L = NN (M’ @& N") of graded R-module H = M’ & N”.
L is a graded submodule because N, M’ and N” are graded. Let «' : H — N”
be the natural epimorphism. Then n'(L) C #(N)NN" =0, s0 L C M'. As
N""is Gr-semisimple and M’ is a Gr-McCasland R-module, then by lemma 4.7,
Gru(L) = Grap (L) = RGEy (L) € RGE(L). So Grg(L) = RGEx(L). Then
by Corollary 4.3, Grp;(N) = RGEpN(N) since M =N+ H and L=NNH. 0O

Corollary 4.10. Let R be a graded R-module. Then every Gr-semisimple R-
module is a Gr-McCasland module.
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5 Gr-Divisible Modules

In this section we list some basic properties of graded divisible Module and
we will show that every Gr- divisible Module is McCasland.
Let R be a graded ring. We say that R is a Gr-integral domain whenever a,b €
h(R) with ab = 0 implies that either a =0 or b = 0.
Let R be a Gr-integral domain. A graded R-module M is called Gr-divisible if
aM = M for all 0 # a € h(R).
If R is a graded ring and M is a graded R-module, the subset T'(M) of M is
defined by T(M) ={m € M : rm =0 for some 0 #r € h(R)}.
Clearly, if R is a Gr-integral domain, then T (M) is a graded submodule of M.
T(M) is called the Gr-torsion submodule of M. A graded R-module M is called a
Gr-torsion module if M = T(M) and is called Gr-torsion free module if T'(M) = 0.

Lemma 5.1. Let R be a Gr-integral domain, M be a graded R-module and N a
proper graded submodule of M. Then N is a graded prime submodule of M or if
T(M/N) = L/N is the Gr-torsion submodule of M/N, then L = M or L is a
graded prime submodule of M containing N.

Proof. By the definition T(M/N) ={m+ N € M/N :rm € N for some 0 # r €
h(R)}. We divide the proof into two cases:

Case 1 Let the graded R-module M/N be Gr-torsion free. Then T'(M/N) = 0.
If I = (N : M) #0, then there exists 0 # r € I such that rM C N. So for every
méeM,rim+N)=rm+ N =N, then m+ N € T(M/N) =0 and m € N.
Therefore N = M is a contradiction. Thus I = (N : M) = 0. So M/N is a
Gr-torsion free R = R/0-module and I = (N : M) = 0 is a graded prime ideal of
R. So by [2, Theorem 2.11], N is a graded prime submodule of M.

Case 2 If M/N isn’t Gr-torsion free R-module, then T(M/N) = L/N # 0. If
M/N is Gr-torsion, then T(M/N) = M/N and L = M. If M/N isn’t Gr-torsion,
then by [6, Proposition 2.6], T(M/N) is a graded prime submodule of M. Then
by [2, Lemma 2.8], L is a graded prime submodule of M containing N. O

Lemma 5.2. Let R be a graded ring and M, M’ be two graded R-modules and
o : M — M’ be an epimorphism of graded modules. Let N be a graded submodule
of M such that Kero C N. Then

(i) If P is a graded prime submodule of M containing N, then ¢(P) is a graded
prime submodule of M’ containing p(N).

(ii) If P' is a graded prime submodule of M’ containing p(N), then ¢~ (P’) is a
graded prime submodule of M containing N.

Proof. The proof is a direct consequence of the definition. O

Lemma 5.3. Let M, M’ be graded R-modules and N' be a graded submodule of
M'. Let o : M — M’ be an epimorphism of graded R-modules. Then

(i) o= (Grar (N')) = Grar(p~ ' (N'))

(ii) oY (RGEN(N")) = RGEy (p~1(N))
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Proof. (i) Let z € Gra(¢~*(N')) and L be a graded prime submodule of M’
containing N’. Then by lemma 5.2, ¢~ !(L) is a graded prime submodule of M
containing ¢~ H(N'). So Gra (¢~ H(N')) € ¢~ 1(L), then = € ¢~ (L) so ¢(z) € L.
Therefore p(x) € Grap(N'), then z € o~ H(Grap (N')).

Now suppose that y € ¢~ 1(Gry(N')) and K be a graded prime submodule of M
containing ¢~ 1(N’). It is clear that Kery C ¢~ 1(N’), so by lemma 5.2, ¢(K) is
a graded prime submodule of M’ containing N’. Thus Gra;(N') C ¢(K), then
o(y) € Grap(N') C p(K). So there exists m € K such that ¢(y) = ¢(m), then
y—m € Kerp C o 1(N') C K. Therefore y € K, so y € Gra (¢ H(N')).

(ii) Let rm € GEp(¢~Y(N')) for some m € h(M) and r € h(R). So there
exists n € N such that r"m € ¢~ }(N’), then r"¢(m) = ¢(r"m) € N’, so
o(rm) = ro(m) € RGEy/(N') since r € h(R) and ¢(m) € h(M’). Therefore
rm € ¢ Y (RGEyN/(N")).

Now let z € o Y (RGEy/(N')). So ¢(z) € RGEp:(N'). Without loss of gener-
ality we can consider p(z) = Zle rgi:r’g; such that r,, € h(R) and xlgé € h(M")
for each i = 1,2,...,k. So there exists n; € N such that r;jix'gé € N’ for each
1 =1,2,...,k. Since @ is an epimorphism of graded R-modules and x'g{ € h(M'),
then there exists v, € h(M) such that p(zy) = a)‘;;. So p(ryizy ) = rj;x;; e N/,
then rjizg € o ' (N'). Thus rg,z, € GEn (o~ (N')) for each i = 1,2,...,k. On
the other hand, ¢(z — Zle rgi:cgg) =0. So fole Tg, g € Kerp C e N (N') C
RGEuN (¢~ Y(N")). Therefore x € RGEy (¢~ 1(N')). O

Let M be a graded R-module. Then a graded homomorphic image of M is a
graded R-module M’ with an epimorphism of graded modules ¢ : M — M’.

Theorem 5.4. Let M be a Gr-McCasland R-module. Then every graded homo-
morphic image of M is Gr-McCasland.

Proof. Let M’ be a graded homomorphic image of M. Then there exists an epi-
morphism of graded modules ¢ : M — M’. We show that M’ is an Gr-McCasland
module. Let N’ be a graded submodule of M’. Then ¢~!(N’) is a graded sub-
module of M and since M is Gr-McCasland R-module, then Gry(¢~1(N')) =
RGEpN (¢~ Y(N)). So by lemma 5.3, ¢~ 1(Grap(N')) = ¢~ Y(RGEp/(N')). Then
Gry(N') = RGEp(N') since ¢ is an epimorphism. O

Theorem 5.5. Let G be a group and R be a Gr-integral domain. Let M =
My + My be a graded R-module, My a Gr-McCasland submodule of M and My be
a Gr-divisible submodule of M. Then M is a Gr-McCasland R-module.

Proof. Define o : M7 — M/Ms with a(s1) = s1 + My for every element s; € M;.
It is easy to see that « is an epimorphism of graded modules. Since M; is Gr-
McCasland, so by Theorem 5.4, M /M, is Gr-McCasland. Let N be a graded sub-
module of M. It suffices to show that Gra(N) C RGEp(N). Let m € Gry(N).
Then m—|—M2 S (GT’M(N) + Mg)/MQ = GTM/]\/IZ(N+M2/M2) = RGEM/Mz(N +
My /Msy), since M /My is Gr-McCasland. So m + My = Z§=1 7g: (kg + Ma) and
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m—3"_, 19, kg € My such that ry, € h(R), kg € h(M) and there exists s; € N
such that rgik, € (N + M) N My, for each 4 =1,2,..,t. So there exist n; €
NNM gyl and d; e MoNM gyl such that ryik,, —nH—d foreacht=1,2,...,t.
By hypothes,ls My is Gr- d1v1s1ble so there ex1sts ¢; € My such that d; = rslci for
eachi=1,2,....t. Thus rgi(ky —c;) =rgiky, —di =n; € N. Nowwewanttoshow
that kg — ¢; € h(M) for each i = 1,2,. t Since kg € My, it suffices to show
that ¢; € Mg . Ifd; =0, thenc; =0 ¢ M . So suppose that d #0. Let ¢; € Mh
for some h; € G. Then 0 # ryici = d; ¢ Mgsi gr OV Mgeip,, . Thus 9itg, = gith;.
So g; = h; since G is a group. So 7, (kg — cz) E RGEM( ) C Gryr(N) for each
1=1,2,....,t. But m — lel Tg:ikgr, Zz:l rg,Ci € Ma so there exists © € M such
that m —>'_, 7g: (kg —¢i) = x. Then x € Grayr(N) N M. Now by lemma 5.1, we
divide the proof into two cases:

Case 1 If N is a graded prime submodule of M, then Grp(N) = RGE)(N) = N.
Case 2 If T(M/N) = L/N is Gr-torsion submodule of M /N, then L = M or L is
a graded prime submodule of M containing N. Therefore Gry(N) C L,soxz € L
and x+N € T(M/N). Thus there exists 0 # ¢ € h(R) such that cx € N. Since Mo
is Gr-divisible module, so there exists y € Mo such that x = cy so c*y = cx € N.
Since y € M, without loss of generality we can assume that y = 22:1 mg, and
my, = 0 for each h ¢ {g1,...,q1}. Then c?y = Zizl c*mgy, € N. Then ¢*m,, € N
foreachi=1,...,1, since N is graded. Then cm,, € RGE)(N) foreachi=1,...,1
Therefore z = cy = Zi:l cmg, € RGEy(N), then m =« + 22:1 rgi(kg; —¢) €
RGEp(N) and Gray(N) C RGEy(N). O

Corollary 5.6. If G is a group and R is a Gr-integral domain, then every Gr-
divisible R-module is a Gr-McCasland module.
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