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1 Introduction and definitions

Let A denote the class of functions of the form

f(z)=z+ Z anz",
n=2

which are analytic in the open unit disk & = {z : |z| < 1}. A function f belonging
to A is said to be starlike of order « if it satisfies

Re (Zj:(g)) >a  (zeU)

for some a(0 < a < 1). We denote by S*(a) the subclass of A consisting of
functions which are starlike of order « in U. Clearly S*(0) = S*the class of all
starlike functions with respect the origin.

Recently, Breaz and Breaz in [3] and Breaz et al. [7] introduced and studied
the integral operators

Fo(z) = O/ (flt(t))a <f"t(t)>a it (1.1)

and
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z

Fareeon () = [[(H)™ o (Fote)™ e (1)

0

where f; € Aand for o; > 0, for all i = 1,...,n (see also [1} 14, [6]).

Breaz and Giiney [5] considered the above integral operators and they obtained
their properties on the classes S (b), Cn(b)of starlike and convex functions of
complex order b and type « introduced and studied by Frasin [8] (see [2]).

Very recently, Frasin [9] obtained some sufficient conditions for the above inte-
gral operators to be in the classes §*, C(«) and UCV, where C(«) and UCV denote
the subclasses of A consisting of functions which are, respectively, close -to-convex
of order a(0 < av < 1) in & and uniformly convex functions.

In the present paper, we obtain some sufficient conditions for starlikeness of
the above integral operators F, and Iy, . q, -

In order to derive our main results, we have to recall here the following results:

Lemma 1.1. ([10]) If f € A satisfies

z2f"(2) B+1
Re{l—i— 70 }<2(ﬂ—1) (zel) (1.3)
for some 2 < (3 < 3, or
zf"(2) 56 —1
Re{1+ 70 }<2(5+1) (zel) (1.4)
for some 1 < 3 < 2,then f € S*.
Lemma 1.2. ([10]) If f € A satisfies
2f"(2) B+1
Re{l—i— 70 }>_zﬁ(ﬁ—1) (zel) (1.5)
for some g < —1, or
z2f"(z) 30+1
Re{l—i— ) }>2ﬂ(6+1) (z€l) (1.6)
for some § > 1,then f € S* (%—?) .

2 Starlikeness for the integral operator F,
Applying Lemma 1.1, we derive

Theorem 2.1. Let o; > 0 be real numbers for alli =1,...,n. If f; € A for all
i=1,...,n satisfies
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SN _ L 3-8
Re( £.) ) A G €W (2.1)
for some 2 < 3 < 3, or
N C P CEr
: < fi(2) ) < G+ €W (2.2)

for some 1 < 8 < 2,then F,, € §*.

Proof. Tt follows from (I1.1)) that

Fl(z) = (ﬁiz))“ (f”z(z))a (2.3)
F

o= (B D

Then from (2.4) , we obtain

Thus we have

FUE) s ()
) 2 (5 (25)

or, equivalently,

FUE) N (2
EG T2 ’(f—(z)

1=1 v

)—Fl—Zai. (2.6)
i=1
Taking the real part of both terms of (2.6)), we have

Re (1+ Zg;((;))) - zn:alRe (Zf(())> +1—zn:ai

i=1 =1

— oRe (Zf1 )+ asRe <2f2 >+ .

2 (2) ottt
+a,Re (fn()>+1 [ + g+ -+ anl, (2.7)

using the hypothesis (2.1) it follows from (2.7) that

2F)/(2) 3-p 3-0
Re(” F,a<z>) < @ <1+2([3—1)na1>+a2 <”2<ﬂ—1>na2)+

3—-0
tan (1 + 2(8 — Dnay,
6+1

SEESVI

>+1[a1+a2+~~+an]




144 Thai J. Math. 8(1) (2010)/ B.A. Frasin et al.

for some 2 < 8 < 3. Also from the hypothesis (2.2) and (2.7), we get
2F"(z) 50 —1
Re[1+ —2 < z€eU),
(1+55) <dop v
for some 1 < § < 2. Hence by Lemma (1.1, we get F,, € §*. This completes
the proof. O

Letting n =1 ,a; = a and f; = f in Theorem 2.1, we have

Corollary 2.2. Let a > 0. If f € A satisfies

27 (2) 3-8
f“(ﬂa)<1+mw4m (= €ll),

for some 2 < 8 < 3, or

2f'(2) 3(-1)
RC(f(Z))<1+2(6—|—1)CY (zeLl),

for some 1 < 3 < 2, then [ (@) dt € §*.
0

Applying Lemma (1.2, we derive

Theorem 2.3. Let a; > 0 be real numbers for alli=1,...,n. If f; € A for all
i=1,...,n satisfies

2iL) por o1
Re( fi(2) ) " - Dna, G W (2.8)

for some 3 < —1, or
2fi(2) B—262+1
re(55) > e CEW 29)

for some B > 1, then F,, € §* (%—El) .

Proof. Using (2.7), (2.8), (2.9) and applying Lemma (1.2, we have F,, € §* (BT‘EI) )
O
Letting n =1 ,a1 = a and f; = f in Theorem 2.3, we have
Corollary 2.4. Let a > 0. If f € A satisfies

zf'(2) B-23%—-1 B
}%<f&))>1+2MﬂDa (= €td).

for some B < —1, or

zf'(2) B—26%+1 B
}“<f@>)>1+2Mﬁ+na (zth),

for some B > 1, then f (@)adt e S* (’32—;1) .
0
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3 Starlikeness for the integral operator F, .,

Applying Lemma [1.1/, we derive

Theorem 3.1. Let a; > 0 be real numbers for alli =1,...,n. If f; € A for all
i1=1,...,n satisfies

27 (2) 3-p
Re( 8 > < 305~ e, (3.1)
for some 2 < 3 < 3, or
2fi'(2) 3(8-1)
Re(%e7) < aeom 32

for some 1 < B < 2,then Fy, . o, €S*

Proof. From (1.2) , we easily get

7o - xe (i) 5

re(1+ FEF) = 13 (F5)
oo () o ()
+anRe ( Zﬁg)) : (3.4)

which, in the light of the hypothesis (3.1), yields
2FY (2) 3-8 3-0
R 1 O yenny (e 7%) < 1 ..
o1+ Py ) ) < e (o) o (5 ) *

3—0
e (zm— 1>nan)
< Q(Bﬁtll) (z elh),

for some 2 < § < 3.0n the other hand, by the hypothesis (3.2)) and (3.4), we

have o @) P
z z 50 —1
R 1 Q1y.eeyQip <
e( " ) 2(6+1)

U
F/ (Z) (Z e )7
for some 1 < 8 < 2. Hence by Lemma 1.1, we get Fi,, .. o, € S*. O

Q1,...,0n
,,,,, n



146 Thai J. Math. 8(1) (2010)/ B.A. Frasin et al.

Letting n =1 ,a1 = a and f; = f in Theorem 3.1, we have

Corollary 3.2. Let a > 0. If f € A satisfies

fe (f<(>)> <51

for some 2 < 3 < 3, or

2f"(z) 3(6-1)
fte < 7(2) ) <3261 Do

forsomel<ﬂ<2thenf Y dt € S*.

Finally, we have

Theorem 3.3. Let a; > 0 be real numbers for alli=1,...,n. If f; € A for all
i=1,...,n satisfies

f// _ 252 —1
< iy (3.5)
for some 8 < —1, or
f” —-242+1 (3.6)
25 ﬁ +1 naz .
x (B
for some 3 > 1, then F,, LES (—ﬁ)

Proof. The theorem follows easily by using (3.4), (3.5), (3.6) and applying Lemma
1.2, O

Letting n =1 ,a1 = a and f; = f in Theorem 3.3, we have

Corollary 3.4. Let a > 0. If f € A satisfies

(2@ | B2 -1
i ( 72 ) > 30~ Ta

for some B < —1, or

(270 | B2
i < 72 ) ” BB+ Da

for some 3 > 1, then then f “dt € S* (ﬁH) )
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