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Abstract : In this paper we study the minimal surface in three dimensional
Heisenberg group Heiss. We use Levi-Civita connections and obtain mean curva-
ture of Lorentzian Helicoid. We characterize the Lorentzian Helicoid and obtain
the condition of being minimal surface for Lorentzian Helicoid.
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1 Introduction

The helicoid is generated by spiraling a horizontal straight line along a vertical
axis, and so, it is a ruled surface which is also foliated by helices.

In Euclidean Geometry there are two equivalent approaches from which the
notion of mean curvature of a submanifold arises. One starts with the definition
of the second fundamental form as the orthogonal component of the directional
derivative of a tangent vector field to the submanifold, and the mean curvature
appears as the trace of the second fundamental form. The other one considers
the volume functional defined on the submanifolds of the same dimension and the
mean curvature appears as the gradient of this functional. In this paper, we use
the trace of the second fundamental form when computing the mean curvature
of the surface. It is known that if M C R? is a minimal surface the Gaussian
curvature K < 0 and defined on the whole plane is either a plane or has an image
under the Gauss map that omits at most two points.

In [1] it is studied that helicoids are axially symmetric minimal surfaces and
it is shown that helicoid is a minimal surface in Heisenberg space which is given
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by the metric
A\ 2
ds?® = dz® + dy?® + <2 (rodx — z1dy) + dz) , AF#O. (1.1)

In [2] it is studied that Gauss map in the Heisenberg group which is endowed
with the metric (2.1) for A = 1.

In [6] minimal surfaces in the three dimensional Heisenberg group are studied
and the authors obtain Weierstrass representation of Heisg, which is endowed with
the metric in 2.1 for A = 1.

In [8], it is classified that space-like ruled minimal surfaces in a three dimen-
sional Minkowski space R3. Kobayashi derives two kinds of Weierstrass- Enneper
representations for space-like surfaces.

In [11] minimal surfaces and one-parameter subgroups in the three dimensional
Heisenberg groups are studied. The authors obtain a characterization of the one-
parameter subgroups. Then Frenet formulas for one-parameter subgroups of Heiss
are calculated.

In [15], it is given equation of minimal surfaces in three dimensional Minkowski
space R$. Woestijne obtained the plane, the helicoid, the catenoid are minimal in
Minkowski space R3.

Let M be a 2-manifold and 2 : M — (M 3, g) an immersion into a Lorentzian
3-manifold. We denote by ¢ the pull-backed tensor field of g by € :

g =g (d2,dQ).

Then

i. (M,g) is said to be non-degenerate if g is non-degenerate, i.e., det(g) # 0
on M.

ii. (M,g) is said to be a spacelike surface if g is a Riemannian metric, i.e.,
det(g) > 0.

iii. (M, g) is said to be a timelike surface if det(g) < 0.

Let M be a spacelike surface or timelike surface in M . Then we can take a
local unit normal vector field N such that

~ B B 1 M is spacelike
g(N.N)=¢, e= { —1 M is timelike

The constant ¢ is called the sign of M.
Definition 1.1. The second fundamental form h derived from N is defined
by
VxY =VxY +h(X,Y)N
where XY € x (M) , V and V are Levi-Civita connections of M and M, respec-
tively.

Definition 1.2. A spacelike surface is said to be a maximal surface if H = 0.
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Definition 1.3. A timelike surface is said to be a extremal surface (or minimal
surface) if H = 0.

In [12] and [13] it is shown that three dimensional Heisenberg group has the
following left-invariant Lorentz metrics

g = —dz®+dy* + (vdy + dz)2
go = da® 4 dy? — (wdy + dz)?
g3 = da® + (zdy + dz2)* — (1 — ) dy — dz)*.

and some geometric properties of the Heisenberg group Heiss endowed with a
Lorentz metric are studied.

Let © (u) be a curve parametrized by w. Then we have these possibilities;

i. g(,Q) > 0 and g(Q",Q") > 0. Spacelike curve with spacelike normal.

ii. g(2,Q) > 0 and ¢g(©",9Q"”) < 0. Spacelike curve with timelike normal.

iii. g(Q, Q) > 0 and g(Q”,Q"”) = 0. Spacelike curve with null normal.

iv. (€, ) <0 and g(2”,Q") < 0. Timelike curve.

v. g(, Q) =0 and g(Q",Q") > 0. Null curve

Recall that when €2 (u) is a non—null curve in Heiss with spacelike or timelike
rectifying plane, then the Frenet equations are

VrT = kN

VN = —¢ee; kT +7B

VrB = —€e7™N

where ¢ = g(T,T) = £1, ¢ = g(N,N) = +1, e = g(B,B) = +1 and
eoere2 = —1,[5]. If Q (u) is a nullike curve the Frenet equations are

VTT = kN
VN = —kB+71T
VrB = 71N

where g(T,T) =1, g(N,N) =0, g(B,B) =0, 9(T,N) =0, g(T, B) = 0, g(N, B) =
1,[6].

Lemma 1.1. Fach left invariant Lorentz metric on the Heisenberg group
Heiss is isometric to one of the metrics g1, g2, g3, [12].

Proposition 1.1. The left invariant Lorentz metric gs is flat, [12].

In this paper we obtain a characterization of the Lorentzian Helicoid in three
dimensional Heisenberg group which is given by the Lorentz left invariant metrics

go = dz® + dy? — (zdy + dz)2 .
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and
g3 = da? + (zdy + dz)* — (1 — z) dy — dz)?

We find that the Lorentzian Helicoid has different properties in (Heiss, g2) and

. (H€i83,g3) .
Heisenberg group is a matrix group which is given by:

Heiss = ,x,y,z €R

O O =
o =R
[l SR\

In Heisenberg group the group multiplication is:

1 1
(w1,y1,21) - (T2, Y2, 22) = (961 +Z2,Y1 +Y2,21 + 22 + 53313/2 - 22/1@) .

The Lie algebra of the Heiss is

0 U us
heiss = 0 0 we |,u,ug,uz €R
0 0 O

The orthonormal bases of the heiss are
01 0 0 0 O 0 0 1
EFr=]10 0 0|, E3=]00 1], E3s=[010 0
0 0O 0 0O 0 0O

of the tangent space at the identity.
In this paper we will use the left invariant Lorentz metrics g, and gs. For the
metric
g2 = da® + dy? — (zdy + dz)?

we have the orthonormal frames

_ 9 ,_,9_ 9 __9
_ax, o =X €3 =

0z Oy’ 0z

€1

For the metric
g3 = da® + (zdy + dz)* — (1 — z) dy — dz)?

we have the orthonormal frames

0 0 0 0 0

9 A P =
oz’ 2 8y+( x)az’ Ay Yoz

€1 =

The element zero 0 = (0,0,0) is the unit of this group structure and the inverse
. -1
element for (z, t)is (z, t) = (—z, —1).
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Let a = (z,t) and b = (w, s). The commutator of the elements a, b € Hj is
equal to

[a,b] = aba 'b!
(z,t) (w, s) (=2, —t) (—w, —s)
= (z4w—z+wit+s—t—s+a)=(0,a)

where a # 0 in general. This shows that Hj is not abelian. On the other hand for
any a, b, ¢ € Hs, their double commutator is:

[[av b} 70] = (070)

This implies that Hj is a nilpotent Lie group with nilpotency 2.
We know that in E? a Helicoid is a minimal regle surface. In this paper we
want to make a characterization of Helicoid in (Heiss,g) .

2 Lorentzian Helicoids in Three Dimensional Heisen-
berg Group

2.1 Minimal Surfaces in Lorentzian Heisenberg Group (Heiss, g2)

Lorentzian Helicoid has coordinates
T = coshvcosu
P (u,v) =< y=coshvsinu (2.1)
z=u
Let three dimensional Heisenberg group Heiss is given by the left-invariant Lorentz

metric
go = dz® + dy? — (zdy + dz)2 .

The Lie algebra of Heisz has the orthonormal bases

9 ,_,9_ 39 0
ar’ 27 %o, Ay’ -0z

Lie brackets of these orthonormal basis are

€1 =

[61, 62] = €3, [61, 63} = [62,63] = 0
Then we have the Levi-Civita connections

V61€1 = v62€2 = Vegeg = 07

Ve ez = —Ve,e = 568
1
Ve €3 = Vo1 = 362
1
V6263 = v6382 = — $é€1,

2
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Theorem 2.1: Lorentzian helicoid in three dimensional Lorentzian Heisen-
berg group which has left-invariant Lorentz metric ga, is a minimal (or mazimal)
surface if

v =0.
O

Proof. By differentiating (2.1) with respect to u and to v we deduce the
following:

0

P, = *COSh’USiHU% + coshvcosu(% + P

= —coshwvsinue; — coshv cosues + (cosh2 veos?u + 1) es

. 0 . .
P, = sinhvcosu— + sinhvsinu—

or oy

= sinh v cosue; — sinh v sin ues 4 cosh v sinh v cos u sin ues

Now we will calculate ||P,||%, g (P, P,) and ||P, | :

IP.|I* = g1 (Py, P,) = cosh® v — (cosh2 v cos? u + 1)2 (2.3)
g2 (Pu, Py) = — (cosh2 vcos® u+ 1) (cosh v sinh v cos usin u) (2.4)
|P,||> = g (Py, P,) = sinh?® v — (coshvsinh v cos usinu)” . (2.5)

The normal vector field of the Lorentzian helicoid is given by the following formula:
N =P, x Py;
Then we obtain the following:
N = sinhwvsinue; — sinh v cosu (1 + cosh? v) e9 + cosh v sinh ves.

Now we can calculate the components of the second fundamental form of
Lorentzian helicoid:

N — cosh® v sinh v cos u sin u (cosh2 vcos? u + 1)
hll =4g quPuai =
il TN
N sinh? v
hio = g <vp P,, ) = —————(sin®u (2cosh®vcos? u + 1
“Poiag) = ey e )
+cosPu (cosh2 vecos? u — cosh? vsin? u + 1)
X (cosh2 v+ 1) — cosh v cos® u(— cosh? v
+ cosh v(cosh? v + cos® u + 1))
N sinh® v cosh v sin u cos u (Cosh2 v + cos® u + 1)
h13 =g VPvPUai =
IVl V|
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The mean curvature of this surface

1 —1
H = Qgij hij

is zero if and only if

sinhv=0 = v=0
The sectional curvature associated with e;, e; 1 <i,7 <3 is
K (ei,ej) =g (Reiej (e:) 7ej) .

So, we can obtain the following:

3

K(el,ez) = _Z
1
K (e1,e3) = 1
1
K(eg,eg) = 1

Principle Ricci curvatures are:

7"(61) = _%7 T(BQ) = _%a 7(63) = 5

and the scalar curvature is:

r(e1) +r(e2) + r (e3)
1

5"

P

2.2. Frenet Formulas for Lorentzian Helicoid in (Heiss, g2)

Definition 2.1 A curve in Heiss is a reqular mapping of an open interval
I C R into Heiss.

We denote by {T'(s),N(s), B(s)} the moving Frenet frame along the curve
a(s). T(s), N(s) and B(s) are the tangent, the principal normal and the binormal
vector of the curve a(s) ,respectively.

In this section we derive some results for the curve a whose coordinates are:

T =cosu
P(u)=4¢ y=sinu . (2.6)
z=u

Differentiating (2.6) with respect to u we deduce that:

P’ (u) = —sinue; — cosuez + (1 + cosu) es (2.7
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and
P (u) = — cosuey + sinues — 2 cos usinu (2.8)

where {eq, €9, e3} is the left-invariant frame associated with the basis {E1, Eo, F3}
of the tangent space of Heiss at the identity. From (2.7) and (2.8) we have that:

g2 (P’ (u), P (u)) =1 — (1 +cos®u)’ (2.9)
and
g2 (P (u), P" (u)) = 1 — 4cos? usin® u. (2.10)
So, from (2.9), if
cosu = 0,
u = 2kmw+ g,

the curve is timelike, otherwise the curve is null. From (2.10) , we have the following

cases:
i) If

3
u=m+ 2kmw, 2k, g + 2km, g + 2k,

the normal is spacelike,
ii) If

u:£+2k7r7

the normal is null.
iii) For all cases except (i) and (ii), the normal is timelike.

Case 1: Let the curve be timelike, and the normal be spacelike. In this case
we will use the Frenet equation

VrT = kN (2.11)
VN = kT +71B
VTB = —7N.
The unit vector field T which is tangent to « is:

—sinue; — cosues + (1 + cosu) eg

T:
\/1—(coszu—l—1)2

and the covariant derivative of T is:

1+ cos®u

1— (cos?u + 1)

VrT = (cosue; — sinues) .
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Now we calculate the curvature of « :

K IVrT|* = g (VrT, VrT)
1+ cos?u

1— (cos?2u+1)*

We know from (2.11) that the first Frenet formula is:
ViT = kN (2.12)

where N is the normal vector of a. So, from (2.12) the normal vector can be
obtained as:
N = (cosue; — sinues) .

From (2.11) we have

VrN =xrT+ 7B
Thus, we can calculate the following:

VrN —kT = ! - (1+ cos®u) (sinw)
2(1— (14 cos?u))2

X (3 — (1 + cos? u)) e1 + cosu (1 + cos? u) (3 — (1 + cos? u)) )
+ (2 —2(1+ cos? u)Z) es). (2.13)

From (2.13) we deduce that

! 2 ) (sinw — s?u))) e
B = (17(1+C0s2u))% ((1+ cos®u) ( ) (3= (1+cos’u)))

1 cosu (1 + cos? u) (3 _ (1 + cos? u)) es + (2 -2 (1 + cos? u)2> es)

and we can obtain )

2(1—(1+cos?u))’

Case 2: Let both the curve and the normal be timelike. In this case we will use
the Frenet equation

T =

VT =&kN (2.14)
VN =—kT + 1B
VTB = TN.

The unit vector field T" which is tangent to « is

—sinue; — cosues + (1 4 cosu) eg

T —
\/17((:052u+1)2
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and the covariant derivative of T is

1+ cos®u
1— (cos?u + 1)

VT = (cosue; — sinues) .

Now we us calculate the curvature of « :

K

V7T = g (VrT,VrT)
1+ cos?u
1—(cos?u+1)*

We know from (2.14) that the first Frenet formula is:
Vol = kN (2.15)

where N is the normal vector of a. So, from (2.15) the normal vector can be
obtained as:
N = (cosue; — sinues) .

From (2.14) we have

VN =—-kT + 7B

Thus, we can obtain the following:
1+ (1 + cos? u)2

VrN+kT = 3 (— (1 + cos? u) sin u) 61—(1 + cos? u) cos ues+2es3
2(1—(1+cos?u))z

Then we deduce that

1+ (1+ cos? u)2

B = 1
(1= (14 cos?u))?

(f (1 + cos? u) sin u) e] — (1 + cos? u) cos ues + 2eg

and we can obtain .

2(1—(1+cos?2u))’

Case 3: Let the curve be null. In this case we will use the Frenet equation

T =

VTT = kN
VN =—-kB+71T (2.16)
VTB =TN.

The unit vector field T which is tangent to « is:

—sinue; — cosues + (1 + cosu) es

T —
\/17((:os2u+1)2
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and the covariant derivative of T is:

14 cos?u
1— (cos?u+ 1)

VT = (cosue; — sinuesg) .

Now let us calculate the curvature of « :

K = HVTTH =g (VTT, VTT)
1+ cos?u
1—(cos?u+1)*

We know from (2.16) that the first Frenet formula is:
VT = &kN
where N is the normal vector of a. Then the normal vector can be obtained as
N = (cosue; — sinuesg).

If we denote
B = Bie; + Bgey + Bses,

from (2.16) we can deduce that:

Bi=By=0 and Bs= (1+0052u) \/1—((:052u+1)2.

Then we have that

B = (14 cos”u) \/1 — (cos?u+1)%es
and
1+ cos?u
2

T =
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