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1 Introduction

In 1994, Choudhury [1] introduced the notion of F-complete topological spaces
as a generalization of d-complete topological spaces due to Hicks[4] and complete
Menger spaces due to Schweizer and Sklar [7] as follows:

Definition 1.1. A function F : R — [0, 1] is said to be a distribution function if
(i) F' is non-decreasing
(ii) F is left-continuous

(iii) inf F(z) =0 and sup F'(z) = 1.
zER TER

The set of all distribution functions is denoted by Z.

Definition 1.2. (Choudhury [1]) Let (M, 7) be a topological space and
F: M x M — 2 be such that

(i) Fpy(0) =0forall z, y e M
(ii) Fypy(e) =1 for all e > 0 if and only if 2 = y.
(iii) If {x;} is a sequence of elements in M, {s;} is a sequence of non negative real

o0 o0
numbers such that > s; < co and [] Fy,»
: 1L

i=1 i=

i1(si) >0, then {z,} is convergent in
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(M, T). Then the triplet (M, 7, F) is called a F' - complete topological space.

Choudhury (1994) [1] studied conditions for the existence and uniqueness of
fixed points for selfmaps on F' - complete topological spaces. A further study on
the existence of common fixed points was done by Choudhury and Sarkar (1996)
[3] and Choudhury (1997) [2]. Continuing the same vein, Sastry and Srinivasa Rao
(2000) [6] proved fixed point theorems one is for single selfmap and the other for
two selfmaps.

Theorem 1.3. (Sastry and Srinivasa Rao [6]) Let (M, T, F) be a F- complete
topological space. Let T be a selfmap on M such that the following are satisfied:
there exists 0 < q < 1 such that for x, y € M, x # vy

Frary(tq) 2 Fay(t) fort >0 (1.3.1)
there exists x € M such that

x # Tx and Fup,(t) = 1 for some t >0 (1.3.2)

Foy=Fyg forallz, ye M (1.3.3)

Fy, oy — Fuoy whenever x,, — x and y, — y (1.3.4)

Then T has a unique fized point.

Theorem 1.4. (Sastry and Srinivasa Rao [6]) Let (M, 7, F) be a F - complete
topological space. Let S and T be two selfmaps on M such that the following are

satisfied:
there exists 0 < q < 1 such that for x, y € M, z=#y
Fsyry(tq) > Fuy(t) fort >0 (1.4.1)
there exists xo € M such that xo # Szo, Fys,, (t) =1 for somet > 0 and the
sequence {x,} defined by xon41 = Sxap, for =0, 1, 2, -+ and x9, = Txop_1 for
n=1, 2, --- has the property that
Tp F# Tpy1 forn=0,1, 2, - (1.4.2)
Foy = Fyg, forallz, ye M (1.4.3)
Fy, g — Foy, whenever xp, — x and yp, — . (1.4.4)

Then S and T have a unique common fixed point. In fact, the sequence {x,}
of (1.4.2) is Cauchy and hence converges to a point, say, z and z is the unique
common fized point of S and T.

Sastry and Srinivasa Rao [6] raised the following two open problems:
Open Problem 1. Is Theorem 1.3 true, if we replace (1.3.2) by
(1.3.2)' there exists € M such that z # Tz and sup Fyr,(t) = 17

>0

Open Problem 2. Is theorem 1.4 valid, if we replace in (1.4.2), ‘Fy,s, (t) =1’
for some t > 0 by sup Fy,g4,(t) =17
>0
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We answer these two open problems in Theorem 2.1 and Theorem 2.3 partially.
In 2000, Sastry and Srinivasa Rao [5] proved the following result.

Theorem 1.5. (Sastry and Srinivasa Rao [5], Corollary 2.4) Let (M, 7, F) be a
F - complete topological space satisfying:

there exists 0 < a < 1 such that for any x, y € M and s > 0,

(FSzTy(S) + FzSz(5>)(FSzTy(S) + FyTy(S)) > 4max{FxTx(§)FyTy(5)v
FwTw(S)FuTU(i)}

(1.5.1)

there exists xg € M, a sequence {\,} € (0, 1) and a sequence {t,} of positive
numbers such that

DA <00, Y ay, <00 and Fyog4,(tn) > 1 =N, forn=0, 1, 2, --- (1.5.2)
n=0

Foy=Fyg forallz, ye M (1.5.3)

Fyy, — Foy as @y =z and y, — y in (M, 7T) (1.5.4)

Foy(s) >0 foralls > 0 and for allz, y € M. (1.5.5)

Then S and T have the same fized point set which is a singleton.
Sastry and Srinivasa Rao [5] raised the following open problem:

Open Problem 3. Is the conclusion of Theorem 1.5 valid, if the 'max‘ on the
right hand side of (1.5.1) is replaced by 'min’?

We answer this problem partially in Theorem 2.4.

2 Main Results

In this section, Theorem 2.1 and Theorem 2.3, partially answer the two open
problems due to Sastry and Srinivasa Rao [6] by replacing the condition (1.3.2)
by (2.1.2) and (1.4.2) by (2.3.2) in Theorem 2.1 and Theorem 2.3 respectively .

Theorem 2.1. Let (M, T, F) be a F - complete Hausdor{f topological space. Let
T be a selfmap on M such that the following are satisfied:
there exists 0 < q < 1 such that for any x, y € M, x #vy

Frary(tq) > Fpy(t), fort >0 (2.1.1)
there exists xo € M and k € R such that 1 < k < % and

Fayrao (k") > 1= (kq)" (2.1.2)
Fuy=Fyg forallz, ye M (2.1.3)

Fy, y. — Fuy whenever x,, — © and y, — y. (2.1.4)
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Then T has a unique fized point.

Proof. Let zp be as in (2.1.2). Define {x,} by ©, = Tap_1, n =1, 2,
Fopire, (K"q") = Pro, 10, ,(K"q") = Fpp (K" 1) >0 > Fyg, (K™)

>1— (kq)™.

Hence [[ Fi, ., 2, (k"q™) >0 (since > (kq)" < 00).

n=1
Therefore {x,,} converges to z (say).

For any s > 0,

Fy,i12(89) = Fro,1:(5q) 2 Fy,2(s).

On letting n — oo, F.r.(sq) > F..(s) = 1.
Therefore Tz = z.

Uniqueness of z follows from (2.1.1).

Theorem 2.2. Let (M, T, F) be a F - complete topological space. Let S and T
be two selfmaps on M satisfying:
there exists 0 < q < 1 such that for any x, y € M with x # y

Fsory(tq) 2 Fry(q) fort >0 (2.2.1)
If ‘a’ is a fixed point for T and ‘z’ is a fixed point for S, then a = z. Thus
F(T) # ¢ and F(S) # ¢ implies F(T) = F(S) = singleton.

Proof. Clearly the proof follows from (2.2.1).

Note: In view of Theorem 2.2, if x,, = x,41 for one odd ‘n’ and for one even ‘n’,
then S and T have a unique common fixed point.

Theorem 2.3. Let (M, T, F) be a F - complete Hausdorff topological space. Let
S and T be two selfmaps on M such that the following are satisfying:

there exists 0 < q < 1 such that for any x, y € M with x # y

there exists xg € M and k € R such that xq # Sxg and 1 < k < % with
Frosa0(E™) > 1 — (kq)™ and the sequence {Fy, 4, ,(s)} is increasing for s > 0

where {x,} is defined by xon 11 = Sxa, forn =20, 1, 2, -+ and x9, = Txo,_1
form=1,2 --- (2.3.2)
Foy = Fyg forallz, y € M (2.3.3)
Fopyn = Fry a5 0 — 7 and g — (2.3.4)

then S and T have a unique common fized point.

Proof. Let 2y and {x,} be as in (2.3.2).
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Case(i). @, # xp41 for all n.
From (2.3.1)

F (kznq2n) = st2nT$2n71(k2nq2n) 2 Fm2n$2n71(k2nq2n71) > Z

T2n4+1T2n -

Fao5a0 (an)
Therefore it follows that, Fy o, (K"q") > Fios20 (k") > 1 — (kq)™.

Hence [] Fi, . ix,((Eq)™) >0 (since ) (kq)" < 00).
n=1 n=1

Therefore {x,,} converges to z (say).

We now show that x,, # z for large n.

If possible suppose that x,, = z for infinitely many n.
Write A = {2n: x93, =z} and B={2n+1: x9,41 = 2}.
Suppose A is infinite. Then for 2n € A, we have
Fergi1(8) € Fsorey, 1 (5¢) = FSzay,,0(59)-

On letting n — oo, F,.(s) < Fs..(sq) for s > 0.

Thus sz = z. Hence z is a fixed point for S.

Now, for 2n € A
Top = 2= Sz = STo, = Tont1-
Therefore x9,, = x2,41, a contradiction.

Hence, A is finite. Similarly B is finite.
Thus z,, # z for large n.

Then, for large n,

Fz2nz(5) < FSI2nTZ(Sq) = F$2n+1TZ(Sq)'

On letting n — oo, F..(s) < F.r.(sq).
Therefore F.r.(sq) =1 for all s > 0.
Therefore z = T'z. Similarly we can show that Sz = z.

Case(ii): x, = x4 for some n.

Then Fy 4, (s) = 1.

Hence, F,, 4,..,(s) =1 for all m > n (by (2.3.2))
consequently, x,, = T,,+1 for all m > n.

Thus S and T have a unique common fixed point, which follows from the
above Note.

In the following theorem we partially answer the Open Problem 3.

Theorem 2.4. Let (M, T, F) be a F - complete Hausdorff topological space and
S and T be selfmaps on M satisfying:

there exists 0 < a <1 and for s >0
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(FSwTy(S) + Fwa(S))(FSwTy(S) + FyTy(S)) > dmin {Fwsw(i)FyTy(S)v
Fwa(S)FuTU(i)}

(2.4.1)

Frg z(2 x xS
rootely) > Lrestale) for gll s > 0 (2.4.2)

a

there exists xog € M such that sequence {\,} € (0, 1) and a sequence {t,} of
positive numbers such that

S A <ooand Y aty, < 0o and Fyysg,(tn) > 1= Ay (2.4.3)
n=0 n=0

Fpy = Fyy forallz, y € M (2.4.4)
meyn - qu as Tm — T a’nd y’ll - y (2.4.5)

Then S and T have the same fized point set which is singleton.

Proof. Choose x( as in (2.4.3). Let s > 0 and @ = 29,, y = T2p—1,
from (2.4.1),

(Fran 1220 (8) + Franwsni (8) (Frani12an (8) + Fasn 125, (8))

> 4Amin {Foypa0011(5) Fron1020(8), Fospwonis (8)Fran 1200 (5)}
Frnp i (8) (12, (8) + Fagy 1, ()

> 2min {Foypzan11 (5) Fron 1020 (8), Fospwonir (8)Fran 1200 (5)}

= 2min {FTm2n715T12n71 (E)FQEanlTiEanl (8)7

»

»

Fray, 18T22, 1 (8)Fagy 1 Taan o (5)}

=2Fruy, 1ST2201(8)Froy 1 Tas, 1 () (by (2.4.2))

= Fropzonis (8) Fany 12000 (3) + Fagpzon iy (8) Froy 120, (3)
Thus, Fuy, a1 (8) Fropwanin (8) + Fronwonis (8)Fasn 120, (5)

2 Fopiraan (8) g0, (8) + Frspwonia (8)Frn, 12on (3)
Therefore, Fry,w0,.1(8) > Frpp 20, (3)-
Similarly by taking = = xo,_2 and y = zo,_1
Fappwoni(5) 2 Fray 2,2 (37)-
Therefore Fy,, 10, (50") > Fyy a0, (sa™ 1) > oo > Fy o (s).
Taking s = t,,
Frirwan (@™n) > Foyogg, (@7 Hn) > oo > Fp g (tn) > 1= A,

write r, = a"t, forn =0, 1, ---. Then

1:[0 FIn+1In (Tﬂ) = Fﬂﬂlwo (TO) H (F12n+112n (T2n)F12nw27171 (T2n+1))

n=1
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> (1= 20) T1 (1= Aa)2 >0

n=1

> rp < oo (by 2.4.3). Therefore {z,,} converges to z (say).

n=0
Taking x = z and y = x2,41, from (2.4.1), (Fs.a,,,5(5) + F25:(5))(Fsz00,.0(5) +

Fryniiania(9))
> Amin {F.s:(£)Fryy 20010 (8); Fosz(8)Fayyimansn(£)}.
On letting n — oo,
(Fs522(8) + Fls2(5))(Fsz2(8) + Fo2(8)) > 4min {F.5.(2)F..(s), Fis:(s)F2(2)}
F.s:(8)(Fsz2(s) + Frz(s)) = 2F.5:(8) Fz2(s).
Hence, Fs..(s) > F..(s) = 1.

)

Therefore Sz = z.
Similarly z is also a fixed point for T
The conclusion of the theorem follows from (2.4.1).

Note: If we replace (2.4.2) by

(24.2) Sprpd) > Lrey) for all 5> 0

and Fyyse,(tn) > (1 — Ay) by Fyyrye(tn) > (1 — Ay), then also we can prove the
existence of unique common fixed point by suitably modifying the definition of the
sequence.
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