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1 Introduction

The characterization of I'-semigroup has been studied by Sen and Saha
[3], they gave some characterizations of orthodox I'-semigroups and ex-
tended different results of orthodox semigroups to orthodox I'-semigroups.
They also studied some properties of orthodox I'-semigroups interm of
(ar, B)-inverse and regular I'-semigroups. In 1992, Seth [1] gave the suf-
ficient condition of being I'-group congruences and the least I'-group con-
gruence on regular I'-semigroups. In 2005, Chattopadhyay [4] introduced
the concept of right (left) orthodox I'-semigroup and gave some interesting
results of this kind of I'-semigroup. In this paper, we extend some results
of E-inversive semigroup as in [5] to E-inversive I'-semigroup.

Sen and Saha [3] defined the concepts of I'-semigroup and regular I'-
semigroup as follows : For two non-empty sets S and I', S is said to be
a I'-semigroup if for all a,b,c € S and a, 3 € I', (i) aab € S and (ii)
(aab)fe = aa(bfc). A T-semigroup S is called a regular I'-semigroup if for
any a € S there exist @’ € S,a,3 € I" such that a = aad’(3a. An element
a’ € S is called an («, 3)-inverse of an element a € S if a = aad’Ba and
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@' = d/Baad’. In this case, o’ € VP (a). If S is regular T-semigroup then
Vf(a) # () for some «, 3 € I'. An element e € S is called an a-idempotent,
where o € T', if ece = e. We denote the set of all a-idempotents of S by
E.. Now, for any a € S,a,3 € T if @ € V¥ (a) then aad’ is S-idempotent
and a/fBa is a-idempotent. A non-empty set H of I'-semigroup S is said to
be a I'-subsemigroup of S if HI'H C H. In 2005, Siripitukdet and Sattaya-
porn [5] showed that every regular, orthodox and inverse semigroups are
FE-inversive semigroup.

A T-semigroup S is said to be an FE-inversive I'-semigroup if for all
a € S there exist x € S,a,3 € I" such that aax is -idempotent. In this
research, for «, 5 € I" we define weak («, 3)-inverse of an element a € S as
follows : W&(a) := {z € S | # = zBacx} the set of all weak (c, 3)-inverses
of an element a. In this paper, we replace regular I'-semigroup in [1] by
E-inversive I'-semigroup and replace the set of all («, 5)-inverses 1% (a) by
the set of all weak (c, B)-inverses WZ (a) of an E-inversive I'-semigroup.

Example 1.1. Let Q* be the set of all non-zero rational numbers and I' be
the set of all positive integers (Z1). For a,b € Q* and o € T, we define,
aab = |alab. We will show that Q* is T'-semigroup.

p * 11
Let € Q"p # 0,q # 0 and |pJg| € T Then Eﬁ—\p\ = {5

!q\ _ gy L
[l \ [l gl ol
Therefore Q* is E—mverswe I'-semigroup and w € VV‘q‘(q) where |p|, |q|,1 €
T.

and Eq_|q = {—— —} Hence — € Q" and =1€Ey.

2 Some Auxiliary Results

In this section, we give some conditions and some results of E-inversive
I-semigroups.

Proposition 2.1. S is an E-inversive I'-semigroup if and only if Wg(a) #
0 for all a € S and for some o, 3 € T'.

Proof. Suppose that S is an F-inversive I'-semigroup and a € S. Then
there exist x € S, «, 8 € I" such that aax € Fz. Thus

(aax)f(acz) = acx

(zfacz)Bac(zfacx) = xf(aczfacxfacx) = xfacx.
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Therefore zBacz € WY (a).

Now, let ¢ € S and z € Wf(a) for some «,3 € I'. Then x = xfacx
and aax = (aax)fB(aax), hence acx € Eg and so S is an E-inversive I'-
semigroup. O

Proposition 2.2. Every regular I'-semigroup is an E-inversive I'-semigroup.

Proof. Let S be regular I'-semigroup and a € S. Then there exist x € S
and «, 3 € T such that V& (a) # 0. Note that V& (a) € W& (a), we have
WE(a) # 0. The result is obtained by Theorem 2.1. O

Theorem 2.3. [1] A regular I'-semigroup S is T'-group if and only if for all
a,feleaf = fae=f andeff = fBe=e for anye € E, and f € Eg.

The following definition is needed for our consideration.

Definition 2.4. Let S be a I'-semigroup and « € T, and let H := {H,, |
a € T'} where H, are subsets of S, for all &« € T'. H is called full and
weakly-conjugate family of S if
(1) Eo C Hy forall a €T,
(2) for each a € Hy and b € Hg, o, € I',aab € Hg and afb € H,,
(3) for each o’ € Wg(a) and ¢ € Hy,a, 3,7 € I',aacyd ,aycad' € Hg
and a/Bcya, d'yefa € Hy,.

Example 2.5. By Ezample 1.1, let b € Q" where p,q # 0. We have
q
lql|pl,1 €T and
11

(1) E|‘1| = {_37 3}7E|p| = {_5,5} and E(l) = {1}

11 11
H,y={——,-,1}Yand H, = {—, -, 1}.
] { 7 q } |p| { ' p }

Therefore E‘q‘ - H‘q‘, E‘p‘ - H|p| and H(l) = {1} = E(l)
1 1
(2) Let — € H|q| and ]—9 S H|p|

lq|
1, 1 1 11
Then —lq| - — = — € Hjp| and —|p| - — € Hy.
g p g™ p
(3) Let @ = = € Q* where p,q # 0. Note that o € W) and
q v 7
1 i 1
=~ € H|, we have a = |g|, 3 = 1,7 = [p|. Choose a’ = — and ¢ = —.
P || p

Hence aacya’,aycaa’ € Hg and d'acya, a’ycaa € Hy. Let H = {Hq, Hyp|,
H1y}. Then H is full and weakly-conjugate family of Q*.
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Proposition 2.6. Let S be an E-inversive I'-semigroup and a,b € S,0 € T".
Ifx € Wg(aﬁb) for some v,0 € T' then byxda is 0-idempotent of S.

Proof. Let z € W,‘E(a@b) for some 7,0 € I'. Then
(byxda)f(byxda) = by(zdabbyx)da = byxda, hence byzda € Ey. O

4 Main Results

The purpose of this section is to give some characterizations of I'-group
congruences on F-inversive I'-semigroup and those of the least I'-group
congruence.

Theorem 4.1. Let S be an E-inversive I'-semigroup and H := {H,,a € T'}
be full and weakly-conjugate family of S. Then

pr = {(a,b) € S xS | acx = yBb for some v € Hy,y € Hz and o, 3 € T'}
is a T'-group congruence on S.

Proof. Let a € S and @’ € WZ(a) for some o, 3 € I'. Now, aa(d'Ba) =
(aaa’)Ba. Since d/fa € E, C H, and aaad’ € Eg C Hg, we have (a,a) €
pr. Let a,b € S and (a,b) € py. Then there exist z € H, and y € Hp
where «, 3 € T’ such that aaz = yBb. Let o’ € W,‘Ys(a) and b € Wf(b)
for some v,8,0,¢ € I'. Now, bO[(b/¢pyBb)y(a’da)] = [(bOV)p(aczya’)|da.
Since a'éa € E,, C H.,, by Definition 2.4(3), we have b'¢ySb € Hy, we get
(b'pyBb)y(a'da) € Hy. Again bt € E, C Hy and by Definition  2.4(3),
aaxya' € Hs, and by Definition 2.4(2), we have (b0V)¢(aczvya') € Hg.
Therefore (b,a) € py.

Let a,b,c € S be such that (a,b) € pg and (b,¢) € py. Then there
exist x € Hy,y € Hg,z € H, and w € Hs for some «, 3,7,6 € I such that
acx = ypPb and byz = wioe. Now, aa(xyz) = (acx)yz = (yBb)yz =
yB(byz) = yB(wdc) = (yPw)de. Since zyz € H, and ypfw € Hg, so
(a,c) € pm, hence ppy is an equivalence relation on S.

To show that ppy is compatible, let (a,b) € pg and 0 € I',c € S.
Then there exist € H, and y € Hg for some «,3 € I' such that
acx = yBb. Let ¢ € Wff(c) and g € Wffll (bbc), h € W%(a@c). By Propo-
sition 2.6, (cy2hd2a) € Ey C Hy, so (cyahdsa)ax € Hy and by Defini-
tion 2.4(3), dd[cyehdzaax]fc € H,. Again gd,(bdc) € E, < H, and
by Definition 2.4(3), ¢'d[cyahdraaxbc]yi(goibbc) € H,. Similarly, since
déc € E, C H, and by Definition 2.4(2), yB[(b0c)y1g] € Hs, and so
((aBc)ycd deyah)da(yBbbeyrg) € Hs, .
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Now, (afc)y[d' dcyahdaaaxbey, gd1blce] = [abeyd §eyahdaySbOcyg)dy (bOc).
Therefore (afc,bbc) € py.

Next, we show that (cfa,cb) € py. Let ¢ € ij(c),@ € I' and
w e W,‘Ysll(cﬁb),z € W%(c@a) for some 71,72,01,02 € I'. Since zda(cfa) €
E,, C H,, and by Definition 2.4(2), zdycfacx € H,,,cyd € Es C Hs, by
Definition 2.4(3), wdi(cyc')d(chb) € Ho,.

Then (zd2cfacx )y (wdi(cyd')d(chb)) € H,,. Similarly, by Proposition
2.6, ayazdac € Eg C Hp and by Definition 2.4(2), (ay2202¢)0y € Hg be-
cause y € Hg. Again by Proposition 2.6, byiwdic € Ey C Hp, then
(ay2209c0y) B(byrwdic) € Hy and so cf(ayzz02c0yBbyiwdic)yd € Hs. Now,
(cla)yz|zd2cfacryiwdicyd §chb] = [charyazd2cyBbyiwdicyd]6(chb). Hence
(cfa, cb) € py and so py is a congruence on S.

To show that S/py is T'-group, we will show that S/ppg is a regular
I-semigroup. Let o’ € Wg (a) where o, 3 € T'. Then
ac(d’'Ba) = aa(d' facd’)Ba = (acd)B(aca’ Ba). Since d'fa € E, C H, and
aaa’ € Eg C Hp, we get that (a,acd’Ba) € pg. Hence S/py is a regular
I"-semigroup.

Let o, € I' and e € E,,f € Eg. Since E, C H, and Eg C Hyg
by Definition 2.4(2), we get eaf, fae € Hz. Now, (eaf)Bf = (eaf)Bf,
hence (eaf,f) € pg and (fae)B3f = (fae)Bf, hence (fae, f) € pu.
Thus (epg)a(fpr) = fpra = (fpu)a(epy). Similarly, we can show that
(eff)ae = (eff)ae, hence (eff,e) € pg and (ffe)ae = (fPe)ae, hence
(fBe,e) € pg. Thus (epr)B(fpu) = epur = (fpu)B(epr). Therefore
S/pm is a T-group, and py is a [-group congruence on S. U

The following theorem, we give some characterizations of ['-group con-
gruence on E-inversive I'-semigroup S by using a full and weakly-conjugate
family of S and the following concept.

Definition 4.2. Let S be I'-semigroup. If H := {H,,« € '} is a full and
weakly-conjugate family of subset of S, the closure H, of H is the family
defined by

H,:= {(Hy,)y|yveTl} where
(Hy)y ={a € S| haa € H, for some h € Hy, o0 € T'}.

Then H is closed if H = H,,.

Remark. Let S be a I'-semigroup with H := {H,,a € I'} is a full and
weakly-conjugate family of S. Then for all e € E,,a € I';eae = e € E, C
H,, hence e € (H,), and for all h € H,, if hah € H,, we get H, C (H,,)q
for all @ € T.
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Theorem 4.3. Let S be an E-inversive I'-semigroup such that H := {H,,
a € T} is a full and weakly-conjugate family of S. Then

pir = {(a,b) € S x S | ayb' € (Hy)s for some b’ € ij(b)},

hence py = pH-

Proof. By Theorem 4.1, py := {(a,b) € S x S | aax = yBb for some
x € Hy,y € Hgand o, 3 € T'}.

Let (a,b) € pg. Then (b,a) € py and there exist v € Hy,y € Hg, o, f €
I’ such that bax = yfa. Let U € ij(b),’y,& € I'. Then (yBa)yb' =
(bax)vyb'. By Definition 2.4(3), baxyb’ € Hs. Since y € Hg and yB(avb') €
Hs, we get that ayb/ € (H,)s and so (a,b) € pj;, hence pg C pj;. Let
(a,b) € pj;. Then there exist b € W,‘E(b),vﬁ € T" such that ayb' € (H,)s.
Then there exist h € H,« € T such that ha(ayb') € Hs. Put f = haayt' €
Hs. Note that, b0(a’phaayt)da = bba' ¢ fda for some o’ € Wf(a). Since
a'¢haa € Hy,h € H,,b0(d' phaa)yt! € Hy and a’'¢fda € Hy, it follows
that b0(a'¢fda) = (bOa’phaayt')da. Hence (b,a) € py and (a,b) € ppy.
Therefore p}; C py and consequently pj; = pp. O

Now, we introduce the concept of the set Kerp.

Definition 4.4. [1] Let p be a congruence on I'-semigroup S, and let
Kerp := {(Kerp)a,a € T'} where (Kerp), := {a € S | epa for some
e € Ey}.

Example 4.5. Let p be a congruence on I'-semigroup S with E, # 0 for
some a € T'. Let e € E,. Then epe for all e € E,, and so e € (Kerp),.
Therefore (Kerp),, # (.

Theorem 4.6. Let S be an E-inversive I'-semigroup such that H := {H,,
a € T'} is a full and weakly-conjugate family of S. Then Kerpy = H,
where pg defined as in Theorem 4.1.

Proof. To show that (Kerpg)a = (H,)q for all a € T, let z € (Kerpg)a
for some o € I'. Then epgx for some e € F, and by Theorem 4.1, then
exist y € Hg,z € H,, 3,7 € I' such that efy = zyz. Since efy € H,, we
get that zyax € H, and so z € (H,),. Since y € (Hy)q, o € T'. then there
exist g € H,,v € I' such that gyy € H,. Now, for some e € E,,ea(gyy) =
(eag)vy where gyy € H, and eag € H., it follows that (e,y) € py and by
Definition 4.4, y € (Kerpg)qo. Therefore (Kerpg)a = (Hy)q for all a € T.
Hence Kerpg = H,,,. Ol
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Theorem 4.7. Let S be an E-inversive I'-semigroup such that H := {H,,
a € T'} is a full and weakly-conjugate family of S. Then apgb if and only
if one of the following equivalent conditions hold.

(1) avb' € (Hy)s for some b’ € W,‘Ys(b),

(2) Voa € (Hy)y for some ' € Wg(b),

(3) d'¢b € (Hy)g for some a’ € W(j’(b), and

(4) bba’ € (Hy)y for some a’ € Wf(b).

Proof. (1) < (3) Let H be a full and weakly-conjugate family of S and
suppose that ayb’ € (H,)d for some b € ij(b) where a,d € T'. Then

there exist h € H,,a € T such that ha(ayd') € Hs. Let d/ € Wg’(a)
for some 0,¢ € T'. Then d'¢(haavyb')da € Hy and (o’ phaayt/da)ba’ b =
(a'dphaa)yb' daba’ b € Hy Therefore o' ¢b € (H,,)g.

Suppose that a’¢b € (H,)g for some o’ € W(j)(a),ﬁ, ¢ € I'. Then there
exist h € Hg, [ € I' such that hf(a'¢b) € Hy and ab(hfa’ ¢b)fa’ € Hy.
Therefore for some V' € Wff(b),

(aBhBd' pbba’)p(ayb') = (abOhBa’)pbo(a' pa)yb' € Hy.

Therefore ayb’ € (Hy)s.
To show (2) < (4), let b'da € (H,,)- for some V' € Wg(b),’y, d € I'. Then

there exist h € Hy,a € I' such that ha(tda) € Hy. Let o € Wf(a) for
some 6, ¢ € I'. By Definition 2.4(3), ay(habt/da)fa’ € Hy and b'daba’ b €
H.,, ha(b'daba’ $b) € H., again ay(hab'daba’¢b)ba’ € Hy.

Now, (avhab'daba’)p(bba’) = ay(hab'daba’pb)fa’ € Hy. Therefore
bla’ € (Hw)gb-

Suppose that bfa’ € (H,), for some a’ € W(f(a), 0,0 € T'. Then there
exist h € Hq, o € T such that ha(bfa’) € Hy. Let b € W,‘Ys(b) for some
7,0 € T'. Now, (Vohabla'¢b)y(V'éa) = (b'dhab)f(a’dbyb'da). By Def-
inition 2.4(3), ¥'6(habba’)pb € H, and Vohab € H,,d'¢byb'éa € Hy.
Thus (V'0hab)f(d' pbyb'da) € H,, so (b'ohabld’ ¢pb)y(b/éa) € H., hence
Voa € (Hy)y-

To show (4) < (1), let bba’ € (H,,), for some o’ € Wg)(a), 0,0 € I'. Then
there exist h € Hy,a € I' such that ha(bfa") € Hy. Let b/ € Wff(b) for some
v,0 € T'. By Definition 2.4(3), b0(a'¢pa)yt' € Hs and ha(bba'payb') € Hs.
Now, (habfa’)p(ayb') = ha(bbd’ payb') € Hs. Therefore ayb’ € (H,)s.

Suppose that ayd’ € (H,)s for some b € Wff(b),%é € I'. Then there
exist h € Hy, € T such that ha(avyb') € Hs. Let o € Wg)(a) for some
0,4 € I'. Since b/'6b € E,, C H, and by Definition 2.4(3), ay(b/éb)a’ € H,
and ho(avyb/'ébba’ € Hy. Now (haavyb')o(bba’) = ha(avyb/'ébba’) € Hy for
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some 0, ¢ € I'. Therefore bfa’ € (H,)4.

Moreover, the symmetric property of py shows that ayd’ € (H,)s for
some (all) b/ € W,‘Ys(b) if and only if ba’ € (H,, )4 for some (all) ¢’ € Wf(a).
Therefore the proof is completed. O

To prove the least I'-group congruence on E-inversive I'-group S by
using the smallest element of full and weakly-conjugate family of S. Now
the following Lemma easily follows :

Lemma 4.8. Let C be the collection of all full and weakly-conjugate families
H; of S,(i € A) where H; = {H;,, € T'}.
Let U, = mHm and U = {U, | « € T'}. Then U is a full and
€A
weakly-conjugate family of S and U is the smallest element in C.

Proof. Clearly, E, C U, forall « € I'. Let a € U, and b € Ug,, 3 € T.
Then a € H;, foralli € Aand b € H;g for all ¢ € A, and since H;,, H;3 € H;
for all i € A, we get aab € H;g and aBb € H;, for all i € A, it implies
acb € Ug and afBb € U,.

If € Wg(a) and c € Uy, o, 3,y €T, then ¢ € Hy, for all ¢ € A. Thus
aacyd,aycaa' € Hig for all i € A and d/feya, a’yefa € Hy, for all i € A,
hence aacya', ayeaa’ € m H;s = U and dfeya, a'yefa € m H;, = U,.

Therefore U is a fulllegnd weakly-conjugate family of é‘elz\md U is the
smallest element in C. O

Theorem 4.9. Let S be an E-inversive I'-semigroup. If o is a I'-group
congruence on S, then Kero is closed, full and weakly-conjugate of S.
Moreover ¢ = prero-

Proof. Suppose that o is a I'-group congruence on S and let K = kero :=
{(Ker 0)q,a € T} = {K,,a € T'} where K, := {a € S | eca for some
e € Eq,a € T} Let e € Eq,a € T'. Then ece and so e € K, for all
acl. Thus F, C K, for all a« € I'. Let a € K, and b € Kg for some
a, € I'. Then there exist e € E, and f € Eg such that eca and fob.
Thus (aab)o = (ac)a(bo) = (eo)a(fo) = (eaf)o = fo, because o is I'-
group congruence. Then (aab, f) € o where f € Eg and aab € Kg. Thus
(apb)o = (ao)B(bo) = (eo)B(fo) = (efb)o = eo, because o is I'-group
congruence. Therefore (af3b,e) € o where e € E,, hence af5b € K,,.

Next, let o’ € Wg(a) for some o, 8 € I' and ¢ € K,y € I'. Then there
exists g € E, such that (¢,g) € 0. Thus (aacya’)o = (ac)a(co)y(a' o) =
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(ac)a((go)y(d'o)) = (ao)a(d'o) = (aca’)o) because o is I'-group congru-
ence. Therefore (accyad’,aaa’) where acd’ € Eg, so aacyd’ € Kg. Simi-
larly, we can show that aycaa’ € K3 and o' Bevya, a'vefa € K. Therefore
K is full and weakly-conjugate family of S.

To show that K, = (K,), for all r € I'. Clearly, K, C (K,),, by
Definition 4.2 and 4.4. To show that (K, ), C K, let z € (K,)y. Then
there exist h € K, « € I' such that hax € K. Consequently, (hax)o = go
where g € E, or (ho)a(zo) = go. Since h € K,,a € ', we get (h,e) € o
where e € E,, so ho = eo and eo is an identity of S/o for all a, v € T.
Then go = (ho)a(xo) = (eo)a(xo) = xo because o is I'-group congruence.
Thus z € K, hence K., = (K,),. To show that o = pg, by Theorem 4.3
and K is full and weakly-conjugate family of S, it follows that
pr = {(a,b) € S xS |ayb € (K,)s = Ky for some b’ € Wg(b),vﬁ e}
Let (a,b) € pg. Then ayt/ € K;s for some b’ € Wé(b),’y,é e I'. It implies
that (ayb',e) € o where e € Es and (ayb'0b, edb) € o. Since V/ob € E., we
get ac = (ao)y(b'db)o = (ec)d(bo) = bo, so (a,b) € o and px C o.

Finally, we shall show that o C pg, let (a,b) € o and b’ € Wff (b)
for some 7,0 € T'. Then (ayt/,byt') € o. Since byb' € Ejs, we get
avyb' € E5 C K. Thus (a,b) € pg. Therefore o = pg. O

Theorem 4.10. Let S be an E-inversive I'-semigroup with H € C and let
pr be defined as in Theorem 4.1. Then py is the least I'-group congruence
on S and Kerpy = U,,.

Proof. Let o be an arbitrary I'-group congruence on S. By Theorem 4.9,
we obtain ¢ = px where K = Kero and K is a full and weakly-conjugate
family of S. Since U is the smallest full and weakly-conjugate family of S,
we get that U C K.

Let (a,b) € py. Then there exist x € Uy, € Ko, € I"and y € Ug C
K3, 3 € I' such that aax = yBb. Thus (a,b) € pxg = 0. Hence py is the
least ['-group congruence on S. By Theorem 4.6, Kerpy = U,,. U

Now, we obtain the following theorems for characterizations of I'-group
congruences on E-inversive I'-semigroups as obtained for regular I'-semigroup
in [1].

Theorem 4.11. Let S be an E-inversive I'-semigroup with prg a I'-group
congruence on S where H is a full and weakly-conjugate family of S. The
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following statements are equivalent.

1) apub,
2) apzyb' € Hy, for some x € Hy,,p € T and for some (all) b’ € W‘S( ),

4
5
6) aax = yBb for some a,B €' and for some x € Hy,y € Hpg,

(all)
3) a'¢xpb € Hy, for some x € Hy,,pu € T and for some (all) o' € W¢( ),
buxba’ € Hy, for some x € H,,pu €T and for some (all) a’ € W¢( ),
Véxpa € Hy, for some x € H,,p € T and for some (all) V' € Wf;(b),

7) xaa = bBy for some o, € I' and for some x € H,,y € Hg,and

)
)
)
)
)
)
)
8) HafaaH, N HgfBbaH, # 0 for some o, €T.

(
(
(
(
(
(
(
(

Proof. (2) = (3) Suppose that apzyb’ € Hj for some x € H, and V' €
Wff(b),y,é,u el. Ifd € Wlf(a) for some 0, ¢ € T', then d’¢a € Ey C Hy
and b'dxub € H,. Since (apzyb')oz € H, and xy(Vdxub) € H,, we have
a' dlapzyb' dx)ub = (a' pa)u(xzy(b' dxud)) € Hy.

(3) = (6) Let a’¢xub € Hy, for some o’ € Wg’(a) and x € Hy,,0,0,u €
I'. Thus af(d'pzpb) = (abd’px)ub, where a'¢pxub € Hy and aba'¢x € H,,.
Hence (6) holds.

(6) = (8) Let acx = yBb for some o, 3 € I" and x € Hy,y € Hg. Then
yBaax) = (ypb)ax. Since yBacz € HpfaaH, and yfbax € HgBbaH,,
we get that HgfBaaH, N HgfbaH, # 0, for some o, 3 € T'.

(8) = (2) Let HgBaaH, N HzfbaH, # 0 for some o, € I'. Then
zfacy = x10Bbay; for some z,x1 € Hg and y,y; € H,. Let o’ € Wf(a)
for some 0,¢ € I" and b € W,‘Ys(b) for some 7,6 € I'. Then a'¢xBa € Hy
and (d'¢xfBa)oy € Hy. Since aba’ € Hy,abd ¢z € Hp and bayyb €
Hs, we get that (afa'¢x1)B(bay1vb') € Hy. Then af(d'¢xBaay)yt =
(aba")p(xBaay)yt = (aba’)d(x1Bbayr )y = (aba’)pz1[(bayiyt) € Hs,
hence (2), (3), (6) and (8) are equivalent.

(2) = (4) Suppose that apzyb’ € Hs for some x € H, and V/ €
ij(b),’y, S,uel. Let b e Wff(b) for v,0 € T
Now, bu(z0d' papzyb'da)fa’ = (buxba papuxyb')d(aba’). By Definition 2.4
(3), we have da'¢(apzybt')da € Hy, so x0(d'papzyb'da) € H,. Since aba’ €
Hy and again, Definition 2.4(3), we have buxzfa'¢apuz~yb') € Hs, then
(buzba’ papxyb')d(aba’) € Hy. Hence bu(xbd papxyb'da)da’ € Hy.

(4) = (5) Suppose that buzba’ € Hy, for some z € H, and d €
Wf(a),@,gb,u el Lett € Wg(b) for some v, € T
Now, V/6(buxzba’px)pa = (b'6b)pxb(a’pzpa). Since (bpxba')pxr € H, and
bob € Hy,d' ¢pxpa € Hy, we get that (V/0b)u[z0(d'pzpa)l € Hy. Hence
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Vo (buxba px)pa € Hy.

(5) = (7) Let ¥/0xpa € H, for some V' € Wff(b),a: € H,and 7,0, €T,
Now, (byV/oz)pa = by(b'éxzpa). Since byb'éx € H,, and b'éxzpa € H,, we
have (7).

(7) = (1) Let zaa = by for some o, f € I' and = € H,,y € Hg. Let
a e Wf(a) for some 6,9 € I and V' € Wff(b). Now, af(d' pzaayb'db) =
(aba’ pbBy~b')db. Since b'éb € H and ¢’ pzaa € Hy, we have (apraa)y(b'6b)
€ Hy. Since abd’ € Hy and bByyb' € Hj, we have (aba’)p(bByb') € Hs.
Then (a,b) € py. Hence (2), (4), (5) and (7) are equivalent.

Also (1) < (6) by Theorem 4.1. O

References

[1] A. Seth, I'-group Congruences on Regular I'-semigroups. Internat. J.
of Math. & Math. Sci. Vol. 15 No. 1, (1992). 103-106.

[2] M.K. Sen, & N.K. Saha, Orthodox I'-semigroups. Internat. J. of Math.
& Math. Sci. Vol. 13 No. 3 (1990), 527-534.

[3] M.K. Sen, & N.K. Saha, On I'-semigroup. Bull. Cal. Math. Soc. 78
(1986), 180-186.

[4] S. Chattopadhyay, Right Orthodox I'-semigroup. Southeast Asian
Bull. of Math., 29 (2005), 23-30.

[5] M. Siripitukdet, & S. Sattayaporn, The Least Group Congruence on
FE-inversive semigroups and FE-inversive E-semigroups. Thai Journal of
Mathematics. Vol. 3 No. 2 (2005), 163-169.

(Received 25 August 2009)

Supavinee Sattayaporn
Department of Mathematics
Faculty Science and technology
Uttaradit Rajabhat University
Uttaradit 53000, Thailand.

e-mail : supavinee uru@windowslive.com



