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Abstract : In this paper, we give a characterization and some properties of E-
inversive Γ-semigroup. Moveover, we also introduce a Γ-group congruence on any
E-inversive Γ-semigroup and give its characterizations. Our main results improve
and extend many results obtained by Seth [1].
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1 Introduction

The characterization of Γ-semigroup has been studied by Sen and Saha
[3], they gave some characterizations of orthodox Γ-semigroups and ex-
tended different results of orthodox semigroups to orthodox Γ-semigroups.
They also studied some properties of orthodox Γ-semigroups interm of
(α, β)-inverse and regular Γ-semigroups. In 1992, Seth [1] gave the suf-
ficient condition of being Γ-group congruences and the least Γ-group con-
gruence on regular Γ-semigroups. In 2005, Chattopadhyay [4] introduced
the concept of right (left) orthodox Γ-semigroup and gave some interesting
results of this kind of Γ-semigroup. In this paper, we extend some results
of E-inversive semigroup as in [5] to E-inversive Γ-semigroup.

Sen and Saha [3] defined the concepts of Γ-semigroup and regular Γ-
semigroup as follows : For two non-empty sets S and Γ, S is said to be
a Γ-semigroup if for all a, b, c ∈ S and α, β ∈ Γ, (i) aαb ∈ S and (ii)
(aαb)βc = aα(bβc). A Γ-semigroup S is called a regular Γ-semigroup if for
any a ∈ S there exist a′ ∈ S,α, β ∈ Γ such that a = aαa′βa. An element
a′ ∈ S is called an (α, β)-inverse of an element a ∈ S if a = aαa′βa and
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a′ = a′βaαa′. In this case, a′ ∈ V β
α (a). If S is regular Γ-semigroup then

V β
α (a) 6= ∅ for some α, β ∈ Γ. An element e ∈ S is called an α-idempotent,

where α ∈ Γ, if eαe = e. We denote the set of all α-idempotents of S by
Eα. Now, for any a ∈ S,α, β ∈ Γ if a′ ∈ V β

α (a) then aαa′ is β-idempotent
and a′βa is α-idempotent. A non-empty set H of Γ-semigroup S is said to
be a Γ-subsemigroup of S if HΓH ⊆ H. In 2005, Siripitukdet and Sattaya-
porn [5] showed that every regular, orthodox and inverse semigroups are
E-inversive semigroup.

A Γ-semigroup S is said to be an E-inversive Γ-semigroup if for all
a ∈ S there exist x ∈ S,α, β ∈ Γ such that aαx is β-idempotent. In this
research, for α, β ∈ Γ we define weak (α, β)-inverse of an element a ∈ S as

follows : W β
α (a) := {x ∈ S | x = xβaαx} the set of all weak (α, β)-inverses

of an element a. In this paper, we replace regular Γ-semigroup in [1] by

E-inversive Γ-semigroup and replace the set of all (α, β)-inverses V β
α (a) by

the set of all weak (α, β)-inverses W β
α (a) of an E-inversive Γ-semigroup.

Example 1.1. Let Q∗ be the set of all non-zero rational numbers and Γ be

the set of all positive integers (Z+). For a, b ∈ Q∗ and α ∈ Γ, we define,

aαb = |a|αb. We will show that Q∗ is Γ-semigroup.

Let
p

q
∈ Q∗, p 6= 0, q 6= 0 and |p|, |q| ∈ Γ. Then Eβ=|p| = {−

1

p
,
1

p
}

and Eα=|q| = {−
1

q
,
1

q
}. Hence

1

|p|
∈ Q∗ and

p

q
|q|

1

|p|
=

|p|

|q|
|q|

1

|p|
= 1 ∈ E(1).

Therefore Q∗ is E-inversive Γ-semigroup and 1
|p| ∈ W 1

|q|(
p
q
) where |p|, |q|, 1 ∈

Γ.

2 Some Auxiliary Results

In this section, we give some conditions and some results of E-inversive
Γ-semigroups.

Proposition 2.1. S is an E-inversive Γ-semigroup if and only if W β
α (a) 6=

∅ for all a ∈ S and for some α, β ∈ Γ.

Proof. Suppose that S is an E-inversive Γ-semigroup and a ∈ S. Then
there exist x ∈ S,α, β ∈ Γ such that aαx ∈ Eβ . Thus

(aαx)β(aαx) = aαx

(xβaαx)βaα(xβaαx) = xβ(aαxβaαxβaαx) = xβaαx.
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Therefore xβaαx ∈ W β
α (a).

Now, let a ∈ S and x ∈ W β
α (a) for some α, β ∈ Γ. Then x = xβaαx

and aαx = (aαx)β(aαx), hence aαx ∈ Eβ and so S is an E-inversive Γ-
semigroup.

Proposition 2.2. Every regular Γ-semigroup is an E-inversive Γ-semigroup.

Proof. Let S be regular Γ-semigroup and a ∈ S. Then there exist x ∈ S
and α, β ∈ Γ such that V β

α (a) 6= ∅. Note that V β
α (a) ⊆ W β

α (a), we have

W β
α (a) 6= ∅. The result is obtained by Theorem 2.1.

Theorem 2.3. [1] A regular Γ-semigroup S is Γ-group if and only if for all

α, β ∈ Γ, eαf = fαe = f and eβf = fβe = e for any e ∈ Eα and f ∈ Eβ.

The following definition is needed for our consideration.

Definition 2.4. Let S be a Γ-semigroup and α ∈ Γ, and let H := {Hα |
α ∈ Γ} where Hα are subsets of S, for all α ∈ Γ. H is called full and

weakly-conjugate family of S if
(1) Eα ⊆ Hα for all α ∈ Γ,
(2) for each a ∈ Hα and b ∈ Hβ, α, β ∈ Γ, aαb ∈ Hβ and aβb ∈ Hα,

(3) for each a′ ∈ W β
α (a) and c ∈ Hγ , α, β, γ ∈ Γ, aαcγa′, aγcαa′ ∈ Hβ

and a′βcγa, a′γcβa ∈ Hα.

Example 2.5. By Example 1.1, let
p

q
∈ Q∗ where p, q 6= 0. We have

|q|, |p|, 1 ∈ Γ and

(1) E|q| = {−
1

q
,
1

q
}, E|p| = {−

1

p
,
1

p
}. and E(1) = {1}

H|q| = {−
1

q
,
1

q
, 1} and H|p| = {−

1

p
,
1

p
, 1}.

Therefore E|q| ⊆ H|q|, E|p| ⊆ H|p| and H(1) = {1} = E(1).

(2) Let
1

|q|
∈ H|q| and

1

p
∈ H|p|.

Then
1

|q|
|q| ·

1

p
=

1

p
∈ H|p| and

1

|q|
|p| ·

1

p
∈ H|q|.

(3) Let a =
p

q
∈ Q∗ where p, q 6= 0. Note that

1

|p|
∈ W

(1)
|q| (

p

q
) and

1

p
∈ H|p|, we have α = |q|, β = 1, γ = |p|. Choose a′ =

1

|p|
and c =

1

p
.

Hence aαcγa′, aγcαa′ ∈ Hβ and a′αcγa, a′γcαa ∈ Hα. Let H = {H|q|,H|p|,
H(1)}. Then H is full and weakly-conjugate family of Q∗.
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Proposition 2.6. Let S be an E-inversive Γ-semigroup and a, b ∈ S, θ ∈ Γ.

If x ∈ W δ
γ (aθb) for some γ, δ ∈ Γ then bγxδa is θ-idempotent of S.

Proof. Let x ∈ W δ
γ (aθb) for some γ, δ ∈ Γ. Then

(bγxδa)θ(bγxδa) = bγ(xδaθbγx)δa = bγxδa, hence bγxδa ∈ Eθ.

4 Main Results

The purpose of this section is to give some characterizations of Γ-group
congruences on E-inversive Γ-semigroup and those of the least Γ-group
congruence.

Theorem 4.1. Let S be an E-inversive Γ-semigroup and H := {Hα, α ∈ Γ}
be full and weakly-conjugate family of S. Then

ρH := {(a, b) ∈ S ×S | aαx = yβb for some x ∈ Hα, y ∈ Hβ and α, β ∈ Γ}

is a Γ-group congruence on S.

Proof. Let a ∈ S and a′ ∈ W β
α (a) for some α, β ∈ Γ. Now, aα(a′βa) =

(aαa′)βa. Since a′βa ∈ Eα ⊆ Hα and aαa′ ∈ Eβ ⊆ Hβ, we have (a, a) ∈
ρH . Let a, b ∈ S and (a, b) ∈ ρH . Then there exist x ∈ Hα and y ∈ Hβ

where α, β ∈ Γ such that aαx = yβb. Let a′ ∈ W δ
γ (a) and b′ ∈ W φ

θ (b)
for some γ, δ, θ, φ ∈ Γ. Now, bθ[(b′φyβb)γ(a′δa)] = [(bθb′)φ(aαxγa′)]δa.
Since a′δa ∈ Eγ ⊆ Hγ , by Definition 2.4(3), we have b′φyβb ∈ Hθ, we get
(b′φyβb)γ(a′δa) ∈ Hθ. Again bθb′ ∈ Eφ ⊆ Hφ and by Definition 2.4(3),
aαxγa′ ∈ Hδ, and by Definition 2.4(2), we have (bθb′)φ(aαxγa′) ∈ Hδ.
Therefore (b, a) ∈ ρH .

Let a, b, c ∈ S be such that (a, b) ∈ ρH and (b, c) ∈ ρH . Then there
exist x ∈ Hα, y ∈ Hβ, z ∈ Hγ and w ∈ Hδ for some α, β, γ, δ ∈ Γ such that
aαx = yβb and bγz = wδc. Now, aα(xγz) = (aαx)γz = (yβb)γz =
yβ(bγz) = yβ(wδc) = (yβw)δc. Since xγz ∈ Hα and yβw ∈ Hδ, so
(a, c) ∈ ρH , hence ρH is an equivalence relation on S.

To show that ρH is compatible, let (a, b) ∈ ρH and θ ∈ Γ, c ∈ S.
Then there exist x ∈ Hα and y ∈ Hβ for some α, β ∈ Γ such that
aαx = yβb. Let c′ ∈ W δ

γ (c) and g ∈ W δ1
γ1

(bθc), h ∈ W δ2
γ2

(aθc). By Propo-
sition 2.6, (cγ2hδ2a) ∈ Eθ ⊆ Hθ, so (cγ2hδ2a)αx ∈ Hθ and by Defini-
tion 2.4(3), c′δ[cγ2hδ2aαx]θc ∈ Hγ . Again gδ1(bθc) ∈ Eγ1

⊆ Hγ1
and

by Definition 2.4(3), c′δ[cγ2hδ2aαxθc]γ1(gδ1bθc) ∈ Hγ . Similarly, since
c′δc ∈ Eγ ⊆ Hγ and by Definition 2.4(2), yβ[(bθc)γ1g] ∈ Hδ1 and so
((aθc)γc′δcγ2h)δ2(yβbθcγ1g) ∈ Hδ1 .
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Now, (aθc)γ[c′δcγ2hδ2aαxθcγ1gδ1bθc] = [aθcγc′δcγ2hδ2yβbθcγ1g]δ1(bθc).
Therefore (aθc, bθc) ∈ ρH .

Next, we show that (cθa, cθb) ∈ ρH . Let c′ ∈ W δ
γ (c), θ ∈ Γ and

w ∈ W δ1
γ1

(cθb), z ∈ W δ2
γ2

(cθa) for some γ1, γ2, δ1, δ2 ∈ Γ. Since zδ2(cθa) ∈
Eγ2

⊆ Hγ2
and by Definition 2.4(2), zδ2cθaαx ∈ Hγ2

, cγc′ ∈ Eδ ⊆ Hδ, by
Definition 2.4(3), wδ1(cγc′)δ(cθb) ∈ Hγ1

.
Then (zδ2cθaαx)γ1(wδ1(cγc′)δ(cθb)) ∈ Hγ2

. Similarly, by Proposition
2.6, aγ2zδ2c ∈ Eθ ⊆ Hθ and by Definition 2.4(2), (aγ2zδ2c)θy ∈ Hβ be-
cause y ∈ Hβ. Again by Proposition 2.6, bγ1wδ1c ∈ Eθ ⊆ Hθ, then
(aγ2zδ2cθy)β(bγ1wδ1c) ∈ Hθ and so cθ(aγ2zδ2cθyβbγ1wδ1c)γc′ ∈ Hδ. Now,
(cθa)γ2[zδ2cθaαxγ1wδ1cγc′δcθb] = [cθaγ2zδ2cθyβbγ1wδ1cγc′]δ(cθb). Hence
(cθa, cθb) ∈ ρH and so ρH is a congruence on S.

To show that S/ρH is Γ-group, we will show that S/ρH is a regular

Γ-semigroup. Let a′ ∈ W β
α (a) where α, β ∈ Γ. Then

aα(a′βa) = aα(a′βaαa′)βa = (aαa′)β(aαa′βa). Since a′βa ∈ Eα ⊆ Hα and
aαa′ ∈ Eβ ⊆ Hβ, we get that (a, aαa′βa) ∈ ρH . Hence S/ρH is a regular
Γ-semigroup.

Let α, β ∈ Γ and e ∈ Eα, f ∈ Eβ . Since Eα ⊆ Hα and Eβ ⊆ Hβ

by Definition 2.4(2), we get eαf, fαe ∈ Hβ. Now, (eαf)βf = (eαf)βf ,
hence (eαf, f) ∈ ρH and (fαe)βf = (fαe)βf , hence (fαe, f) ∈ ρH .
Thus (eρH)α(fρH) = fρH = (fρH)α(eρH). Similarly, we can show that
(eβf)αe = (eβf)αe, hence (eβf, e) ∈ ρH and (fβe)αe = (fβe)αe, hence
(fβe, e) ∈ ρH . Thus (eρH)β(fρH) = eρH = (fρH)β(eρH ). Therefore
S/ρH is a Γ-group, and ρH is a Γ-group congruence on S.

The following theorem, we give some characterizations of Γ-group con-
gruence on E-inversive Γ-semigroup S by using a full and weakly-conjugate
family of S and the following concept.

Definition 4.2. Let S be Γ-semigroup. If H := {Hα, α ∈ Γ} is a full and
weakly-conjugate family of subset of S, the closure Hω of H is the family
defined by

Hω := {(Hω)γ | γ ∈ Γ} where

(Hω)γ ={a ∈ S | hαa ∈ Hγ for some h ∈ Hα, α ∈ Γ}.

Then H is closed if H = Hω.

Remark. Let S be a Γ-semigroup with H := {Hα, α ∈ Γ} is a full and
weakly-conjugate family of S. Then for all e ∈ Eα, α ∈ Γ, eαe = e ∈ Eα ⊆
Hα, hence e ∈ (Hω)α and for all h ∈ Hα, if hαh ∈ Hα, we get Hα ⊆ (Hω)α
for all α ∈ Γ.
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Theorem 4.3. Let S be an E-inversive Γ-semigroup such that H := {Hα,
α ∈ Γ} is a full and weakly-conjugate family of S. Then

ρ∗H := {(a, b) ∈ S × S | aγb′ ∈ (Hω)δ for some b′ ∈ W δ
γ (b)},

hence ρ∗H = ρH .

Proof. By Theorem 4.1, ρH := {(a, b) ∈ S × S | aαx = yβb for some
x ∈ Hα, y ∈ Hβ and α, β ∈ Γ}.

Let (a, b) ∈ ρH . Then (b, a) ∈ ρH and there exist x ∈ Hα, y ∈ Hβ, α, β ∈
Γ such that bαx = yβa. Let b′ ∈ W δ

γ (b), γ, δ ∈ Γ. Then (yβa)γb′ =
(bαx)γb′. By Definition 2.4(3), bαxγb′ ∈ Hδ. Since y ∈ Hβ and yβ(aγb′) ∈
Hδ, we get that aγb′ ∈ (Hω)δ and so (a, b) ∈ ρ∗H , hence ρH ⊆ ρ∗H . Let
(a, b) ∈ ρ∗H . Then there exist b′ ∈ W δ

γ (b), γ, δ ∈ Γ such that aγb′ ∈ (Hω)δ.
Then there exist h ∈ H,α ∈ Γ such that hα(aγb′) ∈ Hδ. Put f = hαaγb′ ∈

Hδ. Note that, bθ(a′φhαaγb′)δa = bθa′φfδa for some a′ ∈ W φ
θ (a). Since

a′φhαa ∈ Hθ, h ∈ Hα, bθ(a′φhαa)γb′ ∈ Hδ and a′φfδa ∈ Hθ, it follows
that bθ(a′φfδa) = (bθa′φhαaγb′)δa. Hence (b, a) ∈ ρH and (a, b) ∈ ρH .
Therefore ρ∗H ⊆ ρH and consequently ρ∗H = ρH .

Now, we introduce the concept of the set Kerρ.

Definition 4.4. [1] Let ρ be a congruence on Γ-semigroup S, and let
Kerρ := {(Kerρ)α, α ∈ Γ} where (Kerρ)α := {a ∈ S | eρa for some
e ∈ Eα}.

Example 4.5. Let ρ be a congruence on Γ-semigroup S with Eα 6= ∅ for

some α ∈ Γ. Let e ∈ Eα. Then eρe for all e ∈ Eα, and so e ∈ (Kerρ)α.

Therefore (Kerρ)α 6= ∅.

Theorem 4.6. Let S be an E-inversive Γ-semigroup such that H := {Hα,
α ∈ Γ} is a full and weakly-conjugate family of S. Then KerρH = Hω

where ρH defined as in Theorem 4.1.

Proof. To show that (KerρH)α = (Hω)α for all α ∈ Γ, let x ∈ (KerρH)α
for some α ∈ Γ. Then eρHx for some e ∈ Eα and by Theorem 4.1, then
exist y ∈ Hβ, z ∈ Hγ , β, γ ∈ Γ such that eβy = zγx. Since eβy ∈ Hα, we
get that zγx ∈ Hα and so x ∈ (Hω)α. Since y ∈ (Hω)α, α ∈ Γ. then there
exist g ∈ Hγ , γ ∈ Γ such that gγy ∈ Hα. Now, for some e ∈ Eα, eα(gγy) =
(eαg)γy where gγy ∈ Hα and eαg ∈ Hγ , it follows that (e, y) ∈ ρH and by
Definition 4.4, y ∈ (KerρH)α. Therefore (KerρH)α = (Hω)α for all α ∈ Γ.
Hence KerρH = Hω.
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Theorem 4.7. Let S be an E-inversive Γ-semigroup such that H := {Hα,
α ∈ Γ} is a full and weakly-conjugate family of S. Then aρHb if and only

if one of the following equivalent conditions hold.

(1) aγb′ ∈ (Hω)δ for some b′ ∈ W δ
γ (b),

(2) b′δa ∈ (Hω)γ for some b′ ∈ W δ
γ (b),

(3) a′φb ∈ (Hω)θ for some a′ ∈ W φ
θ (b), and

(4) bθa′ ∈ (Hω)φ for some a′ ∈ W φ
θ (b).

Proof. (1) ⇔ (3) Let H be a full and weakly-conjugate family of S and
suppose that aγb′ ∈ (Hω)δ for some b′ ∈ W δ

γ (b) where α, δ ∈ Γ. Then

there exist h ∈ Hα, α ∈ Γ such that hα(aγb′) ∈ Hδ. Let a′ ∈ W φ
θ (a)

for some θ, φ ∈ Γ. Then a′φ(hαaγb′)δa ∈ Hθ and (a′φhαaγb′δa)θa′φb =
(a′φhαa)γb′δaθa′φb ∈ Hθ Therefore a′φb ∈ (Hω)θ.

Suppose that a′φb ∈ (Hω)θ for some a′ ∈ W φ
θ (a), θ, φ ∈ Γ. Then there

exist h ∈ Hβ, β ∈ Γ such that hβ(a′φb) ∈ Hθ and aθ(hβa′φb)θa′ ∈ Hφ.
Therefore for some b′ ∈ W δ

γ (b),

(aθhβa′φbθa′)φ(aγb′) = (aθhβa′)φbθ(a′φa)γb′ ∈ Hδ.

Therefore aγb′ ∈ (Hω)δ.
To show (2) ⇔ (4), let b′δa ∈ (Hω)γ for some b′ ∈ W δ

γ (b), γ, δ ∈ Γ. Then

there exist h ∈ Hα, α ∈ Γ such that hα(b′δa) ∈ Hγ . Let a′ ∈ W φ
θ (a) for

some θ, φ ∈ Γ. By Definition 2.4(3), aγ(hαb′δa)θa′ ∈ Hφ and b′δaθa′φb ∈
Hγ , hα(b′δaθa′φb) ∈ Hγ , again aγ(hαb′δaθa′φb)θa′ ∈ Hφ.

Now, (aγhαb′δaθa′)φ(bθa′) = aγ(hαb′δaθa′φb)θa′ ∈ Hφ. Therefore
bθa′ ∈ (Hω)φ.

Suppose that bθa′ ∈ (Hω)φ for some a′ ∈ W φ
θ (a), θ, φ ∈ Γ. Then there

exist h ∈ Hα, α ∈ Γ such that hα(bθa′) ∈ Hφ. Let b′ ∈ W δ
γ (b) for some

γ, δ ∈ Γ. Now, (b′δhαbθa′φb)γ(b′δa) = (b′δhαb)θ(a′φbγb′δa). By Def-
inition 2.4(3), b′δ(hαbθa′)φb ∈ Hγ and b′δhαb ∈ Hγ , a′φbγb′δa ∈ Hθ.
Thus (b′δhαb)θ(a′φbγb′δa) ∈ Hγ , so (b′δhαbθa′φb)γ(b′δa) ∈ Hγ , hence
b′δa ∈ (Hω)γ .

To show (4) ⇔ (1), let bθa′ ∈ (Hω)φ for some a′ ∈ W φ
θ (a), θ, φ ∈ Γ. Then

there exist h ∈ Hα, α ∈ Γ such that hα(bθa′) ∈ Hφ. Let b′ ∈ W δ
γ (b) for some

γ, δ ∈ Γ. By Definition 2.4(3), bθ(a′φa)γb′ ∈ Hδ and hα(bθa′φaγb′) ∈ Hδ.
Now, (hαbθa′)φ(aγb′) = hα(bθa′φaγb′) ∈ Hδ. Therefore aγb′ ∈ (Hω)δ.

Suppose that aγb′ ∈ (Hω)δ for some b′ ∈ W δ
γ (b), γ, δ ∈ Γ. Then there

exist h ∈ Hα, α ∈ Γ such that hα(aγb′) ∈ Hδ. Let a′ ∈ W φ
θ (a) for some

θ, φ ∈ Γ. Since b′δb ∈ Eγ ⊆ Hγ and by Definition 2.4(3), aγ(b′δb)θa′ ∈ Hφ

and hα(aγb′δbθa′ ∈ Hφ. Now (hαaγb′)δ(bθa′) = hα(aγb′δbθa′) ∈ Hφ for
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some θ, φ ∈ Γ. Therefore bθa′ ∈ (Hω)φ.
Moreover, the symmetric property of ρH shows that aγb′ ∈ (Hω)δ for

some (all) b′ ∈ W δ
γ (b) if and only if bθa′ ∈ (Hω)φ for some (all) a′ ∈ W φ

θ (a).
Therefore the proof is completed.

To prove the least Γ-group congruence on E-inversive Γ-group S by
using the smallest element of full and weakly-conjugate family of S. Now
the following Lemma easily follows :

Lemma 4.8. Let C be the collection of all full and weakly-conjugate families

Hi of S, (i ∈ Λ) where Hi = {Hiα, α ∈ Γ}.

Let Uα :=
⋂

i∈Λ

Hiα and U := {Uα | α ∈ Γ}. Then U is a full and

weakly-conjugate family of S and U is the smallest element in C.

Proof. Clearly, Eα ⊆ Uα for all α ∈ Γ. Let a ∈ Uα and b ∈ Uβ, α, β ∈ Γ.
Then a ∈ Hiα for all i ∈ Λ and b ∈ Hiβ for all i ∈ Λ, and since Hiα,Hiβ ∈ Hi

for all i ∈ Λ, we get aαb ∈ Hiβ and aβb ∈ Hiα for all i ∈ Λ, it implies
aαb ∈ Uβ and aβb ∈ Uα.

If a′ ∈ W β
α (a) and c ∈ Uγ , α, β, γ ∈ Γ, then c ∈ Hiγ for all i ∈ Λ. Thus

aαcγa′, aγcαa′ ∈ Hiβ for all i ∈ Λ and a′βcγa, a′γcβa ∈ Hiα for all i ∈ Λ,

hence aαcγa′, aγcαa′ ∈
⋂

i∈Λ

Hiβ = Uβ and a′βcγa, a′γcβa ∈
⋂

i∈Λ

Hiα = Uα.

Therefore U is a full and weakly-conjugate family of S and U is the
smallest element in C.

Theorem 4.9. Let S be an E-inversive Γ-semigroup. If σ is a Γ-group

congruence on S, then Kerσ is closed, full and weakly-conjugate of S.

Moreover σ = ρKerσ.

Proof. Suppose that σ is a Γ-group congruence on S and let K = ker σ :=
{(Ker σ)α, α ∈ Γ} = {Kα, α ∈ Γ} where Kα := {a ∈ S | eσa for some
e ∈ Eα, α ∈ Γ}. Let e ∈ Eα, α ∈ Γ. Then eσe and so e ∈ Kα for all
α ∈ Γ. Thus Eα ⊆ Kα for all α ∈ Γ. Let a ∈ Kα and b ∈ Kβ for some
α, β ∈ Γ. Then there exist e ∈ Eα and f ∈ Eβ such that eσa and fσb.
Thus (aαb)σ = (aσ)α(bσ) = (eσ)α(fσ) = (eαf)σ = fσ, because σ is Γ-
group congruence. Then (aαb, f) ∈ σ where f ∈ Eβ and aαb ∈ Kβ . Thus
(aβb)σ = (aσ)β(bσ) = (eσ)β(fσ) = (eβb)σ = eσ, because σ is Γ-group
congruence. Therefore (aβb, e) ∈ σ where e ∈ Eα, hence aβb ∈ Kα.

Next, let a′ ∈ W β
α (a) for some α, β ∈ Γ and c ∈ Kγ , γ ∈ Γ. Then there

exists g ∈ Eγ such that (c, g) ∈ σ. Thus (aαcγa′)σ = (aσ)α(cσ)γ(a′σ) =
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(aσ)α((gσ)γ(a′σ)) = (aσ)α(a′σ) = (aαa′)σ) because σ is Γ-group congru-
ence. Therefore (aαcγa′, aαa′) where aαa′ ∈ Eβ, so aαcγa′ ∈ Kβ. Simi-
larly, we can show that aγcαa′ ∈ Kβ and a′βcγa, a′γcβa ∈ Kα. Therefore
K is full and weakly-conjugate family of S.

To show that Kγ = (Kω)γ for all r ∈ Γ. Clearly, Kγ ⊆ (Kω)γ , by
Definition 4.2 and 4.4. To show that (Kω)γ ⊆ Kγ , let x ∈ (Kω)γ . Then
there exist h ∈ Kα, α ∈ Γ such that hαx ∈ Kγ . Consequently, (hαx)σ = gσ
where g ∈ Eγ or (hσ)α(xσ) = gσ. Since h ∈ Kα, α ∈ Γ, we get (h, e) ∈ σ
where e ∈ Eα, so hσ = eσ and eσ is an identity of S/σ for all α,α ∈ Γ.
Then gσ = (hσ)α(xσ) = (eσ)α(xσ) = xσ because σ is Γ-group congruence.
Thus x ∈ Kγ , hence Kγ = (Kω)γ . To show that σ = ρK , by Theorem 4.3
and K is full and weakly-conjugate family of S, it follows that
ρK := {(a, b) ∈ S × S | aγb′ ∈ (Kω)δ = Kδ for some b′ ∈ W δ

γ (b), γ, δ ∈ Γ}.

Let (a, b) ∈ ρK . Then aγb′ ∈ Kδ for some b′ ∈ W δ
γ (b), γ, δ ∈ Γ. It implies

that (aγb′, e) ∈ σ where e ∈ Eδ and (aγb′δb, eδb) ∈ σ. Since b′δb ∈ Eγ , we
get aσ = (aσ)γ(b′δb)σ = (eσ)δ(bσ) = bσ, so (a, b) ∈ σ and ρK ⊆ σ.

Finally, we shall show that σ ⊆ ρK , let (a, b) ∈ σ and b′ ∈ W δ
γ (b)

for some γ, δ ∈ Γ. Then (aγb′, bγb′) ∈ σ. Since bγb′ ∈ Eδ, we get
aγb′ ∈ Eδ ⊆ Kδ. Thus (a, b) ∈ ρK . Therefore σ = ρK .

Theorem 4.10. Let S be an E-inversive Γ-semigroup with H ∈ C and let

ρH be defined as in Theorem 4.1. Then ρU is the least Γ-group congruence

on S and KerρU = Uω.

Proof. Let σ be an arbitrary Γ-group congruence on S. By Theorem 4.9,
we obtain σ = ρK where K = Kerσ and K is a full and weakly-conjugate
family of S. Since U is the smallest full and weakly-conjugate family of S,
we get that U ⊆ K.

Let (a, b) ∈ ρU . Then there exist x ∈ Uα ⊆ Kα, α ∈ Γ and y ∈ Uβ ⊆
Kβ, β ∈ Γ such that aαx = yβb. Thus (a, b) ∈ ρK = σ. Hence ρU is the
least Γ-group congruence on S. By Theorem 4.6, KerρU = Uω.

Now, we obtain the following theorems for characterizations of Γ-group
congruences on E-inversive Γ-semigroups as obtained for regular Γ-semigroup
in [1].

Theorem 4.11. Let S be an E-inversive Γ-semigroup with ρH a Γ-group

congruence on S where H is a full and weakly-conjugate family of S. The
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following statements are equivalent.

(1) aρHb,

(2) aµxγb′ ∈ Hδ, for some x ∈ Hµ, µ ∈ Γ and for some (all) b′ ∈ W δ
γ (b),

(3) a′φxµb ∈ Hθ, for some x ∈ Hµ, µ ∈ Γ and for some (all) a′ ∈ W φ
θ (a),

(4) bµxθa′ ∈ Hφ, for some x ∈ Hµ, µ ∈ Γ and for some (all) a′ ∈ W φ
θ (a),

(5) b′δxµa ∈ Hγ , for some x ∈ Hµ, µ ∈ Γ and for some (all) b′ ∈ W δ
γ (b),

(6) aαx = yβb for some α, β ∈ Γ and for some x ∈ Hα, y ∈ Hβ,

(7) xαa = bβy for some α, β ∈ Γ and for some x ∈ Hα, y ∈ Hβ, and

(8) HββaαHα ∩ HββbαHα 6= ∅ for some α, β ∈ Γ.

Proof. (2) ⇒ (3) Suppose that aµxγb′ ∈ Hδ for some x ∈ Hµ and b′ ∈

W δ
γ (b), γ, δ, µ ∈ Γ. If a′ ∈ W φ

θ (a) for some θ, φ ∈ Γ, then a′φa ∈ Eθ ⊆ Hθ

and b′δxµb ∈ Hγ . Since (aµxγb′)δx ∈ Hµ and xγ(b′δxµb) ∈ Hµ, we have
a′φ(aµxγb′δx)µb = (a′φa)µ(xγ(b′δxµb)) ∈ Hθ.

(3) ⇒ (6) Let a′φxµb ∈ Hθ, for some a′ ∈ W φ
θ (a) and x ∈ Hµ, θ, φ, µ ∈

Γ. Thus aθ(a′φxµb) = (aθa′φx)µb, where a′φxµb ∈ Hθ and aθa′φx ∈ Hµ.
Hence (6) holds.

(6) ⇒ (8) Let aαx = yβb for some α, β ∈ Γ and x ∈ Hα, y ∈ Hβ. Then
yβ(aαx) = (yβb)αx. Since yβaαx ∈ HββaαHα and yβbαx ∈ HββbαHα,
we get that HββaαHα ∩ HββbαHα 6= ∅, for some α, β ∈ Γ.

(8) ⇒ (2) Let HββaαHα ∩ HββbαHα 6= ∅ for some α, β ∈ Γ. Then

xβaαy = x1βbαy1 for some x, x1 ∈ Hβ and y, y1 ∈ Hα. Let a′ ∈ W φ
θ (a)

for some θ, φ ∈ Γ and b′ ∈ W δ
γ (b) for some γ, δ ∈ Γ. Then a′φxβa ∈ Hθ

and (a′φxβa)αy ∈ Hθ. Since aθa′ ∈ Hφ, aθa′φx1 ∈ Hβ and bαy1γb′ ∈
Hδ, we get that (aθa′φx1)β(bαy1γb′) ∈ Hδ. Then aθ(a′φxβaαy)γb′ =
(aθa′)φ(xβaαy)γb′ = (aθa′)φ(x1βbαy1)γb′ = (aθa′)φx1β(bαy1γb′) ∈ Hδ,
hence (2), (3), (6) and (8) are equivalent.

(2) ⇒ (4) Suppose that aµxγb′ ∈ Hδ for some x ∈ Hµ and b′ ∈
W δ

γ (b), γ, δ, µ ∈ Γ. Let b′ ∈ W δ
γ (b) for γ, δ ∈ Γ.

Now, bµ(xθa′φaµxγb′δa)θa′ = (bµxθa′φaµxγb′)δ(aθa′). By Definition 2.4
(3), we have a′φ(aµxγb′)δa ∈ Hθ, so xθ(a′φaµxγb′δa) ∈ Hµ. Since aθa′ ∈
Hφ and again, Definition 2.4(3), we have bµxθa′φaµxγb′) ∈ Hδ, then
(bµxθa′φaµxγb′)δ(aθa′) ∈ Hφ. Hence bµ(xθa′φaµxγb′δa)θa′ ∈ Hφ.

(4) ⇒ (5) Suppose that bµxθa′ ∈ Hφ for some x ∈ Hµ and a′ ∈

W φ
θ (a), θ, φ, µ ∈ Γ. Let b′ ∈ W δ

γ (b) for some γ, δ ∈ Γ.
Now, b′δ(bµxθa′φx)µa = (b′δb)µxθ(a′φxµa). Since (bµxθa′)φx ∈ Hµ and
b′δb ∈ Hγ , a′φxµa ∈ Hθ, we get that (b′δb)µ[xθ(a′φxµa)] ∈ Hγ . Hence
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b′δ(bµxθa′φx)µa ∈ Hγ .
(5) ⇒ (7) Let b′δxµa ∈ Hγ for some b′ ∈ W δ

γ (b), x ∈ Hµ and γ, δ, µ ∈ Γ.
Now, (bγb′δx)µa = bγ(b′δxµa). Since bγb′δx ∈ Hµ and b′δxµa ∈ Hγ , we
have (7).

(7) ⇒ (1) Let xαa = bβy for some α, β ∈ Γ and x ∈ Hα, y ∈ Hβ. Let

a′ ∈ W φ
θ (a) for some θ, φ ∈ Γ and b′ ∈ W δ

γ (b). Now, aθ(a′φxαaγb′δb) =
(aθa′φbβyγb′)δb. Since b′δb ∈ Hγ and a′φxαa ∈ Hθ, we have (aφxαa)γ(b′δb)
∈ Hθ. Since aθa′ ∈ Hφ and bβyγb′ ∈ Hδ, we have (aθa′)φ(bβyγb′) ∈ Hδ.
Then (a, b) ∈ ρH . Hence (2), (4), (5) and (7) are equivalent.

Also (1) ⇔ (6) by Theorem 4.1.
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