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1. INTRODUCTION

In this paper, we consider the following initial boundary problem for a nonlinear pseu-
doparabolic equation

U + 1—&—;) Au—fotg(t—s)Au(s)ds:f(x,t,u), l<ax<RO<t<T,

uz(1,t) — hqu(1,t) = u(R,t) = 0, (1.1)
u(z,0) = ap(z),
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where R > 1, h; > 0 are given constants and f, g, g are given functions satisfying
conditions specified later; Au = — (um + %um) with v = u(z,t) is the unknown function.

Pseudoparabolic equations have been widely studied since the works of Ting [1], [2],
such as [3]-[22] among others and the references given therein. In these works, the results
of existence, asymptotic behavior, blow up and decay of solutions have been investigated.
It takes into account that Eq. (1.1) is also regarded as a Sobolev-type equation or a
Sobolev—Galpern type equation, and arisen in areas of mathematics and physics. One of
the most important linear models in equations of this type is Benjamin-Bona-Mahony-
Burgers (BBMB) equation

Up + Uy + Uy — VUgy — @ Upgy = 0, (1.2)

it was studied by Amick et al. in [3] with v > 0, = 1, € R, ¢ > 0, in which the solution
of (1.2) with initial data in L' N H? decays to zero in L? norm as t — +o0o0. With v > 0,
a>0,x€][0,1],t >0, Eq. (1.2) was also investigated earlier by Bona and Dougalis [8],
where uniqueness, global existence and continuous dependence of solutions on initial and
boundary data were established and the solutions were shown to depend continuously on

v > 0 and on a > 0. Medeiros and Miranda [17] studied a nonlinear equation of Sobolev
type, namely
U + f(u)r — Uggt = g(-fC, t)7 (13)

where u = u(z,t), 0 < & < 1, and ¢t > 0 is the time. They proved existence, uniqueness
of solutions for f in C! and regularity in the case f(s) = s?/2.

In [13], the well-poseness and solvability of solutions were established by Dai and Huang
for the nonlinear pseudoparabolic equation
ur + (a(@, ) uge), = F (2,80, U, Use) , <2< B, 0<t <T, (1.4)
associated with the nonlocal moment boundary conditions
B B
/ u(z, t)dr = / zu(z,t)de =0, 0 <t <T. (1.5)
In [20], Shang and Guo proved the existence, uniqueness, and regularities of the global

strong solution and gave some conditions of the nonexistence of global solution of the
nonlinear pseudoparabolic equation with Volterra integral term

up — (W) ge — Ugat — /0 At = s) (o (u(x,s), ux(x,s))), ds

= f(z,t,u,uy),0<ax <1, t>0.

(1.6)

In [12], Y. Cao et al. established the global existence of classical solutions and the
blow-up in a finite time for the viscous diffusion equation of higher order

U + kluzmmx - kQUtmx - ((I) (Um))x + A(U) - 0, O0<z < ]., t > 0,
w(0,8) = u(1,t) = ugpy(0,8) = uge(1,8) =0, ¢t > 0, (1.7)
u(z,0) =up(z), 0 <z <1,

where k1 > 0, k2 > 0 and ®(s), A(s) are appropriately smooth, uy € C1*# with 3 € (0,1)
and up(0) = ug(1) = w0z (0) = vz (1) = 0.

For more physical explanations, it is well known that pseudo-parabolic equations de-
scribe a variety of important physical processes (see [11]), such as the seepage of homoge-
neous fluids through a fissured rock [6] (where k is a characteristic of the fissured rock, a



On a High-Order Iterative Scheme ... 547

decrease of k corresponds to a reduction in block dimension and an increase in the degree
of fissuring), the unidirectional propagation of nonlinear, dispersive, long waves [7] (where
u is typically the amplitude or velocity), and the aggregation of populations [18] (where u
represents the population density). Also, Eq. (1.1) can be considered as a general model
of third-grade fluid flows or second-grade fluid flows, of which the mathematical models
can be found in [2], [4], [5], [14]-[16], [19] and references therein. In [5], the following
equation of motions for the unsteady flow of third-grade fluid over the rigid plate with
porous medium was investigated

ou 0% o3U oU\? 62U
- 0% \ay) o

Por = Har T Mo oy
) ; a2 (1.8)
_E M+Oé18t+263<ay) U, y>0,t>0,

where U is the velocity component, p is the density, p the coefficient of viscosity, a;
and B3 are the material constants. In [14], some problems of second-grade unsteady fluid
flows were also considered. These flows are generated by the sudden application of a
constant pressure gradient or by the impulsive motion of a boundary. Here, the velocities
of the flows are described by the partial differential equations, of which the exact analytic
solutions are obtained. Suppose that the second-grade fluid is in a circular cylinder and
is initially at rest, and the fluid starts suddenly due to the motion of the cylinder parallel
to its length. The axis of the cylinder is chosen as the z-axis. Using cylindrical polar
coordinates, the governing partial differential equation is

%:(u—&-a%) (%—i—%%)w(r,t)—Nw,0<7"<a7t>0,
w(a,t) =W, t >0, (1.9)
w(r,0)=0,0<r<a,

where w(r, t) is the velocity along the z-axis, v is the kinematic viscosity, « is the material
parameter, and N is the imposed magnetic field. In the boundary and initial conditions,
W is the constant velocity at r = a and a is the radius of the cylinder. In [16], A. Mahmood
et. al. considered the longitudinal oscillatory motion of second-grade fluid between two
infinite coaxial circular cylinders, oscillating along their common axis with given constant
angular frequencies 2y and Q9. Velocity field and associated tangential stress of the
motion were determined by using Laplace and Hankel transforms. In order to find the
exact analytic solutions for the flow of second-grade fluid between two longitudinally
oscillating cylinders, the following problem was studied

% = (ﬂ+a%) (5’—:2—%%%) v(r,t), Ry <1 < Ra, t >0,
v(Ry,t) = Vi sin(Qt), v(Ra,t) = Vasin(Qat), (1.10)
u(r,0) =0, Ry <r < Ry,

where 0 < Ry < Ra, p, a, Va, Q1, Q9 are positive constants. The obtained exact solutions
have been presented under series form in terms of Bessel functions Jo(z), Yo(z), Ji(),
Yi(x), Jo(z) and Ya(z), satisfying the governing equation and all imposed initial and
boundary conditions.

As we know, the linearization method is one of useful methods to study the prob-
lems with a general nonlinear term, in which a linear or quadratic reccurent sequence
is constructed and its convergence is respectively called 1-order convergence or 2-order
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convergence, for example [23], [24] and the references given therein. Later, the extend-
ing results of [23] and [24] have been continuously considered by Truong et. al [25], in
which a N-order iterative scheme has been established in order to prove the existence and
uniqueness of solutions for the following nonlinear wave equation of Kirchhoff-Carrier type

e = g1 (@I o ()7 e = f (2,6,0), 0 < 2 < 1,0 < £ < T,
12 (0,8) — hou(0,t) = ug(1,£) + hyu(1,£) = 0, (1.11)
u(z,0) = dg(x), ur(x,0) = 41 (x),

where p, f, 4o, 4 are given functions and hy > 0, hy > 0 are given constants. In the
paper, they associated with Eq. (1.11); a recurrent sequence {u,} defined by

0%u,,
= i (N @ Ttma ) e

N (1.12)
!
s 1.

o i
8u]: (zyt,um—1) (U — Um—1)", O<ax <1, 0<t<T,

)

with w,, satisfying (1.11)2 3. Recently, the authors in [20] have also used the similar
method given in [25] to construct a N-order convergent recurrent sequence for a nolinear
wave equation in annular of Carrier type associated with Robin-Dirichlet conditions as
below

Utt — K (”u(t)”§> (U:mc + %Uz) = f(xatvu)a p<z< 1a 0<t< Ta
u(p,t) = ux(1,1) + Cu(1,£) = 0, (1.13)
u(z,0) = dg(x), ur(x,0) = 41 (x),

where u, f, g, 4 are given functions and p, ¢ are given constants, 0 < p < 1.

The purpose of the present paper is devoted to studying the unique solvability of the
problem (1.1). We first construct a recurrent sequence {u,,} associated with Eq. (1.1)y,
which is defined by

a t
5 (u + aat) Auyy, — /0 g(t — s)Auy,(s)ds

N | i (1.14)
:Z,— f(x,t,um_l)(um—um_l)i, l<ax< R, 0<t<T,
£~ 4l Qu

and u,, satisfying (1.1)23. Next, we prove the existence of the above sequence by us-
ing Galerkin method, in which the Banach fixed point theorem is applied to get the
existence of Galerkin approximate solution. In last part, we prove that the sequence
{um} converges to a function u, and show that u is the weak solution of the problem
(1.1). Moreover, we aslo establish an estimation of N-order convergence in the form
lum —ully < Cl|tm—1 — u||])\([, for some C > 0, all large positive integers N and X is a
suitable space. To the best of our knowledge, there have been few works of high order it-
erative scheme for nonlinear pseudoparabolic equation with viscoelastic term. This paper
consists of three sections. In Section 2, we present preliminaries. In Section 3, we present
the main results of the local existence and uniqueness.
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2. PRELIMINARIES

Throughout this paper, we set Q = (1, R) and use L2 L2( ) to denote the Lebesgue

space with the inner product defined by (u,v) fl x)dr, L?-norm of a function

u € L? is denoted by |lu|| = \/(u,u). We use H™ = Hm (Q) to denote the Sobolev spaces
‘ 1/2

with the norm ||ul ;m = (Z ” |D’u||2)

Moreover, we also introduce three weighted scalar products

R
(u,v) :/ zu(z)v(x)de, u,v € L?
1
(u,v); = (u,v) + (o, va), u,v € HY, 21)
<U7U>2 = <U,U> + <u:vavx> + <U/:E:E7Ua:a:> , U,V € H27

then L?, H', H? are the Hilbert spaces with respect to the above scalar products. We

denote [[ully = v/u,w), w € L2 |lul, = /{ua)y, u € HY luly = /{u uly, u € H2.

Put

V={veH" :v(R)=0}. (2.2)
The symmetric bilinear form a(-,-) defined by
a(u,w) = (ug, wy) + hiu(l)w(l), for all u,w €V, (2.3)
with hy > 0 is a given constant and |[v||, = \/a(v,v).

Then, we have the following lemmas.
Lemma 2.1. The imbeddings V — C°(Q) is compact and
0 vl < VE=Tlvally < VE=T]lol|, for all v € V,
(i) ollg < ZRED Y, | for all v eV, 24)
(i) folly < loll, < V/I+ A= D) logly for all v e V.
Lemma 2.2. The symmetric bilinear form a(-,-) is continuous on V x V and coercive
on V, i.e., there exist two positive constants Cy, C1 such that

(i) la(u,v)| < Cy ”ux!o HUa:Hov
(i) a(v,v) > Co [lvally

for all u, v € V. Moreover, C; =1+ h1(R—1) and Cy = 1.

(2.5)

Lemma 2.3. There exists the Hilbert orthonormal base {w;} of L? consisting of the
eigenfunctions w; corresponding to the eigenvalue \; such that

0<A <A< <A <A <o, lim Ay = +oo,
~ j—r+oo (2.6)
a(wj,w) = \j(wj,w) foral weV,j=12,-

Furthermore, the sequence {w;/\/A;} is also the Hilbert orthonormal base of V with

respect to the scalar product a(-,-). On the other hand, we have w; satisfying the following
boundary value problem

{ Awj = — (wjmC + %wﬂ) = — 8@ (zwjg) = Aiw i i (1, R),

w5 (1) — Ay (1) = 1w, () = 0. a0 € O [1,%}). (2.7)
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The proof of Lemma 2.3 can be found in [[27], p.87, Theorem 7.7], with H = L? and
a(-,-) as defined by (2.3).

Lemma 2.4. The operator A : V. — V' in (2.7) is uniquely defined by Lax-Milgram’s
lemma, i.e.,

a(u,v) = (Au,v), for all u, veV. (2.8)

The notation |[-|| is the norm in the Banach space X, and X’ is the dual space
of X. We denote by LP(0,7;X), 1 < p < oo for the Banach space of real functions
u: (0,T) — X measurable, such that

1/p

T
ull 2o 0,7 x) = (/O lu(®)Il% dt) < oo for 1 <p < oo,

and
||uHLoo(O’T;X) = esssup ||[u(t)]|yx for p = occ.
0<t<T
2
Denote u(t) = u(z,t), u'(t) = w(t) = %(mﬂf), u’(t) = up(t) = %(m,t), ug(t) =
ou 0%u

(x,t), ug(t) = x,t).

82(

o
With f € O(0,1] x [0,7°] x B), f = f(r,t,u), we put Dif = 90 Df = .
Dgf:?)—iandDO‘f:D?ln-D?f*f,a:(a1,~--,ag)EZi, ol = a3 +---+as < N,

Of=7.

3. MAIN RESULTS

In this section, the local solution of (1.1) is established by using linear approximate
method and Faedo-Galerkin method. For a fixed constant T* > 0, we make the following
assumptions:

(Hl) ug € VN H2, ’&03;(1) — hl’ao(l) =0;
(HQ) g€ LQ(O,T*);
(H3) f e CYQx[0,T*] x R) satisfies the conditions:
Dif, DoDyf € CO(Q2 x [0,T*] xR),1<i<N,1<j<N-1.

Put
Knt(F) = Iflon ) + 2o, 1P3 ooy + 30, ||P2DA o)’
where
Ifleo@yy = sw{lf@@ ty)l: (2,t.y) € Qu},
Qu = [LR x[0,T*] x [-VR—1M,VR —1M].
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The weak solution of (1.1) is a function u € L>(0,T; VNH?) such that u’ € L>(0,T;VN
H?) and u satisfies the following variational equation

<U'() >+a( '(t), w) + a(u(t), w)
(f)o g(t — s)a (u(s),w) ds + (f[u](t),w), for all w € V, a.e., t € (0,T), (3.1)
0) = o,

where f[u](,1) = f (z,t, u(x,1)).
For each T € (0,7*], we introduce the space

Wr = {v e L>®0,T;VNH?) :v € L>*0,T;VNH?)}.
Note that Wy is a Banach space with norm
Wl = max { ol o rvemey 10 ioeoirimies) §
For M > 0, we put
W(M,T)={veWr: ||, <M}.
Now, we construct the recurrent sequence {u,,} defined by ug = 0, and suppose that
Um—1 € W (M,T). (3.2)

Then u,, is found by the fact that u,, € W(M,T), m > 1 and provided

(up, (), w) + (u (t), w) + alum(t), w)
= ftg t—s)a (um(s),w)ds+ (Fp, (t),w), for all w e V, a.e., t € (0,7T),
um (0) = o,
(3.3)
where
Nolgo '
Fy (z,t) = Z A Dsf lum-1] (2, 6) (um (2,8) = tm-1 (z,t))"
- (3.4)
=3 oy (1) (1)
7=0
and
o »(xt)z%ﬂDif[u (e, 6) i (a,t). (3.5)
(00 = 2 Gy el e '

The first result of our paper is presented in the following theorem.

Theorem 3.1. Assume that ug, g, [ satisfy (Hy) — (Hs) respectively, then there exist
the constants M > 0 and T > 0 such that the problem (3.3)-(3.4) admits u,, € W(M,T).

Proof. Consider the basis {w;} for L? as in Lemma 2.3. Put

ko
uh () =" (B,
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where cgfg is determined via the following system of nonlinear integrodifferential equations

(a$00), w0y ) +a (68 (1)) + 0 (u (0), )

= fgg(t —s)a (ug«f)(s),wj) ds + <F7(f) (t) ,wj> , 1< <k, (3.6)
ul )(O) = ok,
where
N-1 i
F (0,8) = 37 @y () (uld) (2.0))" (3.7)
j=0

and g is satisfied the condition
k
dop = ijl ﬁj(k)wj — 1 strongly in V N H2. (3.8)

The system (3.6) can be written in the form

(k Ak
)+ T (0 =

J
Bo)y=8M1<j<k.

—s)e® 1 (k) _

(3.9)

After integrating, it can see that the system (3.9) is equivalent to the following system
of intergal equations

) (k) =t _ (k)
i) = 80t i [ ) el

1 : e /o (3.10)
+1+)\j/0 e % <Fm (5)7wj>ds7
with 1 < j <k, where
t Y
H;(t) :/0 e~ 7= g(s)ds, o, = . +J5\j, 1<j<k. (3.11)

By using the contraction mapping principle, it is not difficult to show that the existence
of the approximate solution u'y )( t) of Eq. (3.10) on [O,Tr(f)] C [0,T7.

In next step, we make some priori estimates that shows the bound of the approximate
solution uh )( t) on [0, T(k)] Then we can take T( ) =T independent of m and k, which

permits that the approximate solution ugn (t) of Eq. (3.10) can be extensively defined on
the whole of [0, T].

Put
SO () = Q/t {H%’?(s)HZ + H%f?(s) j
0 0

+ ol )
2 2
+ HAu,(jj) (t)H0 + Huﬁ,’?(t)

2
it [ o
“ (3.12)

2 2
n HAufjj) )(

+||u @ i

)
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then we deduce from (3.6) and (3.12), that
00 = auel? + auel +2 [ [ otr = sya (46 00 ) s
+ 2/ dT/ g(T —s) <Auff§)(s), Auﬁ,’j>(7)> ds
0 0
t
+ / gt — s) <Au5§>(s), Aug€>(t)> ds — <Au§,’§>(t), Aug€>(t)> (3.13)
0
t
+ 2/ (F® (s), 0l (s) + Aull) (s) ) ds + (FP (), Aa) (1))
0

-2 -2 6
= llox [z + | Adoels + > 1;

We shall estimate the terms of the right-hand side of (3.13) as follows.

2 2 2 2
By the inequality S (t) > Hugf) (t) ®) (t)HO + Huﬁ,’f) (t) 1K) (t)‘ AL
estimate I, Is, I3 respectively as follows
t T
I = 2/ dT/ g(m — 8)a(u® (s), 0¥ (r))ds
t
< 2— g . / Sﬁf) T)dr
fv “Noll 20,7+ ; (1)
I, = 2/ dT/ g(t—9) <Au§,’f)(s),Aug§)(7)> ds
0 0 , (3.14)
<V T gl | SW () dr
0
t
B= [ gtt=s) (4u (9), 20 (0)) ds
0
< Lsw) 4 1q12 tS(k)(s)ds
= 3Pm g L2(0,T*) 0 m
Using Cauchy-Schwarz, we get that
2
1= (4P (0, 40 () < [ au® )]+ S5B ). (3.15)
o 4
2
The term HAuglrf)(t)Ho is estimated as follows
2
s = s [ 1o
0
2
< (||Aﬂ0k|0+/ HAuS,’f)(s)HOds> (3.16)
0

t
<2 Al + 27 [ S (s)ds,
0
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Then it follows from (3.15) and (3.16) that

1 t
I = <Au§,§>(t),Au§,§>(t)> < SW(8) + 2| Adok g + 2T*/ S¥(s)ds.  (3.17)
0
In order to estimate the terms I5 and Ig, we use the following lemma.

Lemma 3.2. The terms HFr(f) (t)‘ ; and HFr(f) (t)H are estimated as follows

1o°

i [e), < s (VsPo) |,
r N1 (3.18)
G B0 @ . <d 1+( 55,’:)@)) ,

where dg&) and dg\? are defined by

d9 — a;(M) (VR—1 "
W= () ( )
N—-1
d) = 3 (B0 +jay(a0) (VE-T)
j=0
= i 3.19
6,00) = Kun() Y 5 (VE=101) (319

Bi(M) = Kn(f) Z ﬁ (i—j-i-l—i—\/ﬁM) (\/ﬁM)iij,

Proof.
(i) Estimate of HF,Sf) (t)HL . By using the inequality

[tm—1 (2, 0)] < [Jum—1 ()]l comy < VR —=1]lum—1 @)ll, < VR - 1M,
it follows from (3.5) that

N—-1

[P (2,8)] < Z ﬁ | D3 f [um—1] (x,t)| [tm—1 (z, )]
N-1 i
< Kulh) Y sy (VE= Tl 0)1,) (320)
= i—j
< Ku(f) =T (\/R - lM) = a;(M).
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§ VR —14/ S,(,’f) (t), we have

70 0] < 3 1@y (0]l <x,t>\j

+ ( S (t)) N_ll (3.21)

Due to ’ugf x t)‘ < \/7H (k)

N-1 .
where ds\?[) =Y a;(M)(VR- 1)j . So (i) is proved.
=0

(ii) Estimate of HFT(,{C) (t)HL . Note that

B (w,1) = g (2, 1)
i i1 3.22
Z [ 2, 0) () (@,0) 4 Py (@, 0) (ul) (@,0)) " 0l (m)} 0
On the other hand
(I);nj (:E,t)
_N y (=1) i i+l / i—j
= Z piTcE] [D2D5 f [um—1] (2, 1) + D3 f [um—1] (2, ) up, o (2, 8)] up, 2y (2,2)
T D s | D3 [ (@, 0) w21 () )y (1)
yar ]'(Z—j)' J 3 m—1 ) m—1 ) m—1\L> )
(3.23)
hence
‘(I);nj (x,t)’
N—-1 Cj o
< Kn(f) Z = (U |1 @ 0)]) [ (2, )7
R
K Y 5= [l (.01 s ()]
Ny o i-j
< Ku(f) Z:; =T (z —j+1+VER= 1M) (\/R— 1M) = B;(M).
(3.24)

2 2
By S (1) > Hu&,’f)(t) D, it follows from (3.20), (3.22) and (3.24) that

a
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£ (@ 1)
< [ (2.1
= i i1
#3100y )] ol 0]+ 105 01 o2 0 (a8 1)
= N-1 i j
< A0+ X (VE=1) (500 +a0n] (151 0))
N-1 = j j
= Y (VET) [B0n +jas0n] (Vs )
j=0
thus
£ (a,1)
N-1 i N ® N-1
< par ( R— 1) [/BJ(M) +.70‘j(M)} L+ ( S (t)) ] (3'25)
—dV |1+ ( S (t)>N_1 :
where d{}) = Nf (VR=1)" [B,(M) + ja; (M)] .
M =0 J J

Therefore, (3.18);;) follows. Lemma 3.2 is proved. [

In what follows, we estimate the integrals I5 and Ig.

. . . o alk) NOYNIE (&) 1P
FEstimate of Is. By Lemma 3.2 (i) and the inequality Sy’ (t) > Hum (t) —|—HAum (t)HO ,
we obtain ‘
¢
= [ (P (). a)(0) + Ailf)(5)) ds
0
¢
<2 o], [l @], + 4]
_2/0 HFm (s) 0[ U’ (8) O—i— Ay () 0} ds
(3.26)

< 2@\/R22_1dM /Ot 1+ (\/Sﬁr’f) <s>>N_1] S (s)ds
< 4v24/ RZ; P /Ot {1 + (SS,’? (s))N_l} ds.

Estimate of Ig. Note that

N-—-1
FEP (2,00 = > @y (2,0) i)y, ()
0
—1N-1

ZT

.ﬁgjpwmm%mqum&m,

=]

Jj=

(=)
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hence

1 . A i .
<Y N e sw D@0y (VE=T) faolly ol

J!(Z - .7) (z,y)€Q (o)

where Q(@g) = [1, R] x [-vVR — 1| a0, , VR —1|0ll,] - i
Using the convergence given in (3.8), we get that there exists a constant Fy > 0
independent of k and m such that

’Fﬁf) (x,O)‘ < Fy, forall z € [1,R] and m, k € N. (3.27)

By Lemma 3.2 (ii), we obtain

[ @], <m0 @]+ [0 0o

< BBl [ G (329
= dM/o 1+<\/Sm (s)) ]ds.
y (3.27) and (3 28) it follows that
6= (F® (1), 44D (1))
< i HA o]+ o, (3.20
15”” (t) + 2F2 + 2(R* — 1) (d}?)z T* /Ot {1 + (S,(,’f) (s))Nl] ds.
Combining (3.14), (3.17), (3.26) and (3.29), it implies from (3.13) that
S (t) < Sok + A /t [1 + (Sgﬂ (s))Nl} ds, (3.30)
where i
Son = 4 (Jlaorl2 + I Aorl12) +8 (I Adorl2 + F2)
S =4 [z (CL+ )VT ||g||L2<o 1oy + 191320, + 2T7] (331)

8 |2v2

()

Also, by using the convergences given in (3.8), we can deduce the existence of a constant
M > 0 independent of k and m such that
M2
SOk < —, forall m, kK € N. (332)

Finally, it follows from (3.30) and (3.32) that
M2 t N-1
SW (1) < -+ T +n | (S0(5)) ds, 0<t<TI ST (333)
0

Then, by solving the Volterra nonlinear integral inequality (3.33) (based on the methods
in [28]), the following lemma is proved.
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Lemma 3.3. There exists a constant T > 0 independent of k and m such that

S (1) < M?, vt € [0,T], ¥m,k € N. (3.34)
By Lemma 3.3, we can take constant T,E,f) =T for all £k and m € N. Thus, we have
ul® e W(M,T), Vm, k € N. (3.35)

From (3.35), we obtain that there exists a subsequence {ugfj)} of {ug,]f)}, still denoted
by {ugi)} such that

ugi) — U, in L*(0,T;V N H?) weakly*,
a5l in L°°(0,T;V N H?) weakly*, (3.36)
U € W(M,T).

Using the compactness lemma of Lions ([29], p.57) and applying Fischer-Riesz theorem,

from (3.36), there exists a subsequence of {ugff)}, denoted by the same symbol satisfying
ul® — u,, strong in L*(0,T;V) and a.e. in Q7. (3.37)
On the other hand, by using the inequality
la? —b| < jM{"'|a—b|, Ya,be [-My, My], YM; >0, Vj €N, (3.38)
we deduce from (3.34) that
|l (@,0)) = uly (@,0)]
< (\/ﬁM)H )uﬁ,’?(:c,t) ()], 0<j< N 1.
Therefore, (3.37) and (3.39) imply
(ul) — u? strong in L3(Qr). (3.40)
By (3.4), (3.7) and (3.20), we get that

(3.39)

N—-1 ,
J .

RIS »
§=0 L2(Qr) 341
o j (341

< a; (M) ’ (un’f)> —ul — 0.
j=0 L2(Qr)
this leads to
F®) — F,, strong in L*(Q7). (3.42)

Taking the limits in (3.7) and (3.8), we have u,, satisfying (3.3) and (3.4) in L?(0,T).
Theorem 3.1 is proved. UJ

By using Theorem 3.1 and the compact imbedding theorems, we shall prove the exis-
tence and uniqueness of weak local in time solution for the problem (1.1).
First, we consider the space

Wi (T)={veL>®(0,T;V):v €L*(0,T;V)}, (3.43)
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then W1 (T') is a Banach space with the norm (see Lions [29])
vl 1y = IVl Lo 0,77y + HUIHLQ(O,T;V) :

Theorem 3.4. Let (Hy) — (Hs) hold. Then, there exist constants M > 0 and T > 0
such that the problem (1.1) has a unique weak solution u € W (M, T), and the recurrent
sequence {un} defined by (3.2)-(3.5) strongly converges at a rate of order N to u in
Wi (T) in sense

N
| — “le(T) < Cllum—1 — U||W1(T) ) (3.44)
for all m > 1, where C is a suitable constant. On the other hand, the following estimate
18 fulfilled
et — tllyy, 7y < Cr (B)™, for all m €N, (3.45)

where Cr >0 and 0 < By < 1 are constants only depending on T'.

Proof. We shall prove that {u,,} is a Cauchy sequence in W1 (T).
Indeed, we put v,;, = U1 — Um. Then vy, satisfies the variational problem

(v (£), >+a( m (1), w) + a(om(t), w)
:f()gt—s (Um(8),w) ds + (Fri1 (t) — Fp (t) ,w) , Yw €V, (3.46)

where
N-11 i
Fp(t) = Zi:o D8 [t 1] () (i (,8) = 1 (1)) (3.47)
Taking w = v/, (¢ (3.46), after integrating in ¢, we have
= 2/ dT/ (1 —s)a (vm(s),v), (1)) ds
3.48
#2 [ s (6) ~ Fun ), 19 ds (349
0
=J1 + Jo,
where
t
Zin(t) = 2 / (R + 1 (II3) ds + om (DI (3.49)

Next, we have to estimate the integrals on the right-hand side of (3.48).
1

By using the inequalitiy 2ab < aa? + =b%, Va,b € R, o > 0, then J; is estimated as
«a

follows

J1 :2/0 dT/O g(1 — 8)a (v (s),v,(T)) ds
< 2/0 dT/O l9(1 = 8)| lom ()]l Nvr, ()l dsdT
<9 / dr / 907 = )| V/Zon () [0 (7], s

t
Zn(t)+ 27 Nl ey | 2o (5) s

(3.50)

<

e~ =
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Using Taylor’s expansion of the function f(z,t,u;,) = f(2,t, tm—1+Vm—1) around the
point u,, 1 up to order N, we obtain
f(ﬂ:‘, t, um) - f('ra i, um—l)

N-1

1 . . 1 3.51

= § ﬁDéf(fﬂ»t?Um—l)U%q + ﬁD:]),Vf(fU,tﬁm)Uﬁfu ( )
=1 :

where 4., = o (2, 1) = Um—1 + 01, 0 < 0 < 1.
Hence

Fm+1($,t) - Fm(xat)
N-1

-y %Dg F@, i (@,8)) (0 (@, )’ (3.52)

i=1

1
+ ﬁDévf(x’tvém(x’t))vvjx—l(xvt)'

Note that
(VE=Tlon(l,) < (VE-T) M)~ VZu(D),
(VE=Tlom)1,) " < (VE=T) llom sl

IN

[om (@, )|
(3.53)

IN

|U%71 (.’L‘, t) ’
Therefore, we have

[Emp1 (8) = Fon(8)llo

< (R22‘1)KM(f>Z_;( R=1) M) VZn )
i=1 (3.54)

R? - "
1 (1) Kar (F) (VE=T) " [om-1l¥y )

2
= 31 (M)\/ Zon () + 72(M) om0 1|13y, (1 »

where

=1 (3.55)

w00 = o (52 e () (vR=1)

By using the inequality (3.54) above, Jy can be estimated as follows
t
T =2 [ (B (5) = B (9, (5) ds
0
t
<2 [ 1Fea (6) = P (9) s + / ()12 ds (3.56)
0

< AT oy +49700) [ Zo)ds + 320
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By (3.48) and (3.50), it follows from (3.56) that

t
Zm(t) < 8T5(M) HUm—lHaZ/\i(T) +4 (2’712(M) +1" ||9||2L2(0,T*)) /0 Zm () ds.

(3.57)
Using Gronwall’s Lemma, we have
Zin(t) < STAR(M) exp [4T (273 (M) + T gl 20,7-) ) | Nom-1 130
This leads to
v lvw, ¢y <t [om—1llw, 2y > ¥m €N, (3.58)

where 7 = (2 + V2) 32(M)V2T exp [2T <2af(M) + T ||g||2Lz(07T*)>} .
Note that
| — UmﬂoHWl(T)

< lum = wmllw, oy + ltmar = tmgally, oy + -+ + lumep—1 = vmtplly, o)

= ”UmHWl(T) + ||vm+1||W1(T) + -+ ||Um+p71||W1(T) ) vmv p eN

(3.59)
On the other hand, we obtain from (3.58) that
N
”UmHWl(T) < pr ||Um—1||W1(T)
N N N N?
< iz (pr Nom-2lyry) = prid (lom—zllws )
N N ? N N? ’
< e (s llomslivyery) = mrnd oy (lom-sllw, )
2 A3 m—1 N™
<o <l (ol
2, I N™ 1—7N7" N™
=M1T+N+N o (HUOHWl(T)) =pr (||U0HW1(T))
—1 1 n
N-—-1 N—-1
= U <:U‘T ||U0|W1(T)>
—1 J N —1 N™
< (MuFT) =l o0 Ymen
(3.60)

1
where S = Mpup '.

Hence, applying (3.60) to (3.59) and using the fact that Sr < 1 with choosing T' > 0
small enough, we have
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[t — “m+pHW1(T)
< Nt = et llw, (o) + lmts = tmtallw, oy -+ + ltmap—1 = tmaplly, (1)
= lvmllw, () + lomtll, oy + -+ 1omap—1lw, oy
T g \NT L NOT g\ N o1
<wpp ' (Br)” +pp (Br) + .t (Br)

m

= uT (3™ L )™ (B (e

= N:ﬁ_if11 Br)"" [1 + (Br)VTIONT (5T)(N271)Nm +..+ (ﬁT)(Npilil)Nm}

Nm+p—1

therefore

e — Um+;0HW1(T)

< ,Uzly%ll (ﬂT)Nm [1 + (ﬂT)N"" n (/BT)sz - (BT)(p_l)Nm}
= ()" [1 +B)M + ((BT)NM) Fo ((ﬁT)Nmy_l}

e oA :
g 1— ()" 1— ()"
1 1 —1

<yt ()N g =k (- Br) "L (Br)N", for all m and p.

2

(3.61)

The inequality (3.61) ensures that {u,,} is a Cauchy sequence in Wy (T'). Then there
exists u € Wy (T) such that

U, —> u strongly in Wy (T). (3.62)

Note that u,, € W (M, T), then there exists a subsequence {up, } of {u,} such that

Upn; — U in L0, T;V N H?) weakly*,
Uy, —> in L0, T;V N H?) weakly*, (3.63)
U € W(M,T).

We note that

N-1
| Fo (2,) = f [m—a] (2,0)] < Y % | D5 f [um—1] (@, )] [wm (2, 8) = w1 (z,0)]'
i=1

N-1 ;
1 7
< Kwm(f) Z a (VR = jum — um—1||W1(T)> ?

i=1

If fum—1] (2, 1) — f[u] (z,8)] < Knr (f) [um—1 (z,t) — u (2, 1)]
<Ky (f) VR =1 ||thg—1 — ullyy, (1) -
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Hence

N—-1 )
1 i
[ Fm — f [Umflme(QT) < Kwm (f) Z il (VR = um — Umfluwl(T)) -0,
i=1
1S Tum—1] = f[ulllpe (@py < En (f) VR =1 [[um—1 — ullyy, (1) = 0,
(3.64)
it follows that

[Em = f 1l ooy < I1Em = ltm—illl ooy + 1] [um—a] = Fllll ooy = O-
(3.65)
The estimates (3.64) and (3.65) imply that

F,, — f[u] strongly in L= (Qr). (3.66)

Taking the limits in (3.3) and (3.4) as m = m; — oo, there exists u € W(M,T)
satisfying the equation

(' (t),w) + a (u'(t), w) + a(u(t), w) =/O 9(t = s)a(u(s), w) ds + (flul(t), w),

for all w € V and the initial condition u(0) = .
Finally, letting m = m; — oo in (3.3), (3.4) and using (3.62), (3.63) and (3.66), we get
that there exists u € W (M, T) satisfying (3.1). The proof of existence is completed.
Next, we are easy to prove that the uniqueness of solutions of (3.1). Afterward, by

passing to the limit in (3.61) as p — oo for fixed m, we get (3.45). Theorem 3.4 is proved
completely. [
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