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Abstract : In this paper, we give some new definitions of D*-metric spaces and
we prove a common fixed point theorem for six mappings under the condition of
weakly compatible mappings in complete D*-metric spaces. We get some improved
versions of several fixed point theorems in complete D*-metric spaces.
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1 Introduction and Preliminaries

In 1922, the Polish mathematician, Banach, proved a theorem which ensures
under appropriate conditions, the existence and uniqueness of a fixed point.His
result is called Banach’s fixed point theorem or the Banach contraction princi-
ple. This theorem provides a technique for solving a variety of applied problems
in mathematical science and engineering. Many authors have extended, generalized
and improved Banach'’s fixed point theorem in different ways. In [11], Jungck intro-
duced more generalized commuting mappings, called compatible mappings, which
are more general than commuting and weakly commuting mappings. This concept
has been useful for obtaining more comprehensive fixed point theorems(see, e.g.,(
1,2, 3,4, 6,8,9, 12, 13, 14, 16]). One such generalization is generalized metric
space or D-metric space initiated by Dhage [5] in 1992. He proved some results
on fixed points for a self-map satisfying a contraction for complete and bounded
D-metric spaces. Rhoades [11] generalized Dhage’s contractive condition by in-
creasing the number of factors and proved the existence of unique fixed point of a
self-map in D-metric space. Recently, motivated by the concept of compatibility
for metric space, Singh and Sharma [15] introduced the concept of D-compatibility
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of maps in D-metric space and proved some fixed point theorems using a contrac-
tive condition. Dhage [5] introduced the notion of generalized metric or D-metric
spaces and claimed that D-metric convergence defines a Hausdorff topology and
that D-metric is sequentially continuous in all the three variables.Many authors
have taken these claims for granted and used them in proving fixed point theorems
in D-metric spaces. Unfortunately, almost all theorems in D-metric spaces are not
valid .In this paper, we introduce D*-metric which is a probable modification of
the definition of D-metric introduced by Dhage [5] and prove some basic properties
in D*-metric spaces. We also prove a theorem for six maps in D*-metric spaces .

In what follows (X, D*) will denote a D*-metric space, N the set of all natural
numbers and RT the set of all positive real numbers.

Definition 1.1. Let X be a nonempty set. A generalized metric (or D*-metric)
on X is a function: D* : X3 — RT that satisfies the following conditions for
each ©,y,z,a € X.

(1) D*(2,9,2) >0,

(2) D*(x,y,z) =0 if and only if x =y = z,

(3) D*(x,y,z) = D*(p{x,y,z}),(symmetry) where p is a permutation func-
tion,

(4) D*(x,y,2) < D*(x,y,a) + D*(a, 2, 2).
The pair (X, D*) is called a generalized metric (or D*-metric) space.

Immediate examples of such a function are
(a) D*(z,y,2) = max{D*(x,y), D*(y,2), D*(z,2)},
(b) D*(z,y,2) = d(z,y) + d(y, z) + d(z, z).
Here, d is the ordinary metric on X.
(¢) If X =R" then we define

* 1
D*(z,y,2) = (Il = yll” + lly = 2" +[|z — =[|")»

for every p € RT.
(d) If X = R™ then we define

. - 0 ife=y=z
D(w,y,2) = { max{z,y,z} otherwise .
Remark 1.2. In a D*-metric space, we prove that D*(x,x,y) = D*(x,y,y) . For
(i) D*(z,x,y) < D*(z,2,x) + D*(2,y,y) = D*(x,y,y) and similarly
(i) D*(y,y,x) < D*(y,y,y) + D*(y, x,2) = D*(y, =, x).
Hence by (i),(ii) we get D*(x,2z,y) = D*(x,y,y).

Let (X, D*) be a D*-metric space. For r > 0 define

Bp+(z,7r)={y € X : D" (z,y,y) <7}
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Example 1.3. Let X =R. Denote D*(x,y,2) = |z —y| + |y — z| + |z — | for all
x,y,2 € R. Thus

Bp+(1,2) = {yeR:D*(1,y,y) <2}
= {yeR:jy—-1+ly—-1 <2}
= {yeR:|jy—1 <1}

(072)

Definition 1.4. Let (X, D*) be a D*-metric space and A C X.

(1) If for every x € A there exist r > 0 such that Bp-(z,r) C A, then subset
A is called open subset of X .

(2) Subset A of X is said to be D*-bounded if there exists r > 0 such that
D*(z,y,y) <r for all z,y € A.

(3) A sequence {x,} in X converges to x if and only if

D*(zp, 2p,x) = D*(z,2,2,) = 0 as n — oo.
That is for each € > 0 there exist ng € N such that
Vn > ng = D*(z,z,2,) <€ (%)
This is equivalent with, for each ¢ > 0 there exist ng € N such that
Vn,m > ng = D™ (2, 2n, Tm) <€ (xx)
Indeed, if have (*),then

D*(xnvxmvx) = D*(iCn,:E,:Em) < D*(.%'n,x,x) "FD*(.TL',TL'm,fL'm) < §+ % = ¢

Conversely, set m = n in (xx) we have D*(xy, xy, 1) < €.

(4) Sequence {xy} in X is called a Cauchy sequence if for each ¢ > 0 , there
exits ng € N such that D*(xy, Xpn, Tm) < € for each n,m > ng. The D*-metric
space (X, D*) is said to be complete if every Cauchy sequence is convergent.

Let 7 be the set of all A C X with x € A if and only if there exist r > 0 such
that Bp«(z,7) C A. Then 7 is a topology on X (induced by the D*-metric ).

Lemma 1.5. Let (X, D*) be a D*-metric space. If r > 0, then the ball Bp«(z,r)
with center x € X and radius r is the open ball.

Proof. Let z € Bp~(z,r) so that D*(z,z,z) < r. If set D*(x,z,2) = 0 and r' =
r — 0 then we prove that Bp«(z,7") C Bp«(z,r). Let y € Bp«(z,r’), by triangular
inequality we have D*(x,y,y) = D*(y,y,z) < D*(y,y, 2)+D*(z,z,x) < r'4+d =r.
Hence Bp«(z,7r") € Bp«(z,r). That is ball Bp«(z,r) is open ball. O

Lemma 1.6. Let (X, D*) be a D*-metric space. If sequence {x,} in X converges
to x, then x is unique.



384 Thai J. Math. 7(2) (2009)/ S. Sedghi et al.

Proof. Let 2, — y and y # x. Since {z,,} converges to z and y, for each € > 0
there exist

ny € N such that for every n > ny = D*(x,2,2,) < 5

and

ng € N such that for every n > ny = D*(y,y,z,) < §.

If set ng = max{ni,na}, then for every n > ng by triangular inequality we have

D*(w,2,y) < D*(2,2,20) + D*(wnyy) < 5+ 5 = <.
Hence D*(z,x,y) = 0 is a contradiction. So, x = y. O

Lemma 1.7. Let (X, D*) be a D*-metric space. If sequence {x,} in X is con-
verges to x, then sequence {x,} is a Cauchy sequence.

Proof. Since x,, — x for each € > 0 there exists

n1 € N such that for every n > ny = D* (2, Tn,7) < §

and

n2 € N such that for every m > ny = D* (2, T, ) < 5.

If set ng = max{ni,n2}, then for every n, m > ngy by triangular inequality we have
D*(xp, Tn, Zm) < D* (20, Tn, ) + D*(2, T, ) < § + § = e.Hence sequence

{z,} is a Cauchy sequence. O

Definition 1.8. Let (X, D*) be a D*- metric space. D* is said to be continuous
function on X3 x (0,00) if

lim D*(In,yn,zn) = D*(xvyaz)a

n—oo

whenever a sequence {(Tn,Yn, zn)} in X3 converges to a point
(z,y,2) € X3 i.e.

lim z, =z, lim y, =y, lim 2, ==z
n—oo n—oo n—oo

Lemma 1.9. Let (X, D*) be a D*- metric space. Then D* is continuous function
on X3.

Proof. Since the sequence {(2y, yn, 2n)} in X3 converges to a point
(z,y,2) € X3 ie.
lim z, =z, lim y, =y, lim 2, ==z
n—oo n—oo n—oo
for each € > 0 there exists
ny € N such that for every n > ny = D*(x,2,2,) < 5
no € N such that for every n > ny = D*(y,y,yn) < §,

and similarly there exist ng € N such that for every n > n3 = D*(z,2,2,) < §.
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If set ny = max{ny, ng,ns}, then for every n > ng by triangular inequality we
have

D*(xn7y’ﬂuzn) S D*(«Tmym )+D (272717211)
< D(an,z y)+D (Y Yn> yn) + D*(2, 2n, 2n)
< D*(z Y, T ) (I l‘ml‘n)‘FD*(y,ymyn)+D*(Z,Zn,2n)
< D , —
(2,9,2) + = 3 + 3 + 3 3
= D*(x,y,2)+

Hence we have
D*(xnuynazn) - D*(xayuz) <e€

D*(xvyaz) S D*(x,y,zn)—i-D*(zn,z,z)
S D*(xvznayn)+D*(ynay7y)+D*(znvzvz)
< D"(zn,Yn, Tn) + D" (xn,x,2) + D*(yn,y,y) + D*(2n, 2, 2)
€ € €

< D* nyIYnsy #n > o >
(Tns Yns 2n) + 3 + 3 + 3

= D*(p,Yn,2n) +€

That is,

D*(Iayvz) - D*(Inaynvzn) <€
Therefore we have |D*(Zy, Yn, 2n) — D*(x,y, z)| < €, that is

lim D*(xn,Yn, 2n) = D*(z,y, 2)

n—oo

O

Definition 1.10. Let (X, D*) is a D*- metric space, then D* is said to be of the
first type if for every x,y € X we have

D*(z,x,y) < D*(z,y,2)
for every z € X.

In 1998, Jungck and Rhoades [8] introduced the following concept of weak
compatibility.

Definition 1.11. Let A and S be mappings from a D*-metric space (X, D*) into
itself. Then the mappings are said to be weak compatible if they commute at their
coincidence point, that is, Ax = Sx tmplies that ASx = SAx.

2 Main Results
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A class of implicit relation

Throughout this section (X, D*) denotes a D*-metric space and ® denotes a family
of mappings such that for each ¢ € ®, ¢ : (RT)* — R*, is continuous and
increasing in each co-ordinate variable. Also v(t) = ¢(t,t,¢,t) < t for every t € R

Example 2.1. Let ¢ : (RT)* — R™T is define by

O(t1,ta,t3,ta) = =(t1 + t2 +t3 + t4)

(S

Our main result, for a complete D*-metric space X, reads follows:

Theorem 2.2. Let A, B,C,S,Tand R be self-mappings of a complete D*- metric
space (X, D*) where D* is first type with :

H)A(X) C T(X), B(X)C SX), C(X)C R(X) and A(X) or B(X) or
C(X) is a closed subset of X,

(ii) D*(Az, By,Cz) < q¢(D*(Rx, Ty, Sz), D*(Rxz, Ty, By), D*(Ty, Sz,C=z),
D*(Sz, Rz, Ax)), for every x,y,z € X , some 0 < qg<1 and ¢ € P,

(iii) the pair (A,R), (B,T) and (S,C) are weak compatible.
Then A, B,C,S, Tand R have a unique common fixed point in X .

Proof. Let 2y € X be an arbitrary point . By (i), there exists a1, z2,23 € X such
that

Axg =Tx1 =y, Bxy = Sxro=19y1 and Cxy = Rxs = ys.

Inductively, construct sequence {y,} in X such that ys, = Axs, = Tzzni1,
Y3n+1 = Brgni1 = St3ny2 and yspio = Crznq2 = Rrznys, forn=0,1,2,---.

Now, we prove {y,} is a Cauchy sequence. Let D}, = D*(ym, Ym+1, Ym+2)-
Then, we have

D3, = D*(Y3n:Ysn+1,Ysn+2) = D" (Axsy, Bxani1, Cania)

D*(Rxsn, T3n+y1, ST3nt2), D* (Resn, Txsni1, Brsni1)
D*(Tx3pn41, ST3n+2, Crsnt2), D* (Sw3ni2, RTan, Axsy)

IN

_ D*(Y3n—1,Y3n: Y3n+1)> D* (Y3n—1, Y3n, Y3n+1)
D*(Y3n, Y3n+1,Y3n+2)> D (Y3n+1,Y3n—1, Y3n)
D 3n— 1)D§n717D§n7D§n71>'

We prove that D3, < D3, _,, for every n € N. If D5, > D3, _, for some n € N,
by above inequality we have D3, < ¢D3,,, is a contradiction. Now, if m = 3n +1,
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then

D301 = D*(Y3n+1,Y3n+2,Y3n+3)
= D"(Y3n+3:Y3n+1, Y3n+2)
= D

*
(Azgn43, Bxani1, CTani2)

IN
<

¢

D*(Rx3ni3, Tx3ny1, Stani2), D*(Re3nys, Tr3ny1, Brani1)
D*(Tx3pn41, Sx3n 42, C23ni2), D*(S23n12, RT3n43, AT3n43)

_ D y3n+27 Y3ns Ysnt1), D* (Y3n+2, Ysn, Ysn+1)
“(Y3n, Y3n+1: Ysn+2)s D (Ysn+1, Y3n+2, Y3n+3)
D DBnaDBnaDBnJrl)

3n>

Similarly, if D3, ., > D3, for some n € N we have D3, ,, < qD3,,, is a contra-
diction. If m = 3n + 2,then

Dinyo = D*(Ysn+2:Y3nt3: Yan+a)
D*(Y3n+3, Y3n+4, Y3n+2)
D*(Az3n13, Bxsnya, Cr3,42)
D*(Rxsni3, Twsnt4, Sani2), D*(Rxsnts, Tx3nt4, BT3nta) )

D*(Tx3p44, Sx3nt2, C23ni2), D*(S23n12, Rr3n43, AT3n43)

IN
<

¢

_ D*(y3n+2, Ysn+3: Y3n+1), D" (Y3n+2, Ysn+3, Ysnt4)
D*(Y3n+3, Ysn+1,Y3n+2), D™ (Y3n+1, Ysn+2; Y3n+3)
D

3n+1» D3n+2’ D3n+1’ DSn—i—l)

Similarly, if D3,,, > D3, for some n € N we have D3, ,, < ¢D3, 5 is a
contradiction.
Hence for every n € N we have D} < ¢D;,_;. That is

D} = D*(Yn, Yn+1, Yn+2) < 4D (Yn—1,Yn, Yn+1) < - < ¢"D* (Yo, Y1, Y2)-

Since D* is a first type , hence we have

D* (Y, Yns Yn+1) < 4" D™ (Y0, 1, Y2)-

Therefore

D™ (Yns Ynr Ym) < D™ (Yrs Yns Y1)+ D" (Yt 1, Ynt 1, Yns2) + - FD" (Ym—15 Ym—1, Ym)-

Hence

D*YnYn,Ym) < q"D*(yo,y1,y2) + 4" D* (yo, y1,y2) + -+ 4™ D*(yo, y1,y2)
= (¢"+¢""+ - +¢"")D*(yo, 1, y2)

n

1—

— 0.

IN

D*(yo0,y1,92)
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Thus the sequence {y,} is Cauchy and by the completeness of X, {y,} converges
to y in X. That is,lim, oo Yy = ¥

lim y, = lim Azg, = lim Bzs,11 = lim Czg,40
n—oo n—oo n—oo n—oo
= lim Tx3,+1 = lim Rxspis = lim Szsnio =y
n—oo n—oo n—oo

Let C(X) be a closed subset of X | hence there exist v € X such that Ru = y.
We prove that Au = y. For
D*(Au, Brspy1, Cr3ny2)

< g0 D*(Ru, Tx3n41, S%3n42), D* (Ru, Tx3n41, Bxan41)
- D*(Tw3n41, ST3n42, C3ni2), D*(Sx3pn42, Ru, Au)

On making n — oo we get

. D*(Ru,y,y), D*(Ru,y,y)
D*(Au,y,y) < Q¢< D*(y,y,v), D*(y, Ru, Au) )~

If D*(y,y, Au) > 0, then we have D*(Au,y,y) < ¢D*(y,y, Au) is a contradiction.
Thus Au = y. By the weak compatibility of the pair (R, A) we have ARu = RAu.
Hence Ay = Ry. We prove that Ay =y, if Ay # vy , then

D*(Ay, Bxznq1,Cr3n42)

< q¢< D*(Ry,Tx3p i1, S3n12), D*(Ry, Tx3n 41, Brsni1) >
- D*(Tw3n41, 573042, C3ni2), D*(Sx3p42, Ry, Ay)

As n — oo we have

D*(Ay,y,y)

IN

¢( D*(Ry,y,y), D*(Ry,y,y) )
D*(y,y,y), D*(y, Ry, Ay)

< qD*(Ay,y.y)
a contradiction. Therefore, Ry = Ay = y, that is, y is a common fixed of R, A .
Since y = Ay € A(X) C R(X), hence there exists v € X such that Tv = y. We

prove that Bv = y. For
D*(y, Bv, Cxsny2) = D*(Ay, Bv, C3ni2)

< g6 D*(Ry,Tv, Sx3n+2), D*(Ry, Tv, Bv)
=4 D*(Tv, Sx3py2, Cxaniz), D*(Sx3ni2, Ry, Ay)

On making n — oo we get

D*(y,y,y), D*(y,y, Bv)
D*(y,vy,y), D*(y,y,v)

Thus Bv = y. By the weak compatibility of the pair (B,T) we have TBv = BTv.
Hence By = Ty. We prove that By =y, if By # y , then

. D*(Ry, Ty, Swgn+2), D" (Ry, Ty, By)
D*(4y, By, Cwsniz) < a8 ( D*(Ty, Szsnt2, Cxzniz), D*(Swan+2, Ry, Ay)

D*(y, Bv,y) < q¢ < > <qD*(y,y, Bv)
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As n — oo we have

D*(Ry,Ty,y), D*(Ry, By, By)

) < ¢D*(y, By,y)

a contradiction. Therefore, By = T'y = y, that is, y is a common fixed of B, T .
Similarly, since y = By € B(X) C S(X),hence there exists w € X such that
Sw = y. We prove that Cw = y. For

D*(y,y, Cw) = D*(Ay, By, Cw)

D*(Ry, Ty, w), D*(Ry, Ty, By) .

Thus Cw = y. By weak compatible the pair (C,S) we have CSw = SCw,
hence C'y = Sy. We prove that Cy =y, if Cy # y , then
D*(y,y,Cy) = D*(Ay, By, Cy)

D*(Ry, Ty, Sy), D*(Ry, Ty, By) .
< a9 ( D*(Ty, Sy, Cy), D*(Sy, Ry, Ay) <D™y, Cy)

a contradiction. Therefore,Cy = Sy = y, that is, y is a common fixed of
C, S.Thus

Ay=8Sy=Ty=By=Cy=Ry=y

To prove uniqueness, let v be another common fixed point of T, A, B,C, R, S.
If D*(y,y,v) > 0, hence
D*(y,y,v) = D*(Ay, By, Cv))

D*(Ry, Ty, Sv), D*(Ry, Ty, By) N
<q¢ < D*(Ty, Sv,Cv), D*(Sv, Ry, Ay) < aD"(y,y,v)

a contradiction. Therefore, y = v is the unique common fixed point of self-maps
T,A,B,C,R,S. O

Corollary 2.3. Let S,T,R and {As}acr , {Bg}ges and {Cy} ek be the set of
all self-mappings of a complete D*-metric space (X, D*), where D* is first type
satisfying:

(i)there exists g € I, By € J and o € K such that Ay, (X) C T(X), Bg,(X)
C 5(X) and Cy(X) C R(X),

(i) Ay (X) or Bgy(X) or Cyy(X) is a closed subset of X,

(iii) D*(Aaz, Bgy, O’YZ) < q¢(D*(Rz, Ty, Sz), D*(Rz, Ty, Bgy),
D*(Ty, Sz,Cyz),D*(Sz, Rx, Aax)), for every z,y,z € X , some 0 < ¢ < 1 and
pe P, and everya e I, J veEK,

(iv) the pair (Aay, R) or (Bg,,T) or (Cy,,S) are weak compatible.
Then A, B,C, S, Tand R have a unique common fixed point in X.
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Proof. By Theorem 2.2 R,S,T and A, , B, and C,, for some og € I, €
J,v0 € K have a unique common fixed point in X. That is there exist a unique
a € X such that R(a) = S(a) =T(a) = Aa,(a) = Bg,(a) = Cy,(a) = a. Let there
exist A\ € J such that A\ # By and D*(a, Bya,a) > 0 then we have

D*(a,Bya,a) = D*(As,a,Bra,Cya)

" D*(Ra,Ta, Sa), D*(Ra, Ta, Bya)
4 D*(Ta, Sa,Cy,a), D*(Sa, Ra, Aa,a)
< ¢D*(a,a,Bxa)

IN

is a contradiction. Hence for every A € J we have By(a) = a. Similarly for every
d €I and ne K we get As(a) = Cy(a) = a. Therefore for every § € I, A € J and
n € K we have As(a) = By(a) = Cy(a) = R(a) = S(a) =T(a) = a. O
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