Thai Journal of Mathematics
Volume 7 (2009) Number 2 : 367-379

www.math.science.cmu.ac.th/thaijournal
Online ISSN 1686-0209

Convergence of Iterative Process
for Generalized -Asymptotically
Quasi-Nonexpansive Mappings

S. Temir

Abstract : In this paper, we establish iterative process for convergence to com-
mon fixed point of generalized I-asymptotically quasi-nonexpansive mappings in
Banach spaces. The results obtained in this paper improve and extend the corre-
sponding results in the existing literature.

Keywords : [-asymptotically quasi-nonexpansive mapping,

generalized [-asymptotically quasi-nonexpansive mapping, Ishikawa iterative schemes,
convergence theorems.

2000 Mathematics Subject Classification : 47HO05; 47H10.

1 Introduction

Let K be a nonempty subset of uniformly convex Banach space X. Let T be a
self-mapping of K. Let F(T) = {x € K : Tx = x} be denoted as the set of fixed
points of a mapping T.

A mapping T : K — K is called nonexpansive provided
[Tz =Tyl < [z —yll

for all z,y € K and n > 1. T is called asymptotically nonexpansive mapping if
there exist a sequence {\,} C [0,00) with lim A, = 0 such that
n—oo

[Tz —T"y[| < (1+ )|z =yl

forall z,y € K and n > 1.
T is called quasi-nonexpansive mapping provided
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Tz —p|| < ||z —pl|

forallz € K and p € F(T) and n > 1.
T is called asymptotically quasi-nonexpansive mapping if there exist a sequence
{A\n} C [0,00) with lim A\, = 0 such that

1Tz = pll < (1+An) [z - pl|
forallz € K and p € F(T) and n > 1.

Remark 1.1. From above definitions, it is easy to see that if F(T) is nonempty,
a nonexpansive mapping must be quasi-nonexpansive, and an asymptotically non-
expansive mapping must be asymptotically quasi-nonexpansive. But the converse
does not hold.

Let T)1 : K — K. Then T is called I-nonexpansive on K if
[Tz =Tyl < [Tz = Ty||
for all z,y € K.

T is called I- asymptotically nonexpansive on K if there exists a sequence
{N\,} € [0,00) with lim A/, = 0 such that
[T — T y[| < (14 X,) 1"z — I"y||

forall z,y € Kandn=1,2,....

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that
for all x,y € K the following inequality holds:

[Tz =T y|| < L|[ 1"z — I"y||

and I is uniformly I'-Lipschitzian if there exists a constant I' > 0 such that for all
x,y € K the following inequality holds:

1"z — I"y|| < Tllz -y
T is called I- asymptotically quasi-nonexpansive on K if there exists a sequence
{N\,} € [0,00) with lim A/, = 0 such that
17"z —pll < 1+ X,)[I"z - p|
foralz € Kandpe F(T)NF(I) and n=1,2,....

Remark 1.2. From the above definitions it follows that if F(T) N F(I) is non-
empty, a I-nonerpansive mapping must be I-quasi-nonexpansive, and linear I-
quasi-nonexrpansive mappings are I-nonexpansive mappings. But it is easily seen
that there exist nonlinear continuous I -quasi-nonexpansive mappings which are not
I-nonexpansive.
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The iterative approximation problems for nonexpansive mapping, asymptoti-
cally nonexpansive mapping and asymptotically quasi-nonexpansive mapping were
studied Ghosh and Debnath [1], Goebel and Kirk [2], Liu [6, 7], Petryshyn and
Williamson[9] in the settings of Hilbert spaces and uniformly convex Banach
spaces. The class of asymptotically nonexpansive maps which an important gen-
eralization of the class nonexpansive maps was introduced by Goebel and Kirk
[2]. They proved that every asymptotically nonexpansive self-mapping of a non-
empty closed convex bounded subset of a uniformly convex Banach space has a
fixed point. Also in [2], they extended this result to broader class of uniformly
Lipschitzian mappings.

Since 1972, iterative techniques for convergence to fixed points of nonexpan-
sive mappings and their generalizations in setting of Hilbert spaces or Banach
spaces have been studied by many authors. For example, in 1973, Petryshyn and
Williamson [9] proved a necessary and sufficient condition for a Mann iterative se-
quence to convergence to fixed points for quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [1] extended Petryshyn and Williamson’s results and gave
some necessary and sufficient conditions for Ishikawa iterative sequence to con-
verge to fixed points for quasi-nonexpansive mappings. Subsequently, in 2001 and
2002, Liu Qihou [6, 7] extended the results of Ghosh and Debnath to the more
general asymptotically quasi-nonexpansive mapping and gave some necessary and
sufficient conditions for Ishikawa iterative sequence and Ishikawa iterative sequence
with errors to converge to fixed points for asymptotically quasi-nonexpansive map-
pings in Banach spaces and uniformly Banach spaces. Recently, in 2006, Lan [5]
introduced a new class of iterative processes with errors for approximating the
common fixed point of two generalized asymptotically quasi-nonexpansive map-
pings and gave some strong convergence results for Ishikawa iterative sequence to
fixed point for this class of mappings.

More recently, Rhoades and Temir [10] and Yao and Wang [15] introduced a
class of I-nonexpansive mapping. Rhoades and Temir [10] proved weak convergence
of iterative sequence for I-nonexpansive mapping to common fixed point. Yao and
Wang [15] proved strong convergence of iterative sequence for I-quasi-nonexpansive
mapping to common fixed point. In [14], the weakly convergence theorem for I-
asymptotically quasi-nonexpansive mapping defined in Hilbert space was proved.

Recall some definitions and notations.
2 Preliminaries and Notations

Let X be a normed linear space, T be self-mapping on X. Let {z,} be sequence
of the Ishikawa iterative scheme [4] associated with T', z¢ € X,

Tnt1 = (1 —ap)zy + anTyn
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for every n € N, where 0 < {a,},{8,} < 1.

Let S, T : K — K be two mappings. In 2006, Lan [5] introduced the following
iterative scheme with errors. The sequence z,, in K defined by

Yn = (1 = Bn)rn + BuT Ty + n (2.2)
Tn41 = (1 - an)xn + ansnyn + ®n '

for every n € N, where 0 < {a, },{0,} < 1l and {¢,}, {1, } are two sequences in K.

Define the Ishikawa iterative process of the generalized I-asymptotically quasi-
nonexpansive mappings in uniformly convex Banach space X as follows

Yn = (1 - Bn)xn + ﬂnTnxn
{ xn—i—l — (1 _ an)xn + anlnyn (23)

for every n € N, where 0 < {a, }, {fn} < 1.

Definition 2.1. [12] Let X be a real normed linear space and K a nonempty
subset of X. A mapping T : K — K s called generalized asymptotically quasi-
nonexpansive mapping if F(T) # 0 and there exist sequences of real numbers {u.,},
{on} with hm up, =0= lim ¢, such that

IT"z = pll < llz = pll + unllz = pll + ¢n
forallz e K, pe F(T) andn > 1.

If, in Definition 2.1, ¢,, = 0 for all n > 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings.

Recall that a Banach space X is said to satisfy Opial’s condition [8] if, for each
sequence {z,} in X, the condition z,, — x implies that

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—o0

for all y € X with y # 2. It is well known from [8] that all [, spaces for 1 < r < o0
have this property. However, the L, space do not have unless r = 2.

Lemma 2.2. [13] Let {an}, {bn} and {o,} be sequences of nonnegative real se-
quences satzsfymg the following conditions: ¥Yn > 1, apt1 < (1+04)an + by, where
Z on < 00 and Z by, < co. Then lim a, exists.

n=0 n=0 00

Lemma 2.3. [11] Let K be a nonempty closed bounded convex subset of a Banach
space X and {ay,} a sequence [¢,1 — €], for some € € (0,1). Let {x,} and {y,} be
two sequences in K such that

limsup ||z, || < ¢,
n—oo
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limsup ||y,| < ¢

and
lim sup ||an@, + (1 — an)ynl| = ¢
holds for some ¢ > 0.Then
lim ||z, — yn| = 0.

Definition 2.4. The mappings T, 1 : K — K are said to satisfying condition (A)
if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0,
for all v € [0,00) such that §(|x — Tx|| + ||z — Iz||) > f(d(z, F)) for all z € K,
where d(x, F') = inf{|lz —p| :p€ F=F(T)n F(I)}.

In this paper, we consider T" and I self-mappings of K, where T is a generalized
I-asymptotically quasi-nonexpansive mapping and I : K — K be an asymptoti-
cally quasi-nonexpansive mapping.

We establish the weak and strong convergence of the sequence of Ishikawa
iterates to a common fixed point of T and I. The purpose of this paper is to
study iterative process for convergence to common fixed point of generalized I-
asymptotically quasi-nonexpansive mappings and prove some sufficient and nec-
essary conditions for Ishikawa iterative sequences of generalized I-asymptotically
quasi-nonexpansive mappings to converge to common fixed point.

3 Weak and strong convergence generalized
I-asymptotically quasi-nonexpansive mappings

Definition 3.1. Let X be a Banach space and K a nonempty subset of X. T is
called generalized I-asymptotically quasi-nonexpansive mapping if F = F(T) N
F(I) # 0 and there exist sequences of real numbers {u,}, {¢n} with lim w, =

0= lim ¢, such that
n—oo

[T"z —pll < [ 1"z = pl| + un[[I"z = p]| + ¢n
forallz e K,pe F andn > 1.

If, in Definition 3.1, ¢, = 0 for all n > 1 then T becomes [-asymptotically
quasi-nonexpansive mapping.

Lemma 3.2. Let X be an uniformly convex Banach space, K be a nonempty closed

convex subset of X. T is generalized asymptotically I-quasi-nonexpansive mappings
(o] o0

on K with {un}, {pn} C [0,00) such that > u, < oo and > ¢, < 00, I is

n=1 n=1
asymptotically quasi-nonexpansive mappings on K with {v,} C [0,00) such that
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> vp < 0o, Let {an} and {8} be sequences in [0,1]. Let {x,} be the sequence
n=1

defined in (2.3) with F = F(T)NF(I) # 0. Then lim ||z, —p| exists for common
fixed point p of T and 1.

Proof. For any p € F(T)NF(I)

lanI™yn + (1 — an)xn — pl|
(1 —an)llzn —pll + anl[I"yn — pll
(1 —an)llzn — pll + an(l + va)llyn — pll

[

<
<

(1 = Bn)zn + BuT"n — pl

(1= Bu)llzn = pll + BullT"zn — pll

(1= Bp)llzn = pll + Bul(L + wn)[[I"xn = pll + @]

(L= Bu)llzn = pll + Bal(l + un) (X + vz — Il + ¢n]
n = pll((L = Bn) + Bn(l + un)(1 +vn)) + Brpn

lzn — pII(L + Brtn + Bnvn + Battnvn) + Bupn

lyn — pll

INIACIA

(1= an)llzn = pll + an(l + va)llyn — p-

(1= an)llzn —pl|

Fan (1 +vn)[(1 + Bntin + Brvn + Brtnvn)||Zn — pll + Bnn]
[zn = pl[(1 = an)

+(n + @nvn)(1 4+ Bpun + Brvn + Butinvn)] + Bnan (1 4+ vn)on
= |zn = pll[1 = an + an + anBrtin + anfrvn + anfnnvn

+ U + O Brtin Uy + QB 4 i Brtinv2] + Buon (1 + vn)on
lZn — PII[L + nBn(tn + vn) + 200 Brtinvn + @y + v
+anﬁnunv72z] + Bnan (1 + vn)pn.

[

IAIA

IN

Thus we obtain

[€nt1 = pll < (14 m)llen —pll + ¥n

where

Tn = nfn (Un + 'Un) + 200, BptinVn + apv, + anﬂnvi + anﬁnunvi

(oo}
with > 7, < cc.

n=1
U, = Bnan(l 4+ v,)p, with Y U, < oco.
n=1
By Lemma 2.2, lim ||z, — p| exists for each p € F(T) N F(I).
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Lemma 3.3. Let X be an uniformly convex Banach space, K be a nonempty closed
convex subset of X. Let T be uniformly L-Lipschitzian, generalized asymptotically
I-quasi-nonexpansive mappings on K with respect to {yn} and I be uniformly T'-
Lipschitzian, asymptotically quasi-nonexpansive mappings on K such that F(T)N
F(I) # 0 in K. Suppose that for any given x € K, the sequence {x, } is generated
by (2.3). If F=F(T)NF(I)#0, then

lim ||Tz, — z,| = nll_)H;o [{zn, — || = 0.

Proof. By Lemma 3.2 for any p € F(T)NF(I), lim |x,—p|| exists. Let lim |z,—

p|l| = k. If kK =0 by continuity of T and I, then the proof is completed.
Now suppose k& > 0.

(1= Bn)on + BT "xy — p|

(1= Bn)llzn = pll + Bull Tz — pl|

(1= Bu)llzn = pll + Bn(1 + un) " 2n — pll + Brpn

(1= Bu)lln = pll 4+ Bn (L + un) (L + vn)llzn — Pl + Brpn
lZn = pll(1 + Brtn + Bnvn + Battnvn) + Bupn.

llyn — ||

VAN VAN VAN VAN

Taking lim sup on both sides in the above inequality,
limsup [|yn — pl| < k. (3.1)

Since I is asymptotically quasi-nonexpansive mappings on K, we can get that,
([ 1"y — p|| < (1 4 vp)||yn — p||, which on taking limsup and using (3.1), gives

n—oo

limsup |[I"y, — pl| < k.

n—oo

Further,
Jim [z —pll = &
means that
lim o™y, + (1 — an)zn —pl| =k
Jim (1= a)l|zn = pll + an [Ty =l = k.

It follows from Lemma 2.3

lim ||I"yy, — x| = 0. (3.2)
Now,
len =pll < llon = yal + [T"yn =
<z = Myall + (14 on)llyn — pll
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which on taking lim implies

n—oo

k

lim_ ||z, —p||
n— oo

IN

limsup(||[z, — I"yn || + (1 4 vn)llyn — 2|

n—oo

= limsup[[yn —p|| < k.

n—oo

Then we obtain,
lim sup ||yn — p|| = k.

n—oo

Next,

(I +up)[I"n — pll + #n
(1 + un)(1 + vp)l|zn — pll + @n.

[T en —pl| <
<

Taking lim on both sides in the above inequality,

T [T, —pl < Jim (14 )+ va)) a0 — pl + @]

< lim |2, —pl| < k.
n—oo

Further,
lim o (T2, —p) + (1= o) (s —p)]| = lim [l —p|| = k.

By Lemma 2.3, we have
lim ||T"z, — x,| = 0. (3.3)

We have also,

”Inxn - InynH + ||Inyn - xn”

Lllzn = ynll + 1" yn — 2l

Dljzn = [(1 = Ba)zn + BuT x| + [1"yn — o0 |
D||Bn(T"xn — x0)|| + 1" yn — n |

Fﬁn”(Tnxn - xn)” + ||Inyn - xn”

1" %y — 20|

IA A AN IN A

Thus from (3.2) and (3.3), we obtain
lim |[I"z,, — x,|| = 0. (3.4)

n—oo

Hxn-i-l - In+lxn+l|| + ||In+1$n+1 - Ixn-i-l”

|Znt1 = Tpa] <
< @ngr — In+133n+1|| + D" 2nt1 — Tpga |-

Taking lim sup on both sides in the above inequality and from (3.4), we obtain
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limsup ||$n+1 - Ixn-i—l” <0.

n—oo

That is,
lim |2, — Iz,] = 0. (3.5)

Next

)

_ T’n,Jrl TnJrl

fEnJrlH + || Tn+1 — TInJrl”

Hanrl - TnJrlenJrlH + LHInfEnJrl - fEnJrlH-

Hanrl - TInJrlH Hanrl

<
<

Also, taking lim sup on both sides in the above inequality and from (3.3), (3.4),
we obtain

limsup ||xp4+1 — Txpyr|| < 0.

n—oo

That is,

lim |x, — Txz,| = 0. (3.6)

n—oo

Then the proof is completed.

Theorem 3.4. Let X be uniformly convex Banach space satisfying Opial’s condi-
tion, K be a nonempty closed convex subset of X. Let T, I and {x,} be the same
as Lemma 3.2. If F = F(T)NF(I) # 0, then {x,,} converges weakly to a common
fixed point of T and I.

Proof. Let p e F = F(T)NF(I). Then, as in Lemma 3.2, it follows lim |z, — p||

exists and so for n > 1, {x,} is bounded on K. Then by the reflexivity of X
and the boundedness of {z,}, there exists a subsequence {zy, } of {z,} such that
X, — p weakly. If F(T) N F(I) is a singleton, then the proof is complete. For
p € F(T)NF(I), T is generalized I-asymptotically quasi-nonexpansive on K and
I is asymptotically quasi-nonexpansive on K. The proof is completed if {z,}
converges weakly to a common fixed point of T and I, i.e., it suffices to show
that the weak limit set of the sequence {x,} consists of exactly one point. We
assume that F(T)NF(I) is not singleton. Suppose p,q € w({z,}), where w({z,})
denotes the weak limit set of {x,}. Let {x,,} and {z,,} be two subsequences of
{zy} which converge weakly to p and ¢, respectively. By Lemma 3.3 and Lemma
2.2 guarantees that Ip = p and Tp = p. In the same way Iq = q and T'q = q.
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Next we prove the unigeness.Assume that p # ¢ and {x,, } — p, {zn,} = ¢
By Opial’s condition, we conclude that

lim ||z, — pl| m ||z, —pl| < lm [z, —q]|
n—oo k—o0 k—o00

= lim [lzn, —ql| = lim |lz,; —q|
n—oo J—0o0

< lim |z, —p| = lim [z, —p|.
— 00 n—oo

This is a contradiction. Thus {z,,} converges weakly to an element of F'(T') N
F(I).
O

Theorem 3.5. Let X be Banach space, K be a nonempty closed convex subset
of X. Let T, I and {x,} be the same as Lemma 3.2. If T,I : K — K satisfy
condition (A) and T and I are continuous mapping and F = F(T)N F(I) # 0,
then {x,} converges strongly to a common fixed point of T and I.

Proof. By Lemma 3.2, lim ||z, — p|| exists for all p € F' = F(T)NF(I). Further-

more, in the proof of Lemma 3.2, we obtain

[Znt1 = pll < (14 m)llen = pll + ¥ (3.7)

where

Yn = anﬁn (un + Un) + 20‘nﬁnunvn + Uy + O‘nﬁnvg + anﬁnunvﬁ
oo
with > 7, < oc.
n=1
oo
U, = Bpan(1+v,)p, with > ¥, < co. By Lemma 2.2, lim ||z, — p|| exists
n:1 n—oo

for each p € F(T) N F(I).
By (3.7), we get

Then by Lemma 2.2, lim d(z,, F) exists and the condition (A) guarantees that

lim f(d(z,, F))=0 (3.8)

n—oo

Since f is a nondecreasing function and f(0) = 0, it follows that

lim d(z,, F)=0.

n—oo

o0
Next, we show that {x,,} is a Cauchy sequence in X. In fact, > v, < oo, I+z < e®
n=1
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for all z > 0, from (3.7) and (3.8) for any p € F' = F(T') N F(I), we obtain

Zn+m =2l < 1+ Ytm—1)|1Tntm-1 = pll + Yntm—1
S exp('yn—i-m—l + ’7n+m—2)”xn+m—2 - p”
+ exp('yn—i-m—l)(\lln—i-m—l + \Iln+m—2)

n+m—1 n+m—1 n+m—1
< exp( > vllan —pltexp( Y W) D> T,
- n+m—1 - -
for all natural numbers m,n where M = exp(>_ 7;) < oo. Since lim d(z,,F) =0
=1 n—00

o0
and Y. W, < oo, for any given e > 0, there exists a positive integer Ny such

n=1
that for all n > No, d(xn, ) < g5 and > ¥; < 395;. There exists pg € F =
F(T) N F(I) such that |z,, —poll < g7 -
Hence, for all n > Ny and m > 1, we have
”xn-‘rm - an < ||$n+m _pOH + ”xn _pOH
n+m—1 n—1
< Mllzn, —poll + M( D W)+ Mllzn, —poll + MDD ;)
1=n0 1=no
n+m—1 n—1
< 2M|l@n, —poll + M( Y W)+ M(D W)
1=no 1=no

€ € €
< _— _— _— =
< 2M6M+M3M+M3M €

which shows that {z,} is a Cauchy sequence in X.
Thus, the completeness of X implies that {z,} is convergent. Assume that {x,}
converges to a point p.

Then p € K, because K is closed subset of X. Therefore the set F' = F(T)NF(I)
is closed. lim d(z,, F) = 0 gives that d(p, F') =0

n—oo

Thus p € F. This completes the proof. [l
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