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1 Introduction

Let K be a nonempty subset of uniformly convex Banach space X. Let T be a
self-mapping of K. Let F (T ) = {x ∈ K : Tx = x} be denoted as the set of fixed
points of a mapping T.

A mapping T : K −→ K is called nonexpansive provided

‖Tx− Ty‖ ≤ ‖x− y‖

for all x, y ∈ K and n ≥ 1. T is called asymptotically nonexpansive mapping if
there exist a sequence {λn} ⊂ [0,∞) with lim

n→∞

λn = 0 such that

‖T nx− T ny‖ ≤ (1 + λn)‖x− y‖

for all x, y ∈ K and n ≥ 1.
T is called quasi-nonexpansive mapping provided
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‖T nx− p‖ ≤ ‖x− p‖

for all x ∈ K and p ∈ F (T ) and n ≥ 1.
T is called asymptotically quasi-nonexpansive mapping if there exist a sequence

{λn} ⊂ [0,∞) with lim
n→∞

λn = 0 such that

‖T nx− p‖ ≤ (1 + λn)‖x− p‖

for all x ∈ K and p ∈ F (T ) and n ≥ 1.

Remark 1.1. From above definitions, it is easy to see that if F(T) is nonempty,
a nonexpansive mapping must be quasi-nonexpansive, and an asymptotically non-
expansive mapping must be asymptotically quasi-nonexpansive. But the converse
does not hold.

Let T, I : K −→ K. Then T is called I-nonexpansive on K if

‖Tx− Ty‖ ≤ ‖Ix− Iy‖

for all x, y ∈ K.

T is called I- asymptotically nonexpansive on K if there exists a sequence
{λ′n} ⊂ [0,∞) with lim

n→∞

λ′n = 0 such that

‖T nx− T ny‖ ≤ (1 + λ′n)‖Inx− Iny‖

for all x, y ∈ K and n = 1, 2, ....

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that
for all x, y ∈ K the following inequality holds:

‖T nx− T ny‖ ≤ L‖Inx− Iny‖

and I is uniformly Γ-Lipschitzian if there exists a constant Γ > 0 such that for all
x, y ∈ K the following inequality holds:

‖Inx− Iny‖ ≤ Γ‖x− y‖

T is called I- asymptotically quasi-nonexpansive on K if there exists a sequence
{λ′n} ⊂ [0,∞) with lim

n→∞

λ′n = 0 such that

‖T nx− p‖ ≤ (1 + λ′n)‖Inx− p‖

for all x ∈ K and p ∈ F (T ) ∩ F (I) and n = 1, 2, ....

Remark 1.2. From the above definitions it follows that if F (T ) ∩ F (I) is non-
empty, a I-nonexpansive mapping must be I-quasi-nonexpansive, and linear I-
quasi-nonexpansive mappings are I-nonexpansive mappings. But it is easily seen
that there exist nonlinear continuous I-quasi-nonexpansive mappings which are not
I-nonexpansive.
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The iterative approximation problems for nonexpansive mapping, asymptoti-
cally nonexpansive mapping and asymptotically quasi-nonexpansive mapping were
studied Ghosh and Debnath [1], Goebel and Kirk [2], Liu [6, 7], Petryshyn and
Williamson[9] in the settings of Hilbert spaces and uniformly convex Banach
spaces. The class of asymptotically nonexpansive maps which an important gen-
eralization of the class nonexpansive maps was introduced by Goebel and Kirk
[2]. They proved that every asymptotically nonexpansive self-mapping of a non-
empty closed convex bounded subset of a uniformly convex Banach space has a
fixed point. Also in [2], they extended this result to broader class of uniformly
Lipschitzian mappings.

Since 1972, iterative techniques for convergence to fixed points of nonexpan-
sive mappings and their generalizations in setting of Hilbert spaces or Banach
spaces have been studied by many authors. For example, in 1973, Petryshyn and
Williamson [9] proved a necessary and sufficient condition for a Mann iterative se-
quence to convergence to fixed points for quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [1] extended Petryshyn and Williamson’s results and gave
some necessary and sufficient conditions for Ishikawa iterative sequence to con-
verge to fixed points for quasi-nonexpansive mappings. Subsequently, in 2001 and
2002, Liu Qihou [6, 7] extended the results of Ghosh and Debnath to the more
general asymptotically quasi-nonexpansive mapping and gave some necessary and
sufficient conditions for Ishikawa iterative sequence and Ishikawa iterative sequence
with errors to converge to fixed points for asymptotically quasi-nonexpansive map-
pings in Banach spaces and uniformly Banach spaces. Recently, in 2006, Lan [5]
introduced a new class of iterative processes with errors for approximating the
common fixed point of two generalized asymptotically quasi-nonexpansive map-
pings and gave some strong convergence results for Ishikawa iterative sequence to
fixed point for this class of mappings.

More recently, Rhoades and Temir [10] and Yao and Wang [15] introduced a
class of I-nonexpansive mapping. Rhoades and Temir [10] proved weak convergence
of iterative sequence for I-nonexpansive mapping to common fixed point. Yao and
Wang [15] proved strong convergence of iterative sequence for I-quasi-nonexpansive
mapping to common fixed point. In [14], the weakly convergence theorem for I-
asymptotically quasi-nonexpansive mapping defined in Hilbert space was proved.

Recall some definitions and notations.

2 Preliminaries and Notations

Let X be a normed linear space, T be self-mapping on X. Let {xn} be sequence
of the Ishikawa iterative scheme [4] associated with T , x0 ∈ X ,

{

yn = (1 − βn)xn + βnTxn

xn+1 = (1 − αn)xn + αnTyn
(2.1)
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for every n ∈ N, where 0 ≤ {αn}, {βn} ≤ 1.

Let S, T : K −→ K be two mappings. In 2006, Lan [5] introduced the following
iterative scheme with errors. The sequence xn in K defined by

{

yn = (1 − βn)xn + βnT
nxn + ψn

xn+1 = (1 − αn)xn + αnS
nyn + ϕn

(2.2)

for every n ∈ N, where 0 ≤ {αn}, {βn} ≤ 1 and {ϕn}, {ψn} are two sequences in K.

Define the Ishikawa iterative process of the generalized I-asymptotically quasi-
nonexpansive mappings in uniformly convex Banach space X as follows

{

yn = (1 − βn)xn + βnT
nxn

xn+1 = (1 − αn)xn + αnI
nyn

(2.3)

for every n ∈ N, where 0 ≤ {αn}, {βn} ≤ 1.

Definition 2.1. [12] Let X be a real normed linear space and K a nonempty
subset of X. A mapping T : K −→ K is called generalized asymptotically quasi-
nonexpansive mapping if F (T ) 6= ∅ and there exist sequences of real numbers {un},
{ϕn} with lim

n→∞

un = 0 = lim
n→∞

ϕn such that

‖T nx− p‖ ≤ ‖x− p‖ + un‖x− p‖ + ϕn

for all x ∈ K, p ∈ F (T ) and n ≥ 1.

If, in Definition 2.1, ϕn = 0 for all n ≥ 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings.

Recall that a Banach space X is said to satisfy Opial’s condition [8] if, for each
sequence {xn} in X , the condition xn ⇀ x implies that

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

for all y ∈ X with y 6= x. It is well known from [8] that all lr spaces for 1 < r <∞
have this property. However, the Lr space do not have unless r = 2.

Lemma 2.2. [13] Let {an}, {bn} and {σn} be sequences of nonnegative real se-
quences satisfying the following conditions: ∀n ≥ 1, an+1 ≤ (1+σn)an +bn, where
∞
∑

n=0

σn <∞ and
∞
∑

n=0

bn <∞. Then lim
n→∞

an exists.

Lemma 2.3. [11] Let K be a nonempty closed bounded convex subset of a Banach
space X and {αn} a sequence [ǫ, 1 − ǫ], for some ǫ ∈ (0, 1). Let {xn} and {yn} be
two sequences in K such that

lim sup
n→∞

‖xn‖ ≤ c,
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lim sup
n→∞

‖yn‖ ≤ c

and
lim sup

n→∞

‖αnxn + (1 − αn)yn‖ = c

holds for some c ≥ 0.Then

lim
n→∞

‖xn − yn‖ = 0.

Definition 2.4. The mappings T, I : K → K are said to satisfying condition (A)
if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0,
for all r ∈ [0,∞) such that 1

2
(‖x − Tx‖ + ‖x − Ix‖) ≥ f(d(x, F )) for all x ∈ K,

where d(x, F ) = inf{‖x− p‖ : p ∈ F = F (T ) ∩ F (I)}.

In this paper, we consider T and I self-mappings of K, where T is a generalized
I-asymptotically quasi-nonexpansive mapping and I : K → K be an asymptoti-
cally quasi-nonexpansive mapping.

We establish the weak and strong convergence of the sequence of Ishikawa
iterates to a common fixed point of T and I. The purpose of this paper is to
study iterative process for convergence to common fixed point of generalized I-
asymptotically quasi-nonexpansive mappings and prove some sufficient and nec-
essary conditions for Ishikawa iterative sequences of generalized I-asymptotically
quasi-nonexpansive mappings to converge to common fixed point.

3 Weak and strong convergence generalized

I-asymptotically quasi-nonexpansive mappings

Definition 3.1. Let X be a Banach space and K a nonempty subset of X. T is
called generalized I-asymptotically quasi-nonexpansive mapping if F = F (T ) ∩
F (I) 6= ∅ and there exist sequences of real numbers {un}, {ϕn} with lim

n→∞

un =

0 = lim
n→∞

ϕn such that

‖T nx− p‖ ≤ ‖Inx− p‖ + un‖Inx− p‖ + ϕn

for all x ∈ K, p ∈ F and n ≥ 1.

If, in Definition 3.1, ϕn = 0 for all n ≥ 1 then T becomes I-asymptotically
quasi-nonexpansive mapping.

Lemma 3.2. Let X be an uniformly convex Banach space, K be a nonempty closed
convex subset of X. T is generalized asymptotically I-quasi-nonexpansive mappings

on K with {un}, {ϕn} ⊂ [0,∞) such that
∞
∑

n=1

un < ∞ and
∞
∑

n=1

ϕn < ∞, I is

asymptotically quasi-nonexpansive mappings on K with {vn} ⊂ [0,∞) such that
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∞
∑

n=1

vn < ∞. Let {αn} and {βn} be sequences in [0,1]. Let {xn} be the sequence

defined in (2.3) with F = F (T )∩F (I) 6= ∅. Then lim
n→∞

‖xn−p‖ exists for common

fixed point p of T and I.

Proof. For any p ∈ F (T ) ∩ F (I)

‖xn+1 − p‖ = ‖αnI
nyn + (1 − αn)xn − p‖

≤ (1 − αn)‖xn − p‖ + αn‖I
nyn − p‖

≤ (1 − αn)‖xn − p‖ + αn(1 + vn)‖yn − p‖

‖yn − p‖ = ‖(1 − βn)xn + βnT
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn‖T
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn[(1 + un)‖Inxn − p‖ + ϕn]

≤ (1 − βn)‖xn − p‖ + βn[(1 + un)(1 + vn)‖xn − p‖ + ϕn]

= ‖xn − p‖((1 − βn) + βn(1 + un)(1 + vn)) + βnϕn

= ‖xn − p‖(1 + βnun + βnvn + βnunvn) + βnϕn

‖xn+1 − p‖ ≤ (1 − αn)‖xn − p‖ + αn(1 + vn)‖yn − p‖.

≤ (1 − αn)‖xn − p‖

+αn(1 + vn)[(1 + βnun + βnvn + βnunvn)‖xn − p‖ + βnϕn]

= ‖xn − p‖[(1 − αn)

+(αn + αnvn)(1 + βnun + βnvn + βnunvn)] + βnαn(1 + vn)ϕn

= ‖xn − p‖[1 − αn + αn + αnβnun + αnβnvn + αnβnunvn

+αnvn + αnβnunvn + αnβnv
2
n + αnβnunv

2
n] + βnαn(1 + vn)ϕn

≤ ‖xn − p‖[1 + αnβn(un + vn) + 2αnβnunvn + αnvn + αnβnv
2
n

+αnβnunv
2
n] + βnαn(1 + vn)ϕn.

Thus we obtain

‖xn+1 − p‖ ≤ (1 + γn)‖xn − p‖ + Ψn

where

γn = αnβn(un + vn) + 2αnβnunvn + αnvn + αnβnv
2
n + αnβnunv

2
n

with
∞
∑

n=1

γn <∞.

Ψn = βnαn(1 + vn)ϕn with
∞
∑

n=1

Ψn <∞.

By Lemma 2.2, lim
n→∞

‖xn − p‖ exists for each p ∈ F (T ) ∩ F (I).
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Lemma 3.3. Let X be an uniformly convex Banach space, K be a nonempty closed
convex subset of X. Let T be uniformly L-Lipschitzian, generalized asymptotically
I-quasi-nonexpansive mappings on K with respect to {ϕn} and I be uniformly Γ-
Lipschitzian, asymptotically quasi-nonexpansive mappings on K such that F (T )∩
F (I) 6= ∅ in K. Suppose that for any given x ∈ K, the sequence {xn} is generated
by (2.3). If F = F (T ) ∩ F (I) 6= ∅, then

lim
n→∞

‖Txn − xn‖ = lim
n→∞

‖Ixn − xn‖ = 0.

Proof. By Lemma 3.2 for any p ∈ F (T )∩F (I), lim
n→∞

‖xn−p‖ exists. Let lim
n→∞

‖xn−

p‖ = k. If k = 0 by continuity of T and I, then the proof is completed.
Now suppose k > 0.

‖yn − p‖ = ‖(1 − βn)xn + βnT
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn‖T
nxn − p‖

≤ (1 − βn)‖xn − p‖ + βn(1 + un)‖Inxn − p‖ + βnϕn

≤ (1 − βn)‖xn − p‖ + βn(1 + un)(1 + vn)‖xn − p‖ + βnϕn

≤ ‖xn − p‖(1 + βnun + βnvn + βnunvn) + βnϕn.

Taking lim sup on both sides in the above inequality,

lim sup
n→∞

‖yn − p‖ ≤ k. (3.1)

Since I is asymptotically quasi-nonexpansive mappings on K, we can get that,
‖Inyn − p‖ ≤ (1 + vn)‖yn − p‖, which on taking lim sup

n→∞

and using (3.1), gives

lim sup
n→∞

‖Inyn − p‖ ≤ k.

Further,
lim

n→∞

‖xn+1 − p‖ = k

means that
lim

n→∞

‖αnI
nyn + (1 − αn)xn − p‖ = k

lim
n→∞

(1 − αn)‖xn − p‖ + αn‖I
nyn − p‖ = k.

It follows from Lemma 2.3

lim
n→∞

‖Inyn − xn‖ = 0. (3.2)

Now,

‖xn − p‖ ≤ ‖xn − Inyn‖ + ‖Inyn − p‖

≤ ‖xn − Inyn‖ + (1 + vn)‖yn − p‖
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which on taking lim
n→∞

implies

k = lim
n→∞

‖xn − p‖

≤ lim sup
n→∞

(‖xn − Inyn‖ + (1 + vn)‖yn − p‖)

= lim sup
n→∞

‖yn − p‖ ≤ k.

Then we obtain,
lim sup

n→∞

‖yn − p‖ = k.

Next,

‖T nxn − p‖ ≤ (1 + un)‖Inxn − p‖ + ϕn

≤ (1 + un)(1 + vn)‖xn − p‖ + ϕn.

Taking lim
n→∞

on both sides in the above inequality,

lim
n→∞

‖T nxn − p‖ ≤ lim
n→∞

[(1 + un)(1 + vn))‖xn − p‖ + ϕn]

≤ lim
n→∞

‖xn − p‖ ≤ k.

Further,

lim
n→∞

‖αn(T nxn − p) + (1 − αn)(xn − p)‖ = lim
n→∞

‖yn − p‖ = k.

By Lemma 2.3, we have
lim

n→∞

‖T nxn − xn‖ = 0. (3.3)

We have also,

‖Inxn − xn‖ ≤ ‖Inxn − Inyn‖ + ‖Inyn − xn‖

≤ Γ‖xn − yn‖ + ‖Inyn − xn‖

≤ Γ‖xn − [(1 − βn)xn + βnT
nxn‖ + ‖Inyn − xn‖

≤ Γ‖βn(T nxn − xn)‖ + ‖Inyn − xn‖

≤ Γβn‖(T
nxn − xn)‖ + ‖Inyn − xn‖.

Thus from (3.2) and (3.3), we obtain

lim
n→∞

‖Inxn − xn‖ = 0. (3.4)

‖xn+1 − Ixn+1‖ ≤ ‖xn+1 − In+1xn+1‖ + ‖In+1xn+1 − Ixn+1‖

≤ ‖xn+1 − In+1xn+1‖ + Γ‖Inxn+1 − xn+1‖.

Taking lim sup on both sides in the above inequality and from (3.4), we obtain
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lim sup
n→∞

‖xn+1 − Ixn+1‖ ≤ 0.

That is,

lim
n→∞

‖xn − Ixn‖ = 0. (3.5)

Next,

‖xn+1 − Txn+1‖ ≤ ‖xn+1 − T n+1xn+1‖ + ‖T n+1xn+1 − Txn+1‖

≤ ‖xn+1 − T n+1xn+1‖ + L‖Inxn+1 − xn+1‖.

Also, taking lim sup on both sides in the above inequality and from (3.3), (3.4),
we obtain

lim sup
n→∞

‖xn+1 − Txn+1‖ ≤ 0.

That is,

lim
n→∞

‖xn − Txn‖ = 0. (3.6)

Then the proof is completed.

Theorem 3.4. Let X be uniformly convex Banach space satisfying Opial’s condi-
tion, K be a nonempty closed convex subset of X. Let T, I and {xn} be the same
as Lemma 3.2. If F = F (T )∩F (I) 6= ∅, then {xn} converges weakly to a common
fixed point of T and I.

Proof. Let p ∈ F = F (T )∩F (I). Then, as in Lemma 3.2, it follows lim
n→∞

‖xn − p‖

exists and so for n ≥ 1, {xn} is bounded on K. Then by the reflexivity of X
and the boundedness of {xn}, there exists a subsequence {xnk

} of {xn} such that
xnk

⇀ p weakly. If F (T ) ∩ F (I) is a singleton, then the proof is complete. For
p ∈ F (T ) ∩ F (I), T is generalized I-asymptotically quasi-nonexpansive on K and
I is asymptotically quasi-nonexpansive on K. The proof is completed if {xn}
converges weakly to a common fixed point of T and I, i.e., it suffices to show
that the weak limit set of the sequence {xn} consists of exactly one point. We
assume that F (T )∩F (I) is not singleton. Suppose p, q ∈ w({xn}), where w({xn})
denotes the weak limit set of {xn}. Let {xnk

} and {xnj
} be two subsequences of

{xn} which converge weakly to p and q, respectively. By Lemma 3.3 and Lemma
2.2 guarantees that Ip = p and Tp = p. In the same way Iq = q and Tq = q.
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Next we prove the uniqeness.Assume that p 6= q and {xnk
} ⇀ p, {xnj

} ⇀ q.
By Opial’s condition, we conclude that

lim
n→∞

‖xn − p‖ = lim
k→∞

‖xnk
− p‖ < lim

k→∞

‖xnk
− q‖

= lim
n→∞

‖xn − q‖ = lim
j→∞

‖xnj
− q‖

< lim
j→∞

‖xnj
− p‖ = lim

n→∞

‖xn − p‖.

This is a contradiction. Thus {xn} converges weakly to an element of F (T ) ∩
F (I).

Theorem 3.5. Let X be Banach space, K be a nonempty closed convex subset
of X. Let T, I and {xn} be the same as Lemma 3.2. If T, I : K −→ K satisfy
condition (A) and T and I are continuous mapping and F = F (T ) ∩ F (I) 6= ∅,
then {xn} converges strongly to a common fixed point of T and I.

Proof. By Lemma 3.2, lim
n→∞

‖xn − p‖ exists for all p ∈ F = F (T )∩F (I). Further-

more, in the proof of Lemma 3.2, we obtain

‖xn+1 − p‖ ≤ (1 + γn)‖xn − p‖ + Ψn (3.7)

where

γn = αnβn(un + vn) + 2αnβnunvn + αnvn + αnβnv
2
n + αnβnunv

2
n

with
∞
∑

n=1

γn <∞.

Ψn = βnαn(1 + vn)ϕn with
∞
∑

n=1

Ψn <∞. By Lemma 2.2, lim
n→∞

‖xn − p‖ exists

for each p ∈ F (T ) ∩ F (I).
By (3.7), we get

d(xn+1, F ) ≤ (1 + γn)d(xn, F ) + Ψn.

Then by Lemma 2.2, lim
n→∞

d(xn, F ) exists and the condition (A) guarantees that

lim
n→∞

f(d(xn, F )) = 0 (3.8)

Since f is a nondecreasing function and f(0) = 0, it follows that

lim
n→∞

d(xn, F ) = 0.

Next, we show that {xn} is a Cauchy sequence in X. In fact,
∞
∑

n=1

γn <∞, 1+x ≤ ex
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for all x > 0, from (3.7) and (3.8) for any p ∈ F = F (T ) ∩ F (I), we obtain

‖xn+m − p‖ ≤ (1 + γn+m−1)‖xn+m−1 − p‖ + Ψn+m−1

≤ exp(γn+m−1 + γn+m−2)‖xn+m−2 − p‖

+ exp(γn+m−1)(Ψn+m−1 + Ψn+m−2)

...

≤ exp(

n+m−1
∑

ı=n

γi)‖xn − p‖ + exp(

n+m−1
∑

ı=n

γi)

n+m−1
∑

ı=n

Ψn

≤ M‖xn − p‖ +M

n+m−1
∑

ı=n

Ψn

for all natural numbers m,n where M = exp(
∞
∑

ı=1

γi) <∞. Since lim
n→∞

d(xn, F ) = 0

and
∞
∑

n=1

Ψn < ∞, for any given ǫ > 0, there exists a positive integer N0 such

that for all n ≥ N0, d(xn, F ) < ǫ
6M

and
∞
∑

ı=n

Ψi <
ǫ

3M
. There exists p0 ∈ F =

F (T ) ∩ F (I) such that ‖xn0
− p0‖ <

ǫ
6M

.
Hence, for all n ≥ N0 and m ≥ 1, we have

‖xn+m − xn‖ ≤ ‖xn+m − p0‖ + ‖xn − p0‖

≤ M‖xn0
− p0‖ +M(

n+m−1
∑

ı=n0

Ψi) +M‖xn0
− p0‖ +M(

n−1
∑

ı=n0

Ψi)

≤ 2M‖xn0
− p0‖ +M(

n+m−1
∑

ı=n0

Ψi) +M(

n−1
∑

ı=n0

Ψi)

≤ 2M
ǫ

6M
+M

ǫ

3M
+M

ǫ

3M
= ǫ

which shows that {xn} is a Cauchy sequence in X.
Thus, the completeness of X implies that {xn} is convergent. Assume that {xn}
converges to a point p.

Then p ∈ K, because K is closed subset of X. Therefore the set F = F (T )∩F (I)
is closed. lim

n→∞

d(xn, F ) = 0 gives that d(p, F ) = 0

Thus p ∈ F . This completes the proof.
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