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1. Introduction

Study of hyperstructures was initiated by a French mathematician Marty [1] in the
year 1934 when he defined hypergroups based on the notion of hyperoperation at the 8th

Congress of Scandinavian Mathematicians. Since then a number of different algebraic
hyperstructures are being studied. In a non-empty set equipped with binary operation,
the composition of two elements is an element while in an algebraic hyperstructure the
composition of two elements yields a non-empty set. There are many researchers in
several countries who study hyperstructures and extend their contributions through re-
search articles and books. Corsini wrote many articles and books on different algebraic
hyperstructures [2–5]. He has given applications of hyperstructures in various subjects
like cryptography, coding theory, automata, probability, lattice theory, graph theory and
rough sets [4]. A book [6] on hyperrings is written by Davvaz and Leoreanu-Fotea in
2007 which gives detailed insight on fundamentals of hyperring theory. The notion of Γ-
semigroup was first defined by Sen and Saha [7] as a suitable generalization of semigroup
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and ternary semigroup and thereafter many mathematicians began to study Γ-semigroups,
extended and generalized many concepts and notions of semigroups to Γ-semigroups [8].

The study of Γ-semihypergroup was initiated by Davvaz et al. [9–11] as a generalization
of three algebraic structures semigroup, semihypergroup and Γ-semigroup. They have
given many examples and studied Γ-semihypergroups considering several notions. In this
paper the notions of primary Γ-hyperideal and semiprimary Γ-hyperideal are introduced
and studied along with regular Γ-semihypergroups.

2. Preliminaries

We begin with recalling some basic definitions and results from [10, 11] required for
our purpose. For further study reader is requested to refer [9, 12].

Definition 2.1. [9] LetH be a non-empty set and ◦ : H×H → ℘∗(H) be a hyperopertion,
where ℘∗(H) is the family of all non-empty subsets of H. The pair (H, ◦) is called a
hypergroupoid.

For any two non-empty subsets A and B of H and x ∈ H,

A ◦B =
⋃

a∈A,b∈B

a ◦ b, A ◦ {x} = A ◦ x and {x} ◦A = x ◦A.

Definition 2.2. [13] A hypergroupoid (H, ◦) is called a semihypergroup if for all a, b, c ∈
H we have, (a ◦ b) ◦ c = a ◦ (b ◦ c). In addition, if for every a ∈ H, a ◦H = H = H ◦ a,
then (H, ◦) is called a hypergroup.

For more details of hypergroups, semihypergroups see [14].

Definition 2.3. [11] Let S and Γ be two non-empty sets. Then S is called a Γ-
semihypergroup if every γ ∈ Γ is a hyperoperation on S, that is xγy ⊆ S for every
x, y ∈ S, and for every α, β ∈ Γ and x, y, z ∈ S we have the associative property

xα(yβz) = (xαy)βz.

Let A and B be two non-empty subsets of S and γ ∈ Γ, we denote the following:

AγB =
⋃

a∈A,b∈B

aγb.

Also,

AΓB =
⋃

{aγb | a ∈ A, b ∈ B and γ ∈ Γ}.

A Γ-semihypergroup S is said to be commutative if for every x, y ∈ S and γ ∈ Γ we have
xγy = yγx.
If (S, γ) is a hypergroup for every γ ∈ Γ then S is called a Γ-hypergroup.

Example 2.4. [9] Let S = [0, 1] and Γ = N. For every x, y ∈ S and γ ∈ Γ we define

γ : S × S −→ ℘∗(S) by xγy =
[
0, xy

γ

]
. Then γ is a hyperoperation on S and xα(yβz) =[

0, xyz
αβ

]
= (xαy)βz. This means that S is a Γ-semihypergroup.

Definition 2.5. [11] A non-empty subset A of Γ-semihypergroup S is said to be a Γ-
subsemihypergroup if AΓA ⊆ A i.e. aγb ⊆ A for every a, b ∈ A and γ ∈ Γ.
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Definition 2.6. [11] A non-empty subset A of a Γ-semihypergroup S is said to be a
left(right) Γ-hyperideal if SΓA ⊆ A (AΓS ⊆ A).

A is said to be a two sided Γ-hyperideal or simply a Γ-hyperideal if it is both left and
right Γ-hyperideal.

S is called a left(right) simple Γ-semihypergroup if it has no proper left (right) Γ-
hyperideal. S is said to be a simple Γ-semihypergroup if it has no proper Γ-hyperideal.

Example 2.7. In Example 2.4, let T = [0, t] where t ∈ [0, 1]. Then T is left (right)
Γ-hyperideal of S.

Definition 2.8. [10] Let A be a non-empty subset of a Γ-semihypergroup S. Then
intersection of all Γ-hyperideals of S containing A is a Γ-hyperideal of S generated by A,
and denoted by < A >.

Definition 2.9. [12] A Γ-hyperideal A of a Γ-semihypergroup S is said to be a principal
Γ-hyperideal if A is a Γ-hyperideal generated by single element a and is denoted by (a).

To study more examples on Γ-semihypergroup and the notions of fundamental relations
on Γ-semihypergroups, quotient Γ-semihypergroups, right Noetherian Γ-semihypergroups
etc. see [11].

3. Primary and Semiprimary Γ-Hyperideal in a Γ-Semihypergroup

Anjaneyulu studied primary ideals in semigroups [15, 16]. In this section the notions
of primary and semiprimary Γ-hyperideals in Γ-semihypergroups are introduced and few
results are proved. It is shown that if rad.(I) is a maximal Γ-hyperideal of S then
I is a semiprimary Γ-hyperideal of S. The equivalence between prime, primary and
semiprimary Γ-hyperideals is established. Finally it is proved that a Γ-semihypergroup S
is semiprimary if and only if prime Γ-hyperideals of S forms a chain under set inclusion.

Definition 3.1. [11] A proper Γ-hyperideal P of a Γ-semihypergroup S is said to be a
prime Γ-hyperideal if for every Γ-hyperideal I, J of S IΓJ ⊆ P implies I ⊆ P or J ⊆ P .
If a Γ-semihypergroup S is commutative, then a proper Γ-hyperideal P is prime if and
only if aΓb ⊆ P implies a ∈ P or b ∈ P , for any a, b ∈ S.

Definition 3.2. [12] Let S be a Γ-semihypergroup. The prime radical P (S) (or rad.(S))
of S is the intersection of all prime ideals of S. If I is a Γ-hyperideal of S, the prime
radical P (I) (or rad.(I)) of I is the intersection of all prime ideals containing I.

Definition 3.3. A Γ-hyperideal I of a Γ-semihypergroup S is said to be a left primary
Γ-hyperideal if

a. rad.(I) is a prime Γ-hyperideal.
b. For any two Γ-hyperideals A,B of S such that AΓB ⊆ I and B ⊈ I implies
that A ⊆ rad.(I).

Definition 3.4. A Γ-hyperideal I of a Γ-semihypergroup S is said to be a right primary
Γ-hyperideal if

a. rad.(I) is a prime Γ-hyperideal.
b. For any two Γ-hyperideals A,B of S such that AΓB ⊆ I and A ⊈ I implies
that B ⊆ rad.(I).

A Γ-hyperideal I is said to be a primary Γ-hyperideal if I is both left primary and right
primary Γ-hyperideal of S.
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Remark 3.5. A left primary Γ-hyperideal of a Γ-semihypergroup S need not be a right
primary and vice-versa.

Example 3.6. Let S = {x, y, z} and Γ = {α, β}. Define the hyperoperation ◦ on S as
follows:

◦ x y z
x x x x
y x x x
z x {x, y} {x, z}

Now define a map S × Γ× S → ℘∗(S) as aγb = a ◦ b for every a, b ∈ S and γ ∈ Γ. Then
S is a Γ-semihypergroup whose ideals are {x}, {x, y} and {x, y, z} of which {x} is a left
primary Γ-hyperideal but not right primary whereas {x, y} is a primary Γ-hyperideal of
S.
It is now left for readers to find example of a right primary Γ-hyperideal which is not left
primary.

Remark 3.7. A prime Γ-hyperideal is primary.

In the next two results, the equivalent conditions of statements (b) of Definition 3.3
and Definition 3.4 are given.

Theorem 3.8. A Γ-hyperideal I of a Γ-semihypergroup S satisfies condition (b) of Def-
inition 3.3 if and only if for non-empty subsets A and B of S, ⟨A⟩Γ⟨B⟩ ⊆ I and B ⊈ I
implies that A ⊆ rad.(I).

Proof. Suppose that I satisfies condition (b) of Definition 3.3 and A, B are two non-empty
subsets of S such that ⟨A⟩ Γ ⟨B⟩ ⊆ I with B ⊈ I. This implies that ⟨B⟩ ⊈ I hence by
hypothesis ⟨A⟩ ⊆ rad.(I). Therefore A ⊆ rad.(I).
Conversely let J and K be two Γ-hyperideals of S such that JΓK ⊆ I and K ⊈ I. If
J ⊈ rad.(I) then there exists an element a ∈ J such that a /∈ rad.(I). Also K ⊈ I implies
there is an element b ∈ K such that b /∈ I. Now ⟨a⟩Γ⟨b⟩ ⊆ JΓK ⊆ I and b /∈ I implies
a ∈ rad.(I), a contradiction. Hence J ⊆ rad.(I).

Theorem 3.9. A Γ-hyperideal I of a Γ-semihypergroup S satisfies condition (b) of Def-
inition 3.4 if and only if for non-empty subsets A and B of S, ⟨A⟩Γ⟨B⟩ ⊆ I and A ⊈ I
implies that B ⊆ rad.(I).

Proof. Similar to the proof of Theorem 3.8.

Definition 3.10. A Γ-hyperideal I of a Γ-semihypergroup S is said to be a semiprimary
Γ-hyperideal if rad.(I) is a prime Γ-hyperideal of S.

In general, a Γ-hyperideal need not be semiprimary. Following is the result which gives
a condition under which Γ-hyperideal becomes semiprimary.

Theorem 3.11. Let S be a Γ-semihypergroup and I be a Γ-hyperideal of S. If rad.(I) is
a maximal Γ-hyperideal of S then I is semiprimary Γ-hyperideal of S.

Proof. If rad.(I) is a maximal Γ-hyperideal of S then it must be a proper subset of S.
Hence there exists a proper prime Γ-hyperideal P of S containing I. Now rad.(I) ⊆ P ⊆ S
and rad.(I) is maximal hence P = rad.(I). Thus rad.(I) is a prime Γ-hyperideal.
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Definition 3.12. [17] A proper Γ-hyperideal I of a Γ-semihypergroup S is said to be a
partially semiprime Γ-hyperideal if for a non-empty subset A of S, AΓSΓA ⊆ I implies
that A ⊆ I.

Theorem 3.13. [18] A Γ-hyperideal Q of a Γ-semihypergroup S is partially semiprime if
and only if rad.(Q) = Q.

In the following reuslt the equivalence between a prime Γ-hyperideal, primary Γ-
hyperideal and a semiprimary Γ-hyperideal is established given that the Γ-hyperideal
under consideration is partially semiprime.

Proposition 3.14. Let I be a partially semiprime Γ-hyperideal of a Γ-semihypergroup S.
If any one of the following statements are true then so are the others.

a. I is a prime Γ-hyperideal.
b. I is a primary Γ-hyperideal.
c. I is a semiprimary Γ-hyperideal.

Proof. Straightforward.

Definition 3.15. If every Γ-hyperideal of a Γ-semihypergroup S is semiprimary then S
is said to be a semiprimary Γ-semihypergroup.

Following is the characterization of semiprimary Γ-semihypergroups.

Theorem 3.16. A Γ-semihypergroup S is semiprimary if and only if prime Γ-hyperideals
of S form a chain under set inclusion.

Proof. Suppose that S is a semiprimary Γ-semihypergroup and I, J are two prime Γ-
hyperideals of S. As rad.(I∩J) = rad.(I)∩rad.(J) = I∩J , Theorem 3.13 implies that I∩J
is a partially semiprime Γ-hyperideal of S. Since S is a semiprimary Γ-semihypergroup,
by Proposition 3.14 I ∩ J is a prime Γ-hyperideal of S. If neither I ⊆ J nor J ⊆ I,
then there would exist a ∈ I \ J and b ∈ J \ I such that ⟨a⟩Γ⟨b⟩ ⊆ IΓJ ⊆ IΓS ⊆ I
and ⟨a⟩Γ⟨b⟩ ⊆ IΓJ ⊆ SΓJ ⊆ J . Thus ⟨a⟩Γ⟨b⟩ ⊆ I ∩ J implies a ∈ ⟨a⟩ ⊆ I ∩ J or
b ∈ ⟨b⟩ ⊆ I ∩ J , a contradiction. Hence either I ⊆ J or J ⊆ I. It means that prime
Γ-hyperideals of S form a chain under set inclusion. Conversely assume that prime Γ-
hyperideals of S form a chain under set inclusion. Let I be a Γ-hyperideal of S and
rad.(I) =

⋂
α∈∆ Pα where Pα is a prime Γ-hyperideal of S containing I for each α. By

assumption Pα0 ⊆ Pα1 ⊆ Pα2 · · · · · ·. This implies that rad.(I) = Pαk
for some αk ∈ ∆.

Thus rad.(I) is a prime Γ-hyperideal of S. Therefore I is a semiprimary Γ-hyperideal of
S and S is a semiprimary Γ-semihypergroup.

4. Regular Γ-Semihypergroups

This section deals with regular sets in Γ-semihypergroups, regular elements and regular
Γ-hypergroups with several examples. It is proved that every regular Γ-hypergroup is a
Γ-hypergroup but not conversely. The notion of inverse subset is defined and it is proved
that a regular set has an inverse set. Characterization for an element a to be regular and
characterization of regular Γ-semihypergroups are established.

Definition 4.1. A subset A of a Γ-semihypergroup S is said to be regular if A ⊆
AΓ1BΓ2A for some Γ1,Γ2 ⊆ Γ and B ⊆ S.
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A singleton set {a} or simply an element a of a Γ-semihypergroup S is said to be
regular if a ∈ aΓ1BΓ2a for some Γ1,Γ2 ⊆ Γ and B ⊆ S where aΓ1BΓ2a = {x | x ∈
aαbβa, α ∈ Γ1, b ∈ B, β ∈ Γ2}.

A Γ-semihypergroup S is said to be regular if every element of S is regular.

Example 4.2. Consider the following sets:

S =

{[
x y
z w

]
| x, y, z, w ∈ R

}
Γ = {z|z ∈ Z}

and

Aα =

{[
αx 0
0 αw

]
| x,w ∈ R, α ∈ Γ

}
Define hyperoperation S×Γ×S → P ∗(S) asMαN 7→ MAαN for allM,N ∈ S and α ∈ Γ.
Because matrix multiplication is associative we have Mα(NβP ) = (MαN)βP and hence

S is Γ-semihypergroup. Also M

[
1 0
0 1

]
M−1

[
1 0
0 1

]
M = M hence M ∈ MαM−1αM

and the invertible matrix M is a regular element of S with α = 1 ∈ Γ. The collection of
all invertible matrices from the set S forms a regular set of S.

Definition 4.3. An element a of a Γ-semihypergroup S is said to be a left (right)
identity of S if s ∈ aαs (s ∈ sαa) for all s ∈ S and α ∈ Γ.

An element a of a Γ-semihypergroup is said to be a two sided identity or simply an
identity if a is both left and right identity, i.e. s ∈ aαs ∩ sαa for all s ∈ S and α ∈ Γ.
We denote identity element of a Γ- semihypergroup by 1 or e.

Example 4.4. Let S = {a, b, c, d} and Γ = {α, β}. Define a hyperoperation ◦ on S as
follows:

◦ a b c d
a a {a, b} {a, c} {a, d}
b a {a, b} {a, c} {a, d}
c a b c d
d a b c d

Define a mapping S × Γ× S → ℘∗(S) by xγy = x ◦ y for every x, y ∈ S and γ ∈ Γ. Then
S is a Γ-semihypergroup. Observe that each element of S is left identity of S but S does
not have a right identity.

Example 4.5. Let S = {x, y} and Γ = {α, β} defined as follows:

α x y
x {x, y} {x, y}
y {x, y} {x, y}

β x y
x {x} {y}
y {y} {x}

Then S is a Γ-semihypergroup and x is a two sided identity of S.

Definition 4.6. An element b of a Γ-semihypergroup S is said to be an α-inverse of an
element a if there exists an identity element e of S such that e ∈ aαb ∩ bαa.
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Element b is said to be a Γ-inverse of an element a if for every α ∈ Γ there exists an
identity e of S such that e ∈ aαb ∩ bαa, that is e ∈ aΓb ∩ bΓa. We denote Γ-inverse of a
by a−1.

Definition 4.7. A Γ-semihypergroup S is said to be a regular Γ-hypergroup or simply
r-Γ-hypergroup if it has an identity e and for each x ∈ S there exists a Γ-inverse x−1 of
x in S.

Example 4.8. Consider a set of two elements S = {a, b} and set of hyperoperations
Γ = {α, β} defined as follows:

α a b
a a b
b {a, b} {a, b}

β a b
a a b
b b a

Then a is two sided identity , inverse of a is a and inverse of b is b hence S is a regular
Γ-hypergroup.

Example 4.9. Let S = {a, b, c, d} and Γ = {α, β} define the hyperoperations as follows.

α a b c d
a {a, b} {b, c} {c, d} {a, d}
b {b, c} {c, d} {a, d} {a, b}
c {c, d} {a, d} {a, b} {b, c}
d {a, d} {a, b} {b, c} {c, d}

β a b c d
a {b, c} {c, d} {a, d} {a, b}
b {c, d} {a, d} {a, b} {b, c}
c {a, d} {a, b} {b, c} {c, d}
d {a, b} {b, c} {c, d} {a, d}

Here d is a Γ-identity a−1 = c, b−1 = b, c−1 = a, d−1 = d and S is a regular Γ-
hypergroup.

Example 4.10. Let S = {0, 1} and Γ = {α, β} and the operations are defined as follows:

α 0 1
0 {0, 1} {0, 1}
1 {0, 1} {0, 1}

β 0 1
0 0 1
1 1 0

Then S is a regular Γ-hypergroup.

Proposition 4.11. Every regular Γ-hypergroup is a Γ-hypergroup.

Proof. Straightforward.

Converse of above Proposition need not be true.

Example 4.12. Let S = {0, 1} and Γ = {α, β, γ} defined as follows:

α 0 1
0 {1} {0}
1 {0} {1}

β 0 1
0 {0, 1} {0, 1}
1 {0, 1} {0, 1}

γ 0 1
0 {0} {1}
1 {1} {0}

Here S is a Γ-hypergroup but it does not have Γ-identity hence it is not a regular Γ-
hypergroup.
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Definition 4.13. An element a of Γ-semihypergroup S is said to be an α-idempotent if
a ∈ aαa. An element a of Γ- semihypergroup S is said to be a Γ-idempotent or simply
idempotent if a ∈ aαa for all α ∈ Γ i.e. a ∈ aΓa.

Definition 4.14. A Γ-semihypergroup S is said to be an idempotent Γ-semihypergroup
if every element in S is a Γ-idempotent.

Definition 4.15. A non-empty subset A of a Γ-semihypergroup S is said to be a Γ-
idempotent subset of S if A ⊆ AΓA.

Example 4.16. In Example 4.5, x is α-idempotent as well as β-idempotent hence x
is Γ-idempotent whereas y is only α-idempotent. In Example 4.4 each element is Γ-
idempotent, hence S there is a Γ-semihypergroup. In Example 4.12 S has neither a
left(right) identity nor a Γ-idempotent element.

Example 4.17. Let S = {0, 1} and Γ = {α, β} be defined as follows:

α 0 1
0 {0} {0, 1}
1 {0,1} {0,1}

β 0 1
0 {0, 1} {0, 1}
1 {0, 1} {0, 1}

S has two two-sided identities and both of them are Γ-idempotent.

Proposition 4.18. Let S be a Γ-semihypergroup and A be an idempotent subset in S then
AΓA is a Γ-subsemihypergroup of S if and only if AΓAΓA = AΓA.

Proof. Let A be an idempotent subset of a Γ-semihypergroup S. If AΓA is a Γ-subsemihy-
pergroup of S then for x ∈ AΓA we have, AΓx ⊆ AΓ(AΓA) ⊆ (AΓA)Γ(AΓA) ⊆
(AΓA). Hence AΓAΓA ⊆ AΓA and A ⊆ AΓA implies that AΓA ⊆ AΓAΓA. There-
fore AΓAΓA = AΓA. Conversely, assume that AΓAΓA = AΓA and let x, y ∈ AΓA. Then
xΓy ⊆ (AΓA)Γ(AΓA) = (AΓAΓA)ΓA = (AΓA)ΓA = AΓAΓA = AΓA.

Definition 4.19. Let A be a non-empty subset of a Γ-semihypergroup S. A subset B of
S is said to an inverse subset of A in S if A ⊆ AΓ1BΓ2A and B ⊆ BΓ2AΓ1B.

In the following result it is proved that every regular subset of a Γ-semihypergroup has
an inverse subset.

Proposition 4.20. Let S be a Γ-semihypergroup. If A is regular then it has an inverse
subset.

Proof. Let a subset A of a Γ-semihypergroup S be regular then there exist subsets Γ1,Γ2

of Γ and B ⊆ S such that A ⊆ AΓ1BΓ2A. Let E = BΓ2AΓ1B, then A ⊆ AΓ1BΓ2A ⊆
AΓ1BΓ2(AΓ1BΓ2A) = AΓ1EΓ2A. Also E = BΓ2AΓ1B ⊆ BΓ2(AΓ1BΓ2A)Γ1B =
(BΓ2AΓ1B)Γ2AΓ1B ⊆ (BΓ2AΓ1B)Γ2A Γ1(BΓ2AΓ1B) = EΓ2AΓ1E. Thus E is an in-
verse subset of A in S.

Following is the characterization of a regular element in the Γ- semihypergroup using
the notion of idempotent set.

Proposition 4.21. In a Γ-semihypergroup S an element a is regular if and only if there
exists an idempotent set A ⊆ S such that a ∈ aΓA and SΓa = SΓA.
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Proof. Let a be a regular element of a Γ-semihypergroup S, that is a ∈ aαbβa for some
α, β ∈ Γ and b ∈ S. Consider the set A = bΓa. As A ⊆ bΓa ⊆ (bΓa)Γ(bΓa) = AΓA,
A is an idempotent subset of S. Also a ∈ aαbβa ⊆ aΓ(bΓa) = aΓA. Now SΓa ⊆
SΓaΓA ⊆ SΓA ⊆ SΓbΓa ⊆ SΓa. That is, SΓa ⊆ SΓA ⊆ SΓa therefore SΓa = SΓA.
Conversely, assume that S has an idempotent set A and an element a such that a ∈ aΓA
and SΓa = SΓA. As a ∈ aΓA ⊆ aΓAΓA ⊆ aΓSΓA = aΓSΓa., implies that there exist
α, β ∈ Γ and b ∈ S such that a ∈ aαbβa. Hence a is regular.

In general, in a Γ-semihypergroup S, Γ-hyperideal of a Γ-hyperideal need not be a
Γ-hyperideal of S. We have proved in the next result that this holds when S is a regular
Γ-semihypergroup.

Theorem 4.22. Let S be a Γ-semihypergroup and I be a Γ-hyperideal of S. If S is regular
then I is regular and any Γ-hyperideal J of I is a Γ-hyperideal of S.

Proof. Let S be a regular Γ-semihypergroup and I be a Γ-hyperideal of S. Consider
A = {a} ⊆ I, by Proposition 4.20 A has an inverse set B in S such that a ∈ AΓ1BΓ2A
and B ⊆ BΓ2AΓ1B ⊆ SΓIΓ1B ⊆ I. That is a ∈ aΓ1BΓ2a where B ⊆ I and Γ1,Γ2 ⊆ Γ.
Therefore I ⊆ IΓ1BΓ2I,B ⊆ I, hence I is regular.
Let J be a Γ-hyperideal of I, a ∈ J, s ∈ S then aΓS ⊆ I. For x ∈ aΓS there exist
y ∈ I, α, β ∈ Γ such that x ∈ xαyβx. Let D be the collection of such y′s then aΓS ⊆
(aΓS)αDβ(aΓS) ⊆ aΓ(SΓI)ΓI ⊆ aΓI ⊆ JΓI ⊆ J . That is, for all a ∈ J, aΓS ⊆ J . Hence
JΓS ⊆ J. Similarly, SΓa ⊆ I and SΓJ ⊆ J. Therefore J is Γ-hyperideal of S.

Now we present the extremely useful characterization of regular Γ- semihypergroups
in terms of one-sided Γ-hyperideals.

Theorem 4.23. S is a regular Γ-semihypergroup if and only if for any left Γ-hyperideal
I and for any right Γ-hyperideal J of S, I ∩ J = JΓI.

Proof. Let I and J be the left and right Γ-hyperideals of a regular Γ- semihypergroup S
respectively. Then JΓI ⊆ J∩I. Also for x ∈ I∩J there exist α ∈ Γ, y ∈ S and β ∈ Γ such
that x ∈ xαyβx ⊆ JΓI. That is, I ∩ J ⊆ JΓI hence I ∩ J = JΓI. Conversely, assume
that for any left Γ-hyperideal I and for any right Γ-hyperideal J of S, I ∩ J = JΓI.
Let a ∈ S and set A = SΓa then A is a left Γ-hyperideal of S. Let I = {a} ∪ A then
SΓI ⊆ SΓ({a} ∪ A) ⊆ SΓ{a} ∪ SΓA = A ∪ SΓA ⊆ A ⊆ I. Therefore I is a left Γ-
hyperideal of S containing {a}. Let B = aΓS then B is a right Γ-hyperideal of S and
J = B ∪ {a} is a right Γ-hyperideal of S containing {a}. Now I = I ∩ S = SΓI ⊆ A.
Similarly J = S ∩ J = JΓS ⊆ B. Thus a ∈ I ∩ J ⊆ A∩B ⊆ BΓA ⊆ aΓSΓa. Hence there
exists an α ∈ Γ, s ∈ S, β ∈ Γ such that a ∈ aαsβa. It means that an element a ∈ S is a
regular element of S. Since a was arbitrary we conclude that S is regular.

In the next result it is proved that every one-sided Γ-hyperideal in a regular Γ-
semihypergroup S are idempotent.

Theorem 4.24. Let I be a one sided Γ-hyperideal in a regular Γ-semihyp-ergroup S. Then
I = I ΓI and hence all one sided Γ-hyperideals in a Γ-semihypergroup S are idempotent.

Proof. Let I be a left Γ-hyperideal of a regular Γ-semihypergroup S and x ∈ I. Then
x ∈ S and S is regular, hence there exist α ∈ Γ, y ∈ S, β ∈ Γ such that x ∈ xαyβx =
xα(yβx) ⊆ xαI ⊆ IΓI. That is, x ∈ IΓI for all x ∈ I so I ⊆ IΓI. Since I is a
left Γ-hyperideal of S we see that IΓI ⊆ I. Therefore IΓI = I. Similarly, for a right
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Γ-hyperideal J of S we have J = JΓJ . Hence all one sided Γ-hyperideals I of S are
idempotent.

Lemma 4.25. [11] Let S be a Γ-semihypergroup. If A is a non-empty subset of S, then
⟨A⟩ = A ∪AΓS ∪ SΓA ∪ SΓAΓS.

Following is the result which states the usefulness of idempotent subsets of a Γ-
semihypergroup S.

Theorem 4.26. Let S be a regular Γ-semihypergroup. Then every principal Γ-hyperideal
of S is generated by an idempotent subset of S.

Proof. Let S be a regular Γ-semihypergroup and ⟨x⟩ be a principal Γ- hyperideal of S.
As x ∈ S and S is regular, there exist α ∈ Γ, y ∈ S, β ∈ Γ such that x ∈ xαyβx. Let
xαy = A then x ∈ Aβx ⊆ AΓS ⊆ ⟨A⟩ by Lemma 4.25 and A = xαy ⊆ xΓS ⊆ ⟨x⟩. Thus
x ∈ ⟨A⟩ and A ⊆ ⟨x⟩, this implies that ⟨A⟩ = ⟨x⟩. Moreover, A = xαy ⊆ (xαyβx)αy =
(xαy)β(xαy) ⊆ AΓA therefore A is idempotent.

Definition 4.27. A Γ-semihypergroup S is said to be a left regular (right regular) if
for any element x ∈ S there exist α, β ∈ Γ and y ∈ S such that x ∈ yαxβx(x ∈ xαxβy).
S is said to be intra regular if for every element x ∈ S there exists α, β, γ ∈ Γ and
y, z ∈ S such that x ∈ yαxβxγz.

Remark 4.28. A left (right) regular Γ-semihyperroup is intra regular.

Theorem 4.29. Let S be a Γ-semihypergroup. Then the following statements hold:

(1) S is left regular if and only if for every left Γ-hyperideal I of S, aΓa ⊆ I implies
a ∈ I for all a ∈ S.

(2) S is right regular if and only if for every right Γ-hyperideal I of S, aΓa ⊆ I
implies a ∈ I for all a ∈ S.

(3) S is intra regular if and only for every two sided Γ-hyperideal I of S , aΓa ⊆ I
implies a ∈ I for all a ∈ S.

Proof. (1) Let I be a left Γ-hyperideal of a left regular Γ-semihyperg-roup S. Sup-
pose that for a ∈ S, aΓa ⊆ I. There exists x ∈ S such that a ∈ xαaβa ⊆ I implies
that a ∈ I. To prove the converse let a ∈ S. Then SΓa is a left Γ-hyperideal and
aΓa ⊆ SΓa implies that a ∈ SΓa, by assumption. Similarly, SΓSΓa is a left
Γ-hyperideal of S. As aΓa ⊆ SΓaΓa, a ∈ SΓaΓa. Hence there exists x ∈ S and
α, β ∈ Γ such that a ∈ xαaβa. Therefor S is left regular.

(2) On the similar lines as that of proof (1).

(3) Let K be a two sided Γ-hyperideal of an intra regular Γ-semihype-rgroup S
and for a ∈ S, aΓa ⊆ K. There exist α, β, γ ∈ S, x, y ∈ S such that a ∈
xαaβaγy ⊆ SΓ(aΓa)ΓS ⊆ SΓKΓS ⊆ K. Therefore a ∈ K. Conversely, assume
that for any two sided Γ-hyperideal K of S and for a ∈ S, aΓa ⊆ K implies
a ∈ K. We know that SΓaΓaΓS is a two sided Γ-hyperideal of S, we have for
a ∈ S, aΓa ⊆ SΓa and aΓa ⊆ aΓS. Therefore (aΓa)Γ(aΓa) ⊆ SΓaΓaΓS. It means
that for x ∈ aΓa, xΓx ⊆ SΓaΓaΓS. As SΓaΓaΓS is a two sided Γ-hyperideal, we
have x ∈ SΓaΓaΓS for all x ∈ aΓa. Hence aΓa ⊆ SΓaΓaΓS and a ∈ SΓaΓaΓS.
It implies that there exist α, β, γ ∈ Γ, and x, y ∈ S such that a ∈ xαaβaγy for all
a ∈ S. Therefore S is intra regular.
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5. Conclusion

In this paper the notions of primary and semiprimary Γ-hyperideals are introduced
and few results are proved. We defined and studied regular set in Γ-semihypergroup
and regular Γ-hypergroup with several examples. The notion of inverse subset in a Γ-
semihypergroup is defined and it is proved that a regular set has an inverse set. One
can extend this study to various ordered and unordered hyperstructures like hyper-
ring and semihyperring and find inverse of regular subsets considering several examples.
Characterization of an element a to be regular and and characterization of regular Γ-
semihypergroups are established.
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