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Abstract The arboricity a(G) (respectively, vertex arboricity va(G)) of a graph G is the minimum
number of subsets into which the edge set E(G) (respectively, the vertex set V(G)) can be partitioned
so that each subset induces a forest. In this paper, we study interpolation theorems for the arboricity
and the vertex arboricity of graphs with size m and order n. We show that for p € {a, va}, the values
of p(G) where G € G(m,n) completely cover a line segment [a,b] of positive integers such that G(m,n)
is the class of all simple graphs with size m and order n. Then we say that p is an interpolation graph
parameter over G(m,n). Thus for a graph parameter p, two variants a and b where

a = min {p(G) : G € G(m,n)} and

b= max {p(G) : G € G(m,n)}
arise naturally. The extremal values a and b are obtained for all p € {a, va}.
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1. INTRODUCTION

In this paper, our notation and terminology follow that of Bondy and Murty [1]. We
only consider simple and finite graphs. Let G be the class of all simple graphs; a function
7w : G — Z is called a graph parameter if 7(G) = n(H) whenever G, H € G such that
G = H. If there exist integers « and y such that {n(G) : Ge€ J} =[x,y ={ke€ Z:ax <
k <y}, then a graph parameter 7 is called an interpolation graph parameter over J C G.

The question “If a graph G possesses a spanning tree having m leaves and another
having n leaves, where m < n, does G possess a spanning tree having k leaves for every
k between m and n ?” was raised by G.Chartrand during a conference on graph theory
in 1980 [2]. In [3-6], this question was answered and it led to a host of lots of papers
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studying the interpolation properties of graph parameters with respect to the set of all
spanning trees of a given graph. The interpolating character of many graph parameters
over other classes of graphs was studied in number of papers.

In 1995, Zhou [7] investigated the interpolation property for a family of spanning sub-
graphs. In [8-10], Punnim proved that chromatic, clique, independent, covering, edge-
covering, matching, forest, decycling and domination numbers are interpolation graph
parameters over the class of d-regular graphs and d-regular connected graphs and deter-
mined the extremal values of these parameters.

2. INTERPOLATION THEOREMS

For positive integers n and m where 0 < m < (g), let G(m,n) be the sets of all simple
graphs of size m and order n. Let G € G(m,n) with e € E(G) and f ¢ E(G). Define a
jumping transformation t = t(e, f) on G which produces the graph G¢f) = G — e + f,
simply written G*. Let T (m,n) be a relation on G(m,n) defined by (G, H) € T (m,n) if
G 2 H and H can be obtained from G by a jumping transformation. Since T (m,n) is
symmetric, it follows that the 7 (m,n)-graph is simple. N. Punnim [11] proved that the
T (m, n)-graph is connected as the following results.

Theorem 2.1. [11] Let G,H € G(m,n). Then G = H or there is a finite sequence of
jumping transformations t(ex, f1),t(es, f2), ..., t(er, fr) for some integer 1 <1 < (%) such
that H = Gtlen:f)t(es, f2)...t(er, fr)

Corollary 2.2. [11] The T (m,n)-graph is connected.
As a result of Corollary 2.2, the following theorem is obtained.

Theorem 2.3. [11] Let t be a jumping transformation on G € G(m,n) and 7 is a graph
parameter. If |m(G)—m(G")| < 1, then 7 is an interpolation graph parameter over G(m,n).

The interpolation theorems for the arboricity and vertex arboricity of graphs are
proved in the following theorems by using the useful fact about the arboricity that all the
subgraphs of any graph cannot have arboricity larger than the graph itself.

Theorem 2.4. Lett be a jumping transformation on a graph G € G(m,n). Then a(G?) <
a(G) + 1.

Proof. Let ab € E(G), c¢d ¢ E(G), and t = t(ab,cd) be a jumping transformation on
G € G(m,n). Suppose that a(G) = [. Since subgraphs of any graph cannot have arboricity
larger than the graph itself, if we remove the edge ab from G, then a(G — ab) < I. This
implies that F(G — ab) can be partitioned into k subsets Ej, Fs, ..., Fy, each of which
induces a forest where k < [. If we add the edge cd into G — ab, then we shall consider
G — ab + cd (simply written G?) in the following two cases.

Case 1. The subgraph of G — ab induced by FE; contains a path from ¢ to d for all
1 <i < k. Then there must be a subgraph of G — ab+ cd induced by FE; for some 4 which
contains a cycle. Hence E(G — ab + ¢d) must be partitioned into at least k+ 1 subsets so
that each subset induces a forest. That is a(G —ab+cd) <k+1 < a(G) + 1.

Case 2. There exists F; for some 1 < i < k where the subgraph of G — ab induced
by FE; contains no paths from c¢ to d. If we add the edge cd to E;, then a subgraph of
G —ab+ cd induced by E; U{cd} is a forest. Thus E(G — ab+ cd) can be partitioned into
k subsets each of which induces a forest. Consequently, a(G —ab+c¢d) <k < a(G)+1.m
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Theorem 2.5. Let t be a jumping transformation on a graph G € G(m,n). Then
va(G') < va(G) + 1.

Proof. Let G be a graph with va(G) = k and ¢ = t(ab, c¢d) be a jumping transformation.
Then V(G) can be partitioned into k subsets V1, Vs, ..., Vi each of which induces a forest
in G. If we remove the edge ab from G, then it is clear that V(G — ab) = V(G) and the
subgraph of G — ab induced by V; is a forest for all 1 < ¢ < k. By adding the edge cd into
G — ab, we shall consider G — ab + cd or G* in the following two cases.

Case 1. There exists V,, for some 1 < p < k such that the subgraph of G — ab
induced by V,, contains a path from ¢ to d. Then G*[V,] contains a cycle. Thus V(G?)
must be partitioned into k + 1 subsets each of which induces a forest in G*. That is
V(GY) = V(G) U Vjy1 where Viy1 = {d}. Hence va(G') < k+ 1= va(G) + 1.

Case 2. The subgraph of G — ab induced by V,, contains no paths from c to d for all
1 < p < k. Hence there is no subgraph of G induced by Vp for all 1 < p < k containing
a cycle. That is V(G*) = V(G — ab). Thus va(G") < k < va(G) + 1. "

As a consequence of Theorems 2.4 and 2.5, we have Corollary 2.6.

Corollary 2.6. Let p € {a,va} and t be a jumping transformation on G € G(m,n).
Then |p(G) — p(G*)| < 1.

By combining the previous results and Theorem 2.3, it follows that the arboricity and
vertex arboricity are an interpolation graph parameter over G(m,n). Consequently, the
following corollary is obtained.

Corollary 2.7. Let p € {a,va}. There exist integers a = min{p(G) : G € G(m,n)} and
b = maz{p(G) : G € G(m,n)} such that there is G € G(m,n) with p(G) = c if and only
if ¢ is an integer satisfying a < ¢ < b.

3. BOUNDS ON THE ARBORICITIES AND VERTEX ARBORICITIES

S. st.J. A. Nash-Williams has published a well-known theorem for arboricity as stated
in the following theorem.

Theorem 3.1. [12, 13] A graph G has arboricity € if and only if every non-trivial subgraph
H has at most £L(|V(H)| — 1) edges.
Theorem 3.2. [13] For every nonempty graph G, a(G) = max[“l,?l(gl)ll—‘, where the

mazximum is taken over all non trivial induced subgraph H of G.

Since a graph G is a subgraph of K, for all G € G(m,n), a(G) < a(K,,). The following
lemmas show the lower bound of the number of vertices and edges of a graph G with the
prescribed arboricity.

Lemma 3.3. Let G € G(m,n) and a(G) = a. Then m > 2(a —1)? + 1.

Proof. Let G € G(m,n) where a(G) = a. By Theorem 3.2, there exists a subgraph Hy of
G where [ EHILT = a(G). Since (WML _ o 1 [WYLbe 00]

VHo) -1 IV (HoT-1 V(-1
. E(H
Hence if [%] = a(G) = a, then |E(Hy)| > (|V(Ho)| — 1)(a — 1) + 1.

Suppose that |V (Hp)| < 2a — 2. Let |V(Hp)| = 2a — k where k > 2. Since a(G) = a,
|E(Ho)| > ([V(Ho)|-1)(a—1)+1 = (2a—k—1)(a—1)+1 = Ce=2Ce=k=1) 11 Gince k > 2,
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|E(Hp)| > w +1> W +1= (2“2_k) + 1. It is impossible because
|V(Ho)| = 2a — k. Thus |V(Hy)| > 2a — 1. That is |[E(Hp)| > 2a—1-1)(a—1)+1=
2(a —1)? + 1. Since E(G) > E(Hyp), m > 2(a —1)? + 1. L]

Theorem 3.4. Let G € G(m,n). Then [%—‘ <a(G) < {@J

Proof. As the result of Theorem 3.1, we observe that if a graph G € G(m, n) has arboricity

a, then m < a(n — 1). This implies that [%—‘ < a(G). By Lemma 3.3, if a(G) = a,

then m > 2(a — 1)? + 1. By using the quadratic formula, we have a < {%7 V§m72J That

is [-2] < a(c) < | 2222, .

For complete graphs K5, and Ky,_1, Beineke [14] proved that V(Ks,) can be parti-
tioned into p subsets each of which induces a spanning path and V (Ks,_1) can be parti-
tioned into p subsets such that p—1 subsets each of which induces a spanning path and the
other subset induces a star with 2p—1 vertices. This implies that a(Ks,) = a(Kap—1) = p.
These facts are useful to use in the proof of Theorems 3.5 and 3.6.

Let m be a graph parameter. Define min(m;m,n) = min{n(G) : G € G(m,n)} and
max(m;m,n) = max{m(G) : G € G(m,n)}.

Theorem 3.5. min(a;m,n) = L’Tl—‘ .

Proof. Let G € G(m,n). By Theorem 3.4, {%—‘ < a(G). It is easy to see that if
m < n — 1, then min(a;m,n) = 1. A graph of order n and size m < n — 1 where the
arboricity is equal to 1 is P, 41+ {v1,v2, ..., Un—m—1}. Next we consider only when m > n
in the following three cases.

Casel. n=2pand m < (22”) = p(2p—1) for a positive integer p. Put m = s(2p—1)+t
where s and t are integers satisfying 0 <t <2p—2and 1 <s < p.

If t # 0, then a(G) > [%-‘ = s+ 1. We now construct a graph G of order

n = 2p, size m = s(2p — 1) + ¢, and a(G) = s+ 1 as follows. Since a(Ks,) = p, E(Kap)
can be partitioned into p subsets, each of which induces a forest. Let {E1, E, ..., E,} be
a partition of F(K>,) such that each E;;1 <14 < p induces a forest and |E;| = 2p— 1. Let
Hy = Kop—Es12UE3U...UE,. Then |V(Hy)| = 2p and |E(Hp)| = (s+1)(2p—1). If we
delete 2p—1—t edges from F 1, then |FEs11 —Wy| = ¢ where W) is a set of those 2p—1—t
edges. Therefore, the graph G can be obtained by deleting Wy from Hy. In other words,
G = Hy — Wy where n = 2p and m = |E(Hy — Wy)| = s(2p — 1) +t. Moreover, E(G) can
be partitioned into s + 1 subsets, each of which induces a forest. Let {EY, E3, ..., E},}
be a partition of E(G) where Ef = E; for all 1 <i < s and E} | = E,r1 — Wy. Thus
a(G) = a(Hy — Wy) < s+ 1. Since a(G) > s+ 1, a(G) = s+ 1.

If t = 0, then a(G) > [%—‘ = s. We can now construct a graph G where a(G) = s
by deleting Wi = Es41 U Eg 0 U ... U E, from Ky,. It is clear that Ky, — W; is a graph
of order 2p and size s(2p — 1). Observe that E(G) = E(Ks, — W1) can be partitioned
into s subsets, each of which induces a forest. Let {Ey, Fs, ..., s} be a partition of E(G).
Hence a(G) = a(Ky, — W1) < s. Since a(G) > s, a(G) = s.

Case 2. n=2p—1land m < (*,') — (p— 1) = (p — 1)(2p — 2) for a positive integer
p. Put m = so(2p — 2) + to where s and ¢ are integers satisfying 0 < tp < 2p — 3 and
1<sp<p—1.
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Iftg # 0, then a(G) > [%1 = sp+1. We now construct a graph G of order n =
2p—1, size m = so(2p—2)+to, and a(G) = so+1 as follows. Since a(Kzp_1) = p, E(Kop_1)
can be partitioned into p subsets, each of which induces a forest. Let {D1, Da, ..., Dp} be
a partition of E(Ky,_1) such that each D;;1 <4 < p induces a forest and |D;| = 2p — 2
foralll1 <i<p-—1and |Dy| =p—1. Let H} = Kop_1 — Dsy12 U Ds,43U...UD,. Then
E(Hy) = D1UD2U...UDg 1. Moreover, |V(Hy)| =2p—1and |[E(H;y)| = (so+1)(2p—2).
If we delete 2p — 2 — tg edges from Dy, 1, then |Ds 41 — Wa| = to where W5 is a set
of those 2p — 2 — ¢y edges. The graph G can be obtained by deleting W5 from H;. In
other words, G = H; — Wy where n = 2p — 1 and m = |E(H, — Wa)| = s50(2p — 2) + to.
Moreover, E(G) can be partitioned into sg + 1 subsets, each of which induces a forest.
Let {D},Ds,...,D; .1} be a partition of E(G) where Dj = D; for all 1 < i < s and
D .y = Dsyy1 — Wa. Thus a(G) = a(H; — Ws) < 5o + 1. Since a(G) > so + 1,
a(G) =50+ 1.

If to = 0, then a(G) > [5‘3512)%2)_‘ = s9. We can construct a graph G where a(G) = sg
by deleting W3 = Dy, 41 U D42 U...U D, from Ky,_;. It is clear that G = Ky,_1 — W3
is a graph of order 2p — 1 and size so(2p — 2). Observe that E(G) = E(Ky, — W) can
be partitioned into sg subsets, each of which induces a forest. Let {D1, Do, ..., D, } be a
partition of E(G). Hence a(G) = a(Ka,—1 — W3) < s¢. Since a(G) > sg, a(G) = sp.

Case 3. n=2p—1land (p —1)2p—2) < m < (2p2_1) =(p@-12p—-1) for
a positive integer p. Put m = (p — 1)(2p — 2) + t; where ¢; is an integer satisfying

1<t <p-1. Then a(G) > [(p*l)éi%)”l—‘ = p. We now construct a graph G where

n=2p—1,m=(p—1)(2p—2)+t1, and a(G) = p as follows. Consider the partition
{D1,Ds,...,D,} of E(Ksp_1) in Case 2. If we delete p — 1 — t; edges from D, then
|D, — W4| = t1 where Wy is the set of those p — 1 — ¢, edges. Therefore, the graph G
can be obtained by deleting Wy from Ks, ;. In other words, G = Ka,_1 — W1 where
n=2p—1and m = |E(Kgp—1 — Wy)| = (p — 1)(2p — 2) + t1. Moreover, E(G) can
be partitioned into p subsets, each of which induces a forest. Let {Dj, Ds,..., D,} be a
partitioned of E(G) where D} = D; for all 1 <4 < p—1 and D, = D, — W,. Thus
a(G) = a(Kaop_1 — Wy) < p. Since a(G) > p, a(G) = p. If t; = p — 1, then a graph of
order n = 2p — 1, size m = (p — 1)(2p — 2) + p — 1, and arboricity p is Ko,—1. That is
G= Kgp_l. ]

Theorem 3.6. maz(a;m,n) = L@J .

Proof. Let G € G(m,n). By Theorem 3.9, a(G) < Lz-s-vgm—zJ. If LQJ”gm_QJ = p, then

2tv2m=2 ngﬂ < p+1. Combine this to Lemma 3.8, it is clear that if 2(p —1)2+1 < m < 2p?,
then maz(a;m,n) < p. We now construct a graph in G(m,n) with arboricity p where
n>2p—1land 2p—2)(p—1)+1=2(p—1)>+1<m < 2p%

Case 1. (2p—2)(p—1)+1<m < (2p—2)(p—1)+(p—1). Let m = (2p—2)(p—1)+to
where 1 < typ < p— 1. We can construct a graph Hy of order n = 2p — 1 and size
m = (2p — 2)(]7 — 1) + to with a(H()) =D from Kgp_l. Since G(Kgp_l) =D, E(Kgp_l)
can be partitioned into p subsets E1, Es, ..., E,, each of which induces a forest, where
|Eil=2p—2foralll <i<p-—1and|E, =p—1. Let Wy C E, be the set of p— 1 —tg
edges. Then Ky, 1 — W, is a graph of order 2p—1 and size (2p—2)(p—1) +¢o. Moreover,
E(Ksp,—1 — Wp) can be partitioned into p subsets, each of which induced a forest. Let
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{EY, E5, ..., E;} be a partition of E(Ks, 1 —Wy) where Ef = E; forall1 <i <p—1and

E; = E, — Wy. Thus a(Ks,_1 — Wp) < p. Since (Ko 1 — W) > [%ﬁ%”ﬂ —p,

a(Kgp,l — Wo) = p. Thus Ho = Kgpfl — Wo. Clearly, H() = Kgpfl if to =p— 1. We
can construct a graph Hy of order n > 2p — 1 and size m = (2p — 2)(p — 1) + to with
a(Hy) = p by adding n — (2p — 1) vertices into Ka,_1 — Wp.

Case 2. (2p—2)(p—1)+p <m < (2p—2)(p—1)+(3p—2). Equivalently, (2p—1)(p—1)+
1<m<(2p-1)(p—-1)+2p—1). Let m= (2p—1)(p—1)+1t; where 1 <t; <2p—1. We
can construct a graph Hy of order n = 2p and size m = (2p—1)(p—1)+1t; with a(H;) =p
from Ky,. Since a(Ks,) = p, E(Ks,) can be partitioned into p subsets Dq, Ds, ..., D,,
each of which induces a forest, where |D;| =2p—1forall 1 < j <p. Let W7 C D,, be the
set of 2p—1—1t; edges. Then Ky, — W is a graph of order 2p and size (2p—1)(p—1)+t1.
Moreover, E(K5, —Wi) can be partitioned into p subsets, each of which induced a forest.
Let {D7, D3, ..., D;} be a partition of E(Ky, — W1) where D; = D; forall 1 <i <p—1

and D} = D, — Wj. Thus a(Kz, — W) < p. Since a(Kz, —Wi) > [(21)_12)1(’%%-‘ =p,
a(Kyp — Wi) = p. Thus Hy = Koy, — Wh. Clearly Hy = Ky if t1 =2p— 1 and n = 2p.
We can construct a graph Hj of order n > 2p and size m = (2p — 1)(p — 1) + ¢; with
a(H;) = p by adding n — 2p vertices into Ky, — Wi.

Case 3. (2p—2)(p—1)+ (3p—1) < m < 2p?. Equivalently, p(2p — 1) +1 < m <
p(2p — 1)+ p. Let m = p(2p — 1) + t2 where 1 < t5 < p. We can construct a graph Ho
of order n and size m = p(2p — 1) + to with a(Hz) = p from Ks,. Since a(K2,) = p and
|E(K2p)| = p(2p — 1), E(K>p) can be partitioned into p subsets Dy, Do, ..., Dp, each of
which induces a forest, where |D;| = 2p —1 for all 1 < j < p. If we add n — 2p vertices
UL, U2, ..., Un—2p t0 Ko, and join u; to each vertex wy € V(Kay), 1 < k < tg, then we
obtain the desired graph Hs. It is clear that E(Hz) can be partitioned into p subsets
B, Bs, ..., By, each of which induced a forest, where B; = D; + w;uy for 1 < j <ty and
By = Dy, for to +1 < k < p. Thus a(Hz) < p. Since a(Hz) > a(Ksp) =p, a(Hz) =p. =

In consequence of Theorems 3.5 and 3.6, the bounds in Theorem 3.4 are sharp. Next,
we determine the range for the vertex arboricity of G € G(m,n). In [3], N. Achuthan,
N.R. Achuthan and L. Caccetta verified that va(K,) = | 24| and determined the range
for the size of a graph G of order n with the prescribed vertex arboricity as the following

lemma.

Lemma 3.7. [3] Let G € G(m,n) and va(G) = p. Then m > (**;'). Furthermore, if
m = (2p271>} then G = Kgp_l U Kn—2p+1-

As a result of Lemma 3.7, observe that any graph G € G(m,n) with va(G) = p has at
least (2p2_1) edges. Thus max(va;m,n) < p if (2p2_1) <m< (2(p+21)_1). In the following
theorem, we determine max(va;m,n).

Theorem 3.8. Let m,n, and p be positive integers and (2p2_1) <m < (2”;1), Then
mazx(va; m,n) = p.
Proof. By above observation, if (2p;1) <m< (2”;1), then max(va;m,n) < p. We now

construct a graph G' € G(m,n) such that va(G) = p. By Lemma 3.7, if m = (2”;1), then

G = Koy Ufn_gp+1.£learly va(G) =p. If (2p2_1) <m < (221’), then we construct a
graph G from Ky,_1 U K, _ap41 by joining each v; for 1 <4 <m — (21]2_1) to vy where

v; € V(Kzp—1) and vy € V(K,,_2p41). Since G is obtained from Ks, 1 U K, 2,41 by
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adding some edges, va(G) > va(Kap—1 U Kp_2p11) = p. Let V(G) = V1 UV U...UYV,
such that V; UV U ...UV,_1 = V(K3p_1 — {vap_1}) where |Vi| =2foralll1 <k <p-1
and V, = {vgp_1} UV (K,_2p4+1)). Hence V(G) can be partitioned into p subsets, each
of which induces a forest. Therefore, va(G) = p. In the case (%) <m < (*>]), we can
construct G from the complete graph KQT,U?W,_QP by joining each u; for 1 < j <m— (221’)
to ug where u; € V(Kap,) and ug € K,_2,. Since G is obtained from Ks, U K,,_2, by
adding some edges, va(G) > va(Ksp UK, _2,) = p. Let V(G) = U; UU> U ... U U, such
that Uy UU2 U ... UUp—1 = V(Kop—1 — {uap—1,u2p}) where |Uy| =2forall 1 <k <p-—-1

and V), = {ugp—1,u2p} UV (K, _2p)). Therefore, V(G) can be partitioned into p subsets,
each of which induces a forest. Then va(G) = p. From the 2 cases, maz(va;m,n) = p. m

To determine a formula for min(wva;m,n), we shall apply Turdn’s theorem. Turdn
provided the complete r-partite graph of order n whose partite sets differ in size by at
most 1, usually called the Turdén graph and denoted by T;, ..

Theorem 3.9. (Turdn’s Theorem) Among the graph of order n with no (r + 1)—clique,
T, has the mazimum number of edges.

In order to make an easy application of the Turan graph in our work, we would like to
state the following facts.

L. If n =rq+1t, 0 <t <r, then T, , consists of ¢ partite sets of cardinality [%| and
r — t partite sets of cardinality [%].

2. Let G € G(m,n). If w(G) <r, then m < |E(T}, )|

3. |B(Tn)| = ("5%) + (r = 1)(“3"), where a = | 2].

4. Let t, = |E(Ty,)|- Then for a fixed n, by using elementary arithmetic, we have
tnr—1 <ty forall 2 <r <n.Infact t,, —tp,—1 > (a'gl), where a = {%J

In [3], N. Achuthan, N.R. Achuthan and L. Caccetta defined the graph Q,, ,, as follows.

n

Let n and p be given integers. Put [ = bJ and ' = n — pl. Define Q,, , = .\Z;lTi where
=

T; is a tree of order [ + 1 if 4 < I’ or of order [, if ¢ > I’ and V is the join operation of
graphs. They determined an upper bound of the size of a graph G with the prescribed
vertex arboricity as the following Lemma.

Lemma 3.10. [3] Let G € G(m,n) and va(G) = p. Then m < () —U'(1 —1) —p(lgl)
where the equality holds if and only if G = Qy, 5.

Clearly, V(7)) can be partitioned into p subsets V1, V5, ..., V}, each of which induces
an empty graph, whose size differ by at most 1. Let vs = |Vs| and Es be the set of v; — 1
edges. By Lemma 3.10, it means that V(Q, ) can be partitioned into p subsets, each
of which induces a tree and the cardinality of those subsets differ by at most 1. Observe
that @, is the graph obtained from 7T;, , by adding E, E», ..., E, into T, , such that
T, »|Vs] + Es is a tree for all 1 < s < p. We illustrate graphs ()73 and Qg 4 in Figure 1.

It is clear that [E(Qnp)| =tnp+ 1 —1)+ e -1+ ...+ (p—1) =ty + (1 + 12+
..+ vp) —p=ty,+n—p where t,, = |E(T,,)|. Moreover, By Lemma 3.10, we have
va(Qnp) = p-

We can see that if G € G(m,n) and va(G) = p, then G has size as most t,, , +n — p.
This implies that if ¢, ,—1 +n— (p — 1) < m <, , +n — p, then min(va;m,n) > p. We
determine min(va;m,n) as the following theorem.
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Qs Q,,

FIGURE 1. The graphs 7,3 and Qg 4.

Theorem 3.11. Let m, n, and p > 2 be positive integers and tp ,—1+n—(p—1) <m <
tnp +n—p. Then min(va;m,n) = p.

Proof. By the characteristic of the Turan graph and Lemma 3.10, we find that if ¢,, ,—1 +
n—(p—1) <m<t,,+n—p, then min(va;m,n) > p. Let G be the graph of order n
obtained by removing t,, , +n —p —m edges from @, ,. Since G € G(m,n) is a subgraph
of Qnp, va(G) < va(Q,,p) = p. Because va(G) > min(va;m,n) > p, va(G) = p.
Consequently, min(va;m,n) = p. [
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