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1. INTRODUCTION

Numerous researchers have dedicated their time and effort in the study of number
sequences, owing to their widespread utility in the realms of science, engineering, art,
and nature. A particularly fascinating sequence is the Jacobsthal sequence [3], which has
been extensively researched. This sequence is named after Ernst Jacobsthal, a renowned
mathematician hailing from Germany. It boasts a notable attribute, that is, the enumer-
ation of microcontroller skip instructions [1].

In 2014, Falcon [2] defined k—Jacobsthal and k—Jacobsthal-Lucas sequences and pre-
sented some properties. Subsequently, Uygun [9] introduced (s, t)—Jacobsthal and
(s,t)—Jacobsthal-Lucas sequences, as follows:

Definition 1.1. For any real numbers s,¢ such that s > 0,¢ # 0 and s? + 8t > 0,
the (s,t)—Jacobsthal sequence {j,(s,t)}neny and the (s,t)—Jacobsthal-Lucas sequence
{cn($,t) }nen are defined recurrently by, for n > 2

Jn(8,t) = 8fn—1(8,t) + 2tjn_2o(s,t) (1.1)
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and
cn(8,t) = Sgn—1(8,t) + 2tjn_a(s,t), (1.2)
respectively, where jo(s,t) =0, ji(s,t) =1, co(s,t) =2, ¢1(s,t) = s.

Remark 1.2. In Definition 1.1, it can be observed that when s = 1 and 2t = k, the
resulted sequences are the k—Jacobsthal sequence and the k—Jacobsthal-Lucas sequence,
respectively. In the event that s = t = 1, the resulted sequences are the Jacobsthal
sequence and the Jacobsthal-Lucas sequence, respectively.

In 2018, Ozdemir [7] presented a new number system within the structure of non-
commutative algebra known as hybrid numbers, which is a generalization of complex,
hyperbolic and dual numbers. The hybrid number Z can be written in form

Z=a+1tb+ec+ hd
where a,b,c,d € R and ¢, e, h are hybrid units such that
iP=-1,h*=1e2=0
and
th = —hi=¢+1.
Let Z1 = a1 + b1 + ec1 + hd; and Zs = as + tby 4+ €cy + hds denote two hybrid numbers.
Equality, addition, subtraction, scalar multiplication, and multiplication of two hybrid
numbers can be defined as follows:
Z1 = ZQ OIlly if a1 :ag,bl :bQ,Cl :Cg,dl :d2
Zl +22 = (a1 +a2) +’L(b1 +62)+€(Cl +62)+h(d1 +d2)
7, —7Z, = (a1 — a2> + (b — bg) + E(Cl — 02) + h(d1 — dz)
sZy = saj +isb; +escy + hsdy,s € R
Z1Z2 = ((11 + 7,b1 +ecy + hd1)(a2 + 'lbg + eco + hdg)
= (a1a2 — blbg + b162 + Cle + dldg)
+i(a162 + b1a2 + b1d2 — dlbz)
+€(a102 + bids + cras — c1do — d1ba + dlcg)
+h(ards — bica + c1ba + dyag).

The subsequent table presents the product of any two hybrid units.

. 1 € h
1| -1 |1-h | e+t
el h+t1] O -€
h | -e-1 € 1

TABLE 1. The hybrid numbers multiplication

It is apparent that the multiplication of hybrid numbers has the property of associativity,
but it lacks commutativity. The conjugate of a hybrid number Z is defined by

Z=a+ib+ec+hd=a—ib—ec— hd.
The character of the hybrid number Z is
C(Z)=7Z =77 =a’+ (b—c)* — * —d* = a® + b* — 2bc — d°.
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Many special kinds of hybrid numbers have been studied, including Fibonacci and Lu-
cas hybrid numbers [5], Padovan hybrid numbers [6], Jacobsthal and Jacobsthal-Lucas
hybrid numbers [3], as well as k—Jacobsthal and k—Jacobsthal-Lucas hybrid numbers [4].
These research articles have motivated us to define (s, t)—Jacobsthal and (s, t)—Jacobsthal-
Lucas hybrid numbers and explore their properties.

2. PRELIMINARIES

2

The roots of the characteristic equation x* — sz — 2t = 0 associated with the recurrence

relation in Definition 1.1 are
(2.1)

Thus, the Binet formulas for (s,¢)—Jacobsthal and (s, t)—Jacobsthal-Lucas sequences can
be expressed as follows:

ns,t) = 2= (22)
and
cn(s,t) =a” + " (2.3)

By utilizing (2.1), it is evident that
a+B=s a-B=-2t oa—LB=1+52+8t (2.4)

Uygun [9] has demonstrated the summation formulas for (s,¢)—Jacobsthal sequence and
(s,t)—Jacobsthal-Lucas sequence as follows:

n

. o 1— jn+1(3,t) — 2tjn(8,t)
Y dnlst) = e (2.5)
k=0
and
- 2 — cpt1(s,t) — s — 2ten (s, t)
t) = . 2.
kz:%c’“(s’ ) 1—s—2t (2.6)

Additionally, he has established the relationships between (s, t)—Jacobsthal and (s, t)—
Jacobsthal-Lucas sequences, which are listed below:

cn(8,t) = Jny1(8,t) + 2tjn—1(s,1) (2.7)
and

$Jn(8,t) + cn(s,t) = 24n41(s,t). (2.8)

3. MAIN RESULTS

Definition 3.1. Let n > 1 be an integer. For any real numbers s,t € R such that
s> 0,t # 0 and s + 8t > 0, the nth (s,t)—Jacobsthal hybrid numbers, Hj,(s,t), and
the nth (s,t)—Jacobsthal-Lucas hybrid numbers, He,(s,t), are defined by

Hjn(s,t) = jn(s,t) + 3jni1(5,t) + €jnya(s,t) + hjnia(s,t) (3.1)
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and

Hep(s,t) = cn(s,t) + icnt1(8,t) + €cnpa(s,t) + henis(s, t), (3.2)

respectively, where ¢, e, h are hybrid units.

Remark 3.2. In Definition 3.1, if s = 1 and 2¢ = k, then we have the k—Jacobsthal and
the k—Jacobsthal-Lucas hybrid numbers, respectively. If s = ¢ = 1, then we have the
Jacobsthal and Jacobsthal-Lucas hybrid numbers, respectively.

Lemma 3.3. Suppose that s,t € R such that s > 0,t # 0 and s*> +8t > 0. Letn > 1 be

an integer. Then

L Hjn+1<s>t) = SHjn(87t) + 2tHjn71(Sat)v (33)

II. Hepy1(s,t) = sHey(s,t) + 2tHep—1(s, t), (3.4)

with Hijo(s,t) = 1+ e(s) + h(s? +2t), Hji(s,t) = 1+ i(s) + e(s? + 2t) + h(s® + 4st),
Hceo(s,t) = 2+ 4(s) + (s + 4t) + h(s® + 6st) and Hey(s,t) = s +a(s? + 4t) + e(s® +
6st) + h(s* + 8s%t + 8t2).

Proof. Using (1.1) and (3.1), we obtain
Hjni1(s,t) = jnt1(s,t) + ijnta(s,t) + €ints(s,t) + hjnya(s, t)
= 8jn(8,t) + 2tjn_1(s,t) + 2[sfnr1(s,t) + 2tjn(s,t)]
+ elsinr2(s,t) + 2tjn41(s, )] + hlsjnis(s,t) + 2tjny2(s,1)]
= s[jn(5,1) + @jnt1(s, 1) + €fnt2(s, 1) + Aijngs(s, t)]
+ 2t[jn—1(5, 1) + @jn(5, 1) + €jni1(s,1) + Rjnia(s, t)]
= sHj,(s,t) + 2tH jn_1(s,t).
From (1.2) and (3.2) to obtain
Hepg1(s,t) = cnya(s,t) + tenta(s, t) + ecnys(s, t) + hepra(s, t)
= scn(8,t) + 2ten—1(8,t) + i[scnt1(s,t) + 2ten (s, 1))
+ e[scnta(s,t) + 2tent1(s,t)] + hlscnts(s,t) + 2tcn12(s, b))
= s[en(s,t) + tent1(s,t) + ecnga(s, t) + hents(s,t))
+ 2tlen—1(8,t) + icn(s,t) + €cny1(s,t) + hepia(s, t)]
= sHey(s,t) + 2tHcep—1(s,t).
m
Theorem 3.4. (Binet formulas for (s, t)—Jacobsthal hybrid number and (s, t)—Jacobsthal-
Lucas hybrid number) Suppose that s,t € R such that s > 0,t # 0 and s*> + 8t > 0. Let
m >0 be an integer. Then
a™a — ™3

(3.5)

IL. Hep(s,t) = a™a+ ™53, (3.6)
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where & = 1+ ia + ea? + ha? andBZ 1448 +¢eB%+ hp3.
Proof. By using (3.1) and (2.2), we have

Hjm(87t) = jm(S’t) + ijerl(svt) + Ejm+2(87t) + hjerS(Svt)
m _ aQam m+1 _ om—+1 m+2 _ am+2
il A <‘“ B > e (M)

a—p a—p a—p
am+3_ﬁm+3
(=)
a™(1+ia+ea’ 4+ ha?) — fm(1 448 +ef? + hp3?)
- —
ama — BB

a—p
Next, we use (3.2) and (2.3) to obtain
Hep(s,t) = em(s,t) + tcma1(s,t) + €cmaal(s, t) + hemys(s, t)
=a™ 4+ B +i(a™ 4 B 4 e(@™ P2 4 f7F2) 4 h(a™ TP 4 g
=a™(1 +ia+ea’®+ ha®) + (1 +iB + eB% + hB?)
=a™a+ f™B.
m

Theorem 3.5. Suppose that s,t € R such that s > 0,t # 0 and s> + 8t > 0. The gen-
erating function for (s,t)—Jacobsthal hybrid number and (s,t)-Jacobsthal hybrid number
are

= Hijo(s,t) + x[Hj1(s,t) — sHjo(s,t)]
LS Hij (s, t)a™ = 7 .
mz::() Jm(s D) 1 — sz — 2ta? (37)
> Heo(s,t) + x[Hey(s,t) — sHep(s, t)]
I S° He, (s, )™ = : 38
mZ:O cm(s, 1) 1 — sz — 2ta? (38)

respectively.

Proof. Assume that the generating function of the (s,t)-Jacobsthal hybrid number se-
quence Hj,(s,t) has the form A(z) = >~  Hjm(s,t)z™. Then

A(x) = Hjo(s,t) + xHji(s,t) + 22 Hja(s,t) + ... (3.9)
Multiply (3.9) on both sides by —sz and then by —2tx? we have

—sxA(zx) = —sxHjo(s,t) — sx®Hjy(s,t) — s> Hja(s,t) — ... (3.10)

—2tx? A(z) = =2tz Hjo (s, t) — 2ta> Hjy (s,t) — 2tx* Hja(s,t) — ... (3.11)
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By adding (3.9)-(3.11), we have
(1 — sz —2ta*)A(z) =Hjo(s,t) + x[Hjy (s, t) — sHjo(s,t)]
+ 2?[Hja (s, t) — sHji (s, t) — 2tHjo (s, t)]
+z [HJS(S?t) - SHj2(S,t) - QtHjl(svt)]
T [Hjy(s,t) — sHjs(s,t) — 2tHja(s,1)] + ...

Since the coefficients of ¢ for m > 2 are equal to zero,

= _Hj (s,t) + x[Hji(s,t) — sHjo(s, t)]
(@) = Z Him(s, )t } 1— sz — 2tz? :

Assume that the generating function of the (s,t)-Jacobsthal hybrid number sequence
Hey,(s,t) has the form B(z) = > Hep (s, t)z™. Then

B(x) = Heo(s,t) + xHey(s,t) + w2 Heg(s,t) + ... (3.12)
Multiply (3.12) on both sides by —sx and then by —2tx? we have

—sxB(x) = —swHco(s,t) — sx®Hey (s,t) — sz Hea(s, t) — ... (3.13)

—2tx’B(x) = —2tx*Heo(s,t) — 2tad Hey (s, t) — 2ta* Heo(s, t) — ... (3.14)

By adding (3.12)-(3.14), we have
(1 — sz —2tz*)B(x) =Hco(s,t) + x[Hey (s,t) — sHeo(s, 1))
+ 2?[Hey(s,t) — sHey (s, t) — 2tHe(s, 1))
+a3[Hes(s,t) — sHea(s, t) — 2tHey (s,1)]
+ a2 [Hey(s,t) — sHes(s,t) — 2tHeo(s, )] + ...

Since the coefficients of ¢ for m > 2 are equal to zero,

= S Hep(s, tyem = Ho(s:0) *alfer(s,t) = sHeols,t)]
1 — sz — 2tx?

[
Theorem 3.6. Suppose that s,t € R such that s > 0,t # 0 and s> +8t > 0. The exponen-

tial generating function for (s,t)—Jacobsthal hybrid numbers and (s,t)—Jacobsthal-Lucas
hybrid numbers are

Nt ) Yy Ge®v — Befy
LS Hjn(s, ) =2~ 3.15
mZ::O Jm(8,8) = " (3.15)
iy Hcm(s,t)% = &e™ + BePV, (3.16)

respectively.
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Proof. By using (3.5), we obtain

mz::OH]m(S»t)m - Z (Oéﬁ) ﬁ

|
A 3
Q
|| o
=
N———
=S
3
|
VR
Q
|E>
=
N——
\E
s |1
3

m=0 m=0
_ae BePy
S a-f a-p
ey — Be’ay
a—p
By using (3.6), we obtain
oo m oo . - . ym
ZHCm(S,t) | :Z(OZ a—’_ﬁ ﬁ)%
m=0 m=0
e ()™ s (By)™
=a) S By
m=0 m=0
= &e® + BV

Theorem 3.7. Suppose that s,t € R such that s > 0,t # 0 and s> + 8 > 0. Let n >0
be an integer. Then

n . . . . .
. 1+ H]O(Svt) — H.]n-i-l(sat) — 2tH.7n(S7t) + 2€t]1(57t) + thJQ(Sat)

I. H t) =

Z jk(sa ) 1—5s— 9

k=0

(3.17)

IL iHCk (5,8) = Heo(s,t) — Hepy1(s,t) — 2tHep (s, t) l—_cls(iz;)t—l- 2tico(s,t) + 2teci (s, t) + 2thea(s, t).

k=0

(3.18)

Proof. Using (1.1), (2.5) and (3.1), we have
> Hij(s,t) = Hjo(s,t) + Hji(s,t) + Hja(s,t) + ... + Hjn(s,t)
k=0

= (Jo(s,t) +iji(s,t) +€ja(s, t) + hjs(s, 1)) + (ji(s,t) + ij2(s,t) + €j3(s, 1)
+hja(s,t) + ..+ (Gn(st) + 8ns1(5,t) + €dnta(s, ) + hjnys(s,t))

= (Jo(s,t) +71(s,t) + .. + gn(s,1)) +2(ji(s,t) + Ja(s,t) + oo + Jnt1(s, 1) + jo(s, 1)
—Jo(s,t)) +€(fa(s,t) + ja(s,t) + ... + Jinta(s,t) + Jo(s, 1) — jo(s, ) + ja(s, t)
—j1(s,1)) + h(js(s,t) + ja(s,t) + ... + Jngs(s,t) + Jo(s, 1) — Jo(s,t) + ji(s, 1)
= J1(s,t) + ja(s, t) = ja(s, )
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_ (1 — jng1(s,t) — 2tjn(s,t)> L (1 —gnta(s,t) = 2tjnsa(s,t) jo(s,t)>

1—s—2¢ 1—s5—2¢
N G e B ICU RO
+h <1 _]n+4(137t) - 2t]n+3(s>t) — jo(s,t) — j1(s, 1) —jg(s,t))
—s—2t

Ji(s,t) +ij1(s,t) + €j2(s,t) + hjs(s,t) + 2etji(s,t) + 2htja(s, )
- T—s—2t

_Hjn+1(57t) — QtHjn(S7t) + j0(87t) — jO(‘S?t)

1—s5—2t

14 Hjo(s,t) — Hjn+1(s,t) — 2tHj, (s, t) + 2etji(s,t) + 2htja(s,t)

- 1—s— 2t '
The proof of equation (3.18) is similar and is omitted. L]

Theorem 3.8. (Catalan’s identity) Suppose that s,t € R such that s > 0,t # 0 and
s2+8t>0. Let m and r be integers such that m > r > 0. Then, we obtain

L Hiner (50 i (5 6)~ i (501) = g 6320 (1= )+ Ba-20m (1= 5,
(3.19)
IL Hepm_p(8,8)Hempr (s, t)—HE, (s,t) = af(—2t)™ (g—1)+5 (—2t)m(%:—1). (3.20)
Proof. By using (3.5), we have
Hjp—r(8,0) H (5, 1) — H]?n(svt)
B am e — M- ’I“IB m+rd7ﬂm+rﬁ B Oéméé*ﬂmﬁ 2
N a—pf a—pf a—pf
B _déam—rﬁm+r _ Bdﬂm—ram—&-r _'_dBamﬁm _,'_Bdﬁmam
B (a —p)?
B )
a (a —B)?
B 1 . Br o’
e (P8 (1- ) e (- ).
The proof (3.20) is similar to the proof of (3.19), so it is omitted. ]

Remark 3.9. For » = 1 in Theorem 3.8, we have the Cassini’s identity for both
(s,t)—Jacobsthal and (s,t)—Jacobsthal-Lucas hybrid numbers, that is,

L Hjm1(s,t)Hjms1(s,t) — Hjz, (s, t) = %Jr& [a@(_gt)m (1 - g) + Ba(—2t)™ (1 - %)]

IL Hepoy(s,8)Hemyr (s, t) — He? (s, t) = af(—2t)™ (g - 1) + Ba(—2t)™ (;‘ - 1) .
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Theorem 3.10. Suppose that s,t € R such that s > 0,t # 0 and s> + 8t > 0. Let m and
n be integers such that m >mn > 0. Then

(—20)" (™ "4 — B "G )

L Hjm(svt)HjnJrl(svt) - Hjerl(svt)Hjn(svt) = \/m ) (321)
IL Hep (s, t)Hen(5,8) — Heppr (s,t)Hen (s, 1) = V/s248t (=20 (8™ @B —a™ "af),

(3.22)
T H jyo (s, £) Hon(s, £) — Hom(s, ) Hju (s, 1) = 220" (@™ 0B = B7R4H) - g o0

Vs2 + 8t

Proof. If we consider (3.6) and the (2.4), we obtain
Hjm(57 t)Hjn-l-l(S? t) - Hjm+1(57 t)H]n(57 t)

a™é — BmB atla — ﬁn—&-lB amtls — 5m+1B aé — ﬁné
a—p a—p - a—p a—p
_ aBap)"(amn — g
= P
_ (—Qt)n(amfndﬁ _ ﬁmfndg).

V8% + 8t

The proofs of equations (3.22) and (3.23) are similar and have been omitted. L]

Equations (3.21) and (3.22) represent the d’Ocagne’s identity for (s,t)—Jacobsthal and
(s,t)—Jacobsthal-Lucas hybrid numbers, correspondingly.

Theorem 3.11. Suppose that s,t € R such that s > 0,t # 0 and s> +8t > 0. Let n > 0
and m > 0 be an integer. Then

Hey(s,t) = Hjpp1(s,t) + 2tHj,—1(s,t),

SHjm(s,t) + Hem(s,t) = 2H jipi1 (s, ).
Proof. Using (3.1) and (2.7), we have

Hep(s,t) = cn(s,t) + icni1(s,t) + €cnia(s, t) + hengs(s,t)
= Jn+1(8:) + 2tjn_1(5,t) + 2(Jn+2(8,t) + 2tjn(s, 1)) + €(fn+3(s,t)
+ 2tjnt1(8,1)) + R(jnta(s,t) + 2tinia(s, 1))
= (Jn+1(8,8) + 2jni2(5,t) + €iny3(s, ) + h(jnta(s; 1))
+ 2t(jn—1(s,) + 2jn(s, 1) + €fnt1(s, 1) + Ajnta(s; 1))
= Hjn+1(s,t) + 2tHj,_1(s,t).
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By virtue of (3.1), (3.2) and (2.8), we find that
SH jm(s,t) + Hem(s,t) = (8Gm(8, 1) + $8Gm+1(8,t) + $€Jm+y2(8,t) + shjmis(s,t))

+ (em(s,t) + tcmy1(s,t) + ecmaa(s,t) + hepmyis(s, b))
= 8jm(8:t) + cm(s,t) + Ushm+1(8,1) + cmta(s, 1))

+ &(sim+2(5, 1) + cmya(s,t)) + h(simis(s, t) + cmys(s,1))
= 2jm+1(5,1) + 2jm42(5, 1) + 2€m43(s, 1) + 2Rjmia(s, t)
=2Hjm+1(s,1t).

n

Next, we present a matrix generator for the computation of (s,t)—Jacobsthal hybrid
numbers and (s, t)—Jacobsthal-Lucas hybrid numbers, as follows:

Theorem 3.12. Suppose that s,t € R such that s > 0,t # 0 and s> + 8 > 0. Let m >0
be an integer. Then

L [Himea(s,t) Hjmya(s,t)] _ [Hia(s,t) Hijn(s,t)] [s 1]"

[Hjm+1(s,t) Hj,(s,t) } [Hjl(s,t) Hjo (s,t)] [Qt O}

I Hepypa(s,t)  Hemg1(s,t) _ Heo(s,t) Hey(s,t) 1 m'
[Hc,,L+1(s,t) Hep(s,t) } [Hcl(s,t) Hceo(s,t )} {2t O]

Proof. For m = 0, we let the matrix to the power 0 be the identity matrix. Therefore,
the result can be readily obtained. Consider m = 1. By (3.3), we have

[ng(s,t) ng(s,t)} _ [sng(s t) 4+ 2tH j1(s,t) ng(s,t)}
Hjs(s,t) Hji(s,t) sHjy(s,t) + 2tHjo(s,t) Hijr(s,t)
)
)

t
t
_ |Hja(s,t) Hiji(s,t
- 2t 0

Hjl(s t H]O St
Therefore, the case m = 1 is true. Next, assume for some integer m > 1,
Hjmya(s,t) Hjm41(s,t)| _ [Hija(s,t) Hji(s,t)| |s 1 "
Hjmi1(s:8)  Him(s,t) | ~ [Hijt(s,t) Hijols,t)| |2t 0] -
By (3.3), we have

Hjm+3(3’ t) Hjm+2(8, t) -SHjm-l-Q(sv t) + 2tHj7n+1(57 t) Hjm-‘rQ(S’ t)

Hjm+2(57 t) Hjm+1(8, t) L SHjm+1(57 t) + 2tHjm(S7 t) Hjm+1(57 t)

— -Hjer?(s’t) Hjerl(Sat) s 1
_Hjm-i-l(sat) Hjm(sat) 2t 0

St ] | A

)
[Hja(s,1) Hjl(s,t)H 1}’"“
_Hj1(87t> Hjo(s t) 2t 0

Thus, the proof is completed. Using a similar approach, we can construct a matrix
generator for (s,t)-Jacobsthal-Lucas hybrid numbers. ]
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