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Abstract An exponentially even integer is a positive integer whose prime factorization contains only
even prime powers, while an exponentially odd integer is a positive integer whose prime factorization
contains only odd prime powers. We investigate here the problem of counting the number of positive
integers that are semi-prime to an exponentially even integer, and to an exponentially odd integer. Basic

properties of the functions involved are established.
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1. INTRODUCTION

An arithmetic function, [1], [11], is a complex-valued function defined on the set of
positive integers, N. Over the set of arithmetic functions A, the operations of addition
+, and unitary convolution LI, of two elements f, g € A are defined respectively, by

(f+9)n) = f(n) +g(n),  (fug)(n)=>_ f(d)g(n/d),
d||n
where d|| n signifies the unitary divisor d of n, i.e., d|n and ged(d, n/d) = 1. The identity
element with respect to the unitary convolution is the function
1 ifn=1,
In) = { 0 ifn>1.
A function f € A\ {0} is said to be multiplicative if f(mn) = f(m)f(n) whenever

ged(m,n) = 1. It is well-known that the structure (A, +,U) is a commutative ring with
zero divisor and the unitary convolution of two multiplicative functions is a multiplicative
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function. Recall that the Euler totient function ¢(n) counts the number of positive
integers < n which are relatively prime to n, and has a representation [1, Theorem 2.3]

n) = pdn/d (1)
d|n

where o € A is the well-known Mdbius function. For x € R,z > 1 and n € N, the
Legendre totient ¢(x,n), is defined to be the number of positive integers < x which are

relatively prime to n, and has a representation, [2, equation (3.8)],
=" u(d) |z/d]; (1.2)
d|n

clearly, ¢(n,n) = ¢(n). Extending the preceding discussion, the function ¢;(n) (k € N)
([7], 18], [10, chapter 2, p.278], [11]) is defined to be the number of positive integers m < n
such that ged(m,n) is kth power-free (i.e., not divisible by any kth power of an integer
> 1). This function can be expressed as

=3 il dnd, (13)

d|n

where i, is the Klee’s Mdbius function defined by gy (n) = u(n'/*) if n = h* for some
h € N, and 0 otherwise ; clearly, u; = g1, p1(n) = ¢(n). For a,b,k € N, let (a,b); denote
the greatest among the common kth power divisors of a and b. If (a,b)r = 1, we say that
a is relatively k-prime to b. Suryanarayana [12] defined the function ¢y (z,n) (z > 1) to
be the number of positive integers < z which are relatively k-prime to n, and proved that

Z pi(d) [z/d]; (1.4)

clearly pr(n,n) = gok(n), p1(z,n) = p(z,n). For a,b € Z with b > 0, denote by (a,b)*
the greatest divisor of a which is a unitary divisor of b; when (a,b)* = 1, i.e., when
the greatest divisor of a which is a unitary divisor of b is 1, the integer a is said to be
semi-prime to b. In [2], Cohen defined the unitary Euler totient ¢*(n) to be the number
of positive integers < n that are semi-prime to n, and proved that ([2, Corollary 2.4.1])

n) =Y aldn/d=(EU¢)(n) = [[@*™ -1) (1.5)

d||n pln

where ji(n) = (—1)*(™, w(n) being the number of distinct prime factors of n > 1 and
w(l) =0, ¢i(n) = n, and vp(n) is the highest power of p that divides n. In the same
paper, Cohen introduced the concept of an exponentially odd integer which is a positive
integer > 2 whose prime factorization takes the form pJ* - - - p2 with all powers o; being
odd positive integers. Denote by FE, the set of all exponentially odd numbers; since a
positive integer belongs to E, whenever its greatest unitary square divisor is 1, it then

makes sense to adopt the convention that 1 € E,. In [2], Cohen proved that
_ _ | m(y/n) =q(n) = (—1)‘”(" if n is a square
B =K = { § s s (16)

where Y, is the characteristic function of F,; note that being a unitary convolution of two
multiplicative functions, the function K is itself multiplicative. The following interesting



Arithmetic Functions Associated with Exponentially Odd ... 219

identities related to the unitary Euler totient and greatest common divisor function are
derived in [15]

ci= X e (B X =Y @w

m  mod k m modk d||k

In [6], Haukkanen defined the unitary analogue of the Legendre totient function ¢*(z,n).
For z > 1, the function ¢*(z,n), which counts the number of positive integers a < x such
that (a,n)* = 1, can be written as

n) =Y d) |5 (L.7)

d||n

Clearly, ¢*(n,n) = ¢*(n). Rao in [9] gave the following extension. For n,m,k € N, let
(m, nk)z denote the largest unitary divisor of n* that divides m and is a kth power; note
that (m,n); = (m,n)*. Rao’s extension of ¢* is the function ¢} (n) defined to be the
number of positive integers m < n* such that (m nk) = 1. Its convolution representation
is

=" f(d) (n/d)* (1.8)

d||n
clearly, ¢i(n) = ¢*(n). An integer n € N is said to be k-full (k € N, k > 2) if it has
no prime factor of multiplicity < k, and denote by @} the set of k-full integers. In 1963,
Cohen [3] introduced the function ¢y (n) which counts the number of integers < n that are
relatively prime to the maximal divisor of n contained in Q. In 1964, Cohen [1] defined
@5 (n) (k € N) to be the number of integers < n which are semi-prime to the maximal
unitary divisor of n contained in Q. For m,n € N, let (m,n)** denote the greatest
common unitary divisor of m and n, i.e., (m,n)** = max{d € N|d||m, d||n}. Note that
(m,n)** < (m,n)* < ged(m,n), and it is known, [13], that p(n) < *(n) < **(n). In
[5], the bi-unitary analogue of Euler’s totient function ¢**(n) is defined to be the number
of positive integers m < n such that (m,n)** = 1. Its convolution representation is

= 7i(d)e(d, n/d). (1.9)
d||n
Pushing further these earlier works as well as complementing Cohen’s concept of an
exponentially odd integer, we introduce here the notion of an exponentially even integer
which is defined to be a positive integer > 2, whose prime factorization contains only
even prime powers, i.e., a perfect square > 2. Adding to the set F, of exponentially odd
integers, let F, be the set of all exponentially even integers. We adopt the convention that
1 belongs to both E, and E.. For a positive integer n > 1, its unique prime factorization
can be written according to odd and even powers of primes (henceforth referred to as its
unique odd-even prime representation) under the form

n:p‘l’l ...p‘s)s .qlel ~-~qu,
where p1,...,ps,q1,...,q- are distinct primes, o1,...,05 are odd positive integers, and
e1,..., e, are even positive integers; we adopt the convention that if there is no such odd
or even prime powers, i.e., if there is no such s or r, the corresponding part is taken to
be 1. Define the e-odd part of n by
a(n) = { pit - pos if there is such an s € N,
1 if there is no such s,
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and the e-even part of n by

€r

B(n) = qtqp if there is such an r € N,
1 if there is no such r.

Clearly, 8(n) = n when n is perfect square, while a(n) = n when n is itself exponentially
odd, and (1) =1 = (1), ged(a(n),B(n)) =1, n = a(n)f(n). The concepts of expo-
nentially odd and exponentially even integers are closely connected to that of maximal
unitary divisors. Indeed, it is easy to see that for each n € N, its e-odd part a(n) (€ E,)
is the maximal unitary divisor of n that is a perfect square, and that its e-even part 8(n)
(€ E.) is the maximal unitary divisor of n that is exponentially odd. Recently in [14],
we defined the odd-phi function, ¢*(a;n) to be the number of integers < n which are
semi-prime to a(n), and analogously the even-phi function, ¢*(3;n) to be the number of
integers < n which are semi-prime to 8(n). It is shown in [14] that both of these functions
are multiplicative and have convolution representations of the form

pein) =S K@ n/d, ¢ (Bin) = S T(d) n/d, (1.10)
d||n d||n

where K is as in (1.6) and the multiplicative function T is defined at prime powers by

o | -1 if a is odd,
T(p)_{o if @ is even > 2.
For n € N, we clearly see that
| fn) = (=1)«™ ifneE,,
Tn) = { 0 if n ¢ E,. (1.11)

The objective of the present work is to establish basic algebraic properties of the
following two counting functions related and/or complementing those of (1.1), (1.2), (1.3),
(1.4), (1.5), (1.7), (1.8), (1.9), (1.10), namely,

e p*(a;xz,n) which counts the number of positive integers < x that are semi-
prime to a(n), the e-odd part of n and ¢*(a;n,n) =: p*(a;n);
e ©*(8;x,n) which counts the number of positive integers < z that are semi-
prime to 3(n), the e-even part of n and ¢*(3;n,n) =: *(5;n).

2. BASIC PROPERTIES

Recall that for a € Z,b € N, the symbol (a, b)* refers to the greatest divisor of a which
is a unitary divisor of b. Clearly, if gcd(a,b) = 1, then (a,b)* = 1, but the converse is not
necessarily true. For example, (2,12)* = 1, but ged(2,12) = 2. The next three lemmas
collect some basic properties of this function.

Lemma 2.1. Let a,b € N whose unique prime representations are so arranged as
a = kaplBl . .pf“qgljl PPN qg“’ b e kbpﬁl .o .pz‘“q}/l oo q}}/”7
where p;,q; are distinct primes, and kq,ky € N are such that
1 = ged(kq, ky) = ged(ka, pi) = ged(ka, g5) = ged(ky, pi) = ged(kp, g5),
b; < By, y]<Y} (Z:L,U,]:l,,’lj)

These two unique prime factorization of a and b are written with the same set of primes
that actually appear in any of a or b. This allows zero exponent for some prime that
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appears in one but not both factorization and also allow the integers a and b to be 1.
Then

b, pbu

4) (apyr =gt |

1 if there is no such an integer u.

B)  (a,b)* =0 (a/t,b/0)" =1

if there is such an integer u,

Proof. A) If (1,m)* = (1,n)*, it is obviously that (1,mn)* = 1 for all m,n € N. If
either a or b is equal to 1, then the result is trivial. Assume now that both a and b are
> 1. If there is no such u, then a = kg ---q¥*, b= kb(ﬁ/1 ---q¥». Since each Y; > yj,
it follows that (a,b)* = 1. If there is such a u, then a = kapjlgl coepBughtogvel b =
kbpll’l - -pzuq}/l ---q¥». Since each b; < B; and each y; <Yj, we easily see that (a,b)* =
py b

B) follows immediately from part A). n

Lemma 2.2. Let a,m,n € N.
A) If (a,m)* =1 = (a,n)*, then (a,mn)* = 1.
B) If ged(m,n) =1 and (a,mn)* =1, then (a,m)* =1 = (a,n)*.
C) We have
ged(a,m) = (a,m)* <= either ¢) a or m equals 1

or i1) ordp(a) > ord,(m) for all primes p | gcd(a, m).

Proof. For a = 1, the three result are initial. Henceforth, assume a > 1 let a =
¢i" ---q3» > 1 be its unique prime representation where ¢;’s are distinct primes and
each o; € N.

A) For the case (1,m)* =1 = (1,n)*, the proof is trivial. If (a,m)* = 1 = (a,n)*, then
Lemma 2.1 indicates that “m = k,, q;flll e q;ﬁ:jj or m=ky,” and “n =k, qfll e qﬁf or
n = ky,” for distinct m;,n; € {1,...,v} and A; > o;, B; > «a, ged(km, ¢;) = ged(kn, ;) =
1. The product mn either contains a prime factor g; of power > «;, or does not contain
such a prime factor. In either case, Lemma 2.1 implies that (a, mn)* = 1.

B) If ged(m,n) = 1 and (1,mn)* = 1 then (1,m)* =1 = (1,n)* . If gcd(m,n) =
1 and (a,mn)* = 1, then by Lemma 2.1 “m = k,, qfh ~-~q;‘y or m = kp,” and
“n =k, q;jf---qu or n = k,” for some y,z € {1,...,v} with y + 2 < v and
A; > a;, ged(km, qi) = ged(kn, q;) = ged(km, k) = 1. The product mn either contains
a prime factor g; of power > a;, or does not contain such a prime factor. In either case,
Lemma 2.1 implies that (a,m)* =1 = (a,n)*.

C) i) If m = 1, the result is trivial.

ii) Assume that ged(a,m) = (a,m)* = p® ---pb for dictinct primes p; and each b; €
N. By Lemma 2.1, we have a = kapfl <-pBe and m = kmpll’l ---p% . where b; <
B, ged(ka, km) = ged(pi, ko) = ged(pi, k) = 1 for ¢ € {1,...,v} yielding ord,(a) >
ord,(m). Conversely, assume that ord,(a) > ord,(m) for all primes p | gcd(a, m). Then
we can write a = ﬁapfgl ~-pBe and m = Kmplil --pbe, where B; > b, ged(pj,ly) =
ged(pj, bm) = 1 yielding ged(a, m) = i ple = (a,m)*. m
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Lemma 2.3. For a fized a € N, the function (a,n)* is multiplicative in n € N.

Proof. Let the unique prime representations (with corresponding parameters as given in
Lemma 2.1) of m,n and a be

A Wb d
m = kypy? "‘Pﬁ“(hl -~-q§3”, n = knrfl -~-7’59311 ---sgz
a:kapllzl...pzuqlBl...qf“r?l...T;ys?l...SZDZ7
If ged(m,n) = 1, then by Lemma 2.1 A)
* b by, * _ .d d. * b b, .d d.
(a,m)*=q* - qp, (a,n)" =s7"---s%* and (a,mn)* =qg" - g s -8
showing at once that (a, mn)* = (a,m)*(a,n)*. ]

Some interesting unitary connections between the set of exponentially even and ex-
ponentially odd integers are now established. To do so, define the constant 1-function
UeAby U(n) =1 (n € N); clearly U is a multiplicative function.

Lemma 2.4. Let E., E, be the respective sets of exponentially even and exponentially
odd integers, whose characteristic functions are, respectively, Xe, Xo- Then

XeuXo:U7 Tl—lU:Xe~

Proof. To verify the first relation, we start with (xe U Xo) (1) = xe(1)x0(1) =1 = U(1).
For n > 1, since x. and x, are multiplicative, we need to show that (y. U x,) (p®) = U(p*)
This follows from

1+40=1 ifaisodd,

=U(p*).
0+1=1 ifaiseven )

(Xe UXo)(P") = Xe(1)Xo(P?) + Xe(P*)X0(1) = {

To prove the second relation, we first check (T UU)(1) = T(1)U(1) = 1 = x.(1). For
n > 1, since T and U are multiplicative, it suffices to verify the relation at prime powers
p%, e, (TUU)(P*) = xe(p®). This follows from

(TuO)(EP*)=T1)+T(") = = Xe(p?).

1-1=0 ifaisodd
1+0=1 ifaiseven

The functions T' and K, as defined in (1.11) and (1.6), respectively, satisfy the following
inversion formulae.

Theorem 2.5. Let f,g € A. Then
f=9UT = g=fUxo, [=gUK = g=fUXxe
Proof. By Lemma 2.4, we have
f=9UT = fUU=gUxe <= fUxoUU =gUU <= fUxo =,

which is the first relation. The proof of the second relation is similar, i.e., from Lemma
2.4 and (1.6), we have

f=gUK<<<= fUU=gUxo <= fUx.UU=9gUU <= flUx.=g.
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3. COUNTING FORMULAE

Unitary convolution formulae in the last theorem enable us to relate the functions
T and K to the two counting functions ¢*(a;z,n) and ¢*(8;z,n) mentioned in the
introduction.We first note, [14], that ¢*(«a;2,n) and ¢*(8;z,n) are not multiplicative in
n, but the functions ¢*(a;n) and ¢*(8;n) are multiplicative.

Theorem 3.1. Forn € N and real number x > 2, we have
(a;z,m) ZT lx/d], ©*(B;z,n)= ZK |x/d] .
d||n d||n
Proof. Since the e-odd part (1) = 1, from its definition we get
o (azx,1) = Z 1= Z ZT ) z/d] .
m<z m<z d||1

(ma(D)*=1  (m1) =1

Let n be a positive integer > 1 with odd-even prime representation n = pJ* - - - p2eqf* - - - ¢tr.
Then a(n) = pi* - -+ p%. By the inclusion-exclusion principle, we have

" (a;z,n) = Z 1= Z 1=|z] - Z 1 (3.1)

m<zx m<x m<x
(m,a(n))"=1 (m,p3t--pgs) =1 (m,p7t--p2e )  #1
s s
T xT T
= LxJ - \\ O'J —+ G —|—+(—1)s \\MJ . (32)
; i ”2221 Pi'p; Py psT
i<j

Since T'(p7* - - - p2=qi* - - - ¢¢) = 0 if there is such an integer r € N, we get

> T(d) |z/d] Z T(d) |x/d] (3.3)

dl|n d||pt---p2®
i . X 5 x
— (1)) + ST [ J ST | | 4 (3.4)
i=1 Pi ij=1 Pi P
1<J
+T(py" - p2°) {olon (3.5)
pl .. .ps'5
s X 5 X X
— o) - { J s { J fot (1) {J = ¢ (asz,m).
= Lp; = L p;’ Pt DS
1<J

(3.6)

To verify the second relation, we first look at the case n = 1. Since 5(1) = 1, we have

er(Ba )= Y 1= Y 1 =3 K(d) |z/d).

m<x m<zx d||1
(m,B(1))"=1 (m,1)"=1

Let n be a positive integer > 1 with odd-even prime representation n = pJ* - - - p2=¢{* - - - ¢¢.
Then S(n) = q7* - - - ¢¢=. Following the same proof as in (3.1) - (3.5), replacing odd prime
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parts by even prime parts, we obtain

T

o (Bran) = [z] = > {qu + XT: {LJ e (1) {MJ

i=1 -7 ij=1 L% 9

i<j
—ZK lxz/d] .

d||n

Remark 3.2. 1. Since ¢*(a;n,n) = ¢*(a;n) and *(8;n,n) = ¢*(B;n), Theorem 3.1
gives
:ZT(d)n/d, and  ¢*(8;n) ZK n/d,
df|n dl|n
the identities that have already appeared in [14, Theorem 3.4].
II. Using the definitions of the odd-phi function, the even-phi function and the unitary

Euler’s totient, we see that ¢*(a;n) = ¢*(a(n)) and ¢*(8;n) = ¢*(8(n)). These relations
enable to obtain an alternative proof of Theorem 3.1 as follows:

prlamn) =g (wam) = 3 (-2 |5 = 3 (@ 2] = ST | 2],

d||a(n) d|la(n) d||n
deE,
P (Bram) =@ (@ Bm) = Y ()@ S| = 3 (0@ | 2| =Y k(@) 3]
d||B(n) d(ljlgén) d|In

Next, we prove some results related to (1.5) by specializing the values of n.

Corollary 3.3. Letn € Nand x € R, z > 2.
i) If n € E,, then

(sz,n) =Y [(d) [z/d], ¢*(;n) = @*(n); ¢*(B;2,n) = 2], ¢*(Bin) =n.
d||n
ii) If n € E., then
e (asa,n) = ), ¢"(asn) =n; " (Biz,n) =Y A(d) [z/d], ¢*(B;n) = ¢"(n).
d||n

Proof. The results hold trivially for n = 1.

i) For n > 1, since n € E,, we have a(n) =n,8(n) = 1,T(n) = i(n) and K(n) = 0,
and the assertions are immediate consequences of Theorem 3.1.

The proof for ii) is similar. ]

Corollary 3.4. We have
@™ (e n)@*(Bsn) = np*(n).
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Proof. Clearly, ¢*(a;1)p*(8;1) =1 x1 =1 x ¢*(1). Let n > 1 with odd-even prime

representation n = pJ'---p%q7' ---¢¢. By [14, Lemma 3.1] and the relation (1.5), we
have
S T
P (esn) =[]0y =g ar, o (Bsn) = pt -0 [ (45 = 1),
i=1 j=1
and the desired identity is immediate. [
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