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Abstract : We study the existence and multiplicity of positive solutions for
second-order Neumann boundary value problem −u′′ + a(t)u = h(t)f(t, u), t ∈
(0, 1), u′(0) = u′(1) = 0, where coefficient a(t) : [0, 1] → (−∞,+∞) is continuous
and max

t∈[0,1]
a(t) > 0, h(t) may be singular at t = 0 and 1, moreover f(t, u) may also

have singularity at u = 0. The first eigenvalue of the relevant linear problem and
fixed point index theory are used in this study.
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1 Introduction

In this paper we are concerned with the existence of positive solutions for the
following singular nonlinear second-order ordinary differential equation

−u′′ + a(t)u = h(t)f(t, u), t ∈ (0, 1), (1.1)

with Neumann boundary conditions

u′(0) = u′(1) = 0 (1.2)

under the conditions that coefficient a(t) : [0, 1] → (−∞,+∞) is continuous and
max
t∈[0,1]

a(t) > 0, f ∈ C([0, 1] × R
+,R+) and h(t) may be singular at t = 0 and 1

and f may be singular at u = 0.

In the past ten years or so, various boundary value problems for ordinary
differential equations have been studied extensively; see, for example, [1–13] and
the references therein. Many authors are interested in the existence of positive
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solutions for second-order Neumann boundary value problem with a(t) ≡M > 0

−u′′ +Mu = f(t, u), t ∈ (0, 1), (1.3)

under boundary conditions (1.2). Using the Guo-Krasnosel’skii fixed point the-
orem of cone compression-expansion type and the Leggett-Williams fixed point
theorem, Jiang and Liu [3] and Sun and Li [4–5] studied the existence of multiple
positive solutions to Eq. (1.3) under Neumann boundary conditions (1.2), where
the function f has no singularity. In the case where f(t, u) may be singular at
t = 0, 1, but f has no singularity at u = 0, Zhang, Sun and Zhong[6] and Yao [7]
gave several sufficient conditions for the existence of solutions for the nonlinear
second-order equation (1.3)–(1.2).

In this paper, we establish the existence of positive solutions to problem (1.1)–
(1.2), by using the first eigenvalue of the relevant linear problem and fixed point
index theory which come from Zhang−Sun [8−11] and Cui−Zou [12−13]. Here
we emphasize that the Eq. (1.1) is the more general case and we not only allow
h(t) to have singularity at t = 0, 1, but also allow f(t, u) to have singularity at
u = 0. As far as we are aware, there have been fewer works done for when f has
singularity at u = 0, so our results are differential in essence from those of [3–7].

The rest of the paper is organized as follows. Some preliminaries and various
lemmas are given in Section 2. In Section 3, we give the existence theorems of the
sublinear singular Neumann boundary value problem. In Section 4, we give the
existence theorems of the superlinear singular Neumann boundary value problem.
In Section 5, we give the existence of multiple positive solutions.

2 Preliminaries and lemmas

In Banach space C[0, 1] in which the norm is defined by ‖u‖ = max
0≤t≤1

|u(t)| for

any u ∈ C[0, 1]. We set P = {u ∈ C[0, 1]|u(t) ≥ 0, t ∈ [0, 1]} be a cone in C[0, 1].
We denote by Br = {u ∈ C[0, 1]|‖u‖ < r}(r > 0) the open ball of radius r.

The function u is said to be a positive solution of BVP(1.1),(1.2) if u ∈ C[0, 1]∩
C2(0, 1) satisfies (1.1), (1.2) and u(t) > 0 for t ∈ (0, 1).

Firstly, we consider the following BVP

{
−u′′ + Mu = h(t)f(t, u), 0 < t < 1,
u′(0) = u′(1) = 0

(2.1)

Let G(t, s) be the Green function of the problem (2.1) with h(t)f(t, u) ≡ 0
(see [4], [5]), that is,

G(t, s) =





ch(m(1 − t))ch(ms)

mshm
, 0 ≤ s ≤ t ≤ 1,

ch(m(1 − s))ch(mt)

mshm
, 0 ≤ t ≤ s ≤ 1,
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where m =
√
M, M > 0, chx =

ex + e−x

2
, shx =

ex − e−x

2
. Obviously, G(t, s)

is continuous on [0, 1] × [0, 1] and G(t, s) ≥ 0 for 0 ≤ t, s ≤ 1. After direct
computations we get

1

mshm
= B ≤ G(t, s) ≤ B̃ =

ch2m

mshm
, ∀ 0 ≤ t, s ≤ 1. (2.2)

Next consider the following BVP, which is equivalent to (1.1),(1.2):

{
−u′′ + Mu = h(t)f(t, u) + Mu− a(t)u, 0 < t < 1,
u′(0) = u′(1) = 0

Obviously, problem (1.1)-(1.2) is equivalently reformulated as the integral equation

u(t) =

∫ 1

0

G(t, s)[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds, t ∈ [0, 1].

We therefore define

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds, t ∈ [0, 1], (2.3)

(Tu)(t) =

∫ 1

0

G(t, s)h(s)u(s)ds, t ∈ [0, 1]. (2.4)

We can verify that the nonzero fixed points of the operator A are positive
solutions of the problem (1.1)−(1.2).

Define
K = {u ∈ P |u(t) ≥ γ‖u‖, t ∈ [0, 1]},

where 0 < γ = BeB < 1. Then K is subcone of P .

We make the following assumptions:
(H1) h : (0, 1) → (0,+∞) is continuous, and

0 <

∫ 1

0

h(t)dt < +∞.

(H2) f : [0, 1] × [0,+∞) → [0,+∞) is continuous, a : [0, 1] → (−∞,+∞) is
continuous and max

t∈[0,1]
a(t) = M > 0, and for any 0 < c < d < +∞,

lim
n→∞

sup
u∈K[c,d]

∫

D(n)

[h(s)f(s, u) + Mu− a(s)u]ds = 0,

where K[c, d] = {u ∈ K|c ≤ ‖u‖ ≤ d}, D(n) = [0, 1
n
] ∪ [n−1

n
, 1].

Lemma 2.1. Assume that (H1), (H2) hold. Then A : K[c, d] → K is a completely
continuous operator.
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Proof. Let u ∈ K. Since G(t, s) ≥ 0, (t, s) ∈ [0, 1]× [0, 1], by the definition, we
have (Au)(t) ≥ 0, t ∈ [0, 1]. On the other hand, by (2.2) we have

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds

≥ B

∫ 1

0

[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds,

(2.5)

‖Au‖ =

∫ 1

0

G(t, s)[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds

≤ B̃

∫ 1

0

[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds,

(2.6)

for every t ∈ [0, 1], by (2.5) and (2.6) we have

(Au)(t) ≥ γ‖Au‖.

Thus, we assert that A : K[c, d] → K.

Next, we prove the continuity of A. Suppose un, u ∈ K[c, d] and un → u(n→
+∞). Then c ≤ ‖un‖ ≤ d and c ≤ ‖u‖ ≤ d. For any ε > 0, by (H2), there exists
a natural number n > 0 such that

sup
u∈K[c,d]

∫

D(n)

[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds <
ε

4B̃
. (2.7)

On the other hand, for any t ∈ [ 1
n
, n−1

n
], we have

γc ≤ un(t), u(t) ≤ d.

By (H2), we know that h(t)f(t, u) + Mu − a(t)u is uniformly continuous on
[ 1
n
, n−1

n
] × [γc, d]. Hence,

lim
n→+∞

[h(t)f(t, un)+Mun−a(t)un] = h(t)f(t, u)+Mu−a(t)u, for t ∈ [
1

n
,
n− 1

n
].

The Lebesgue dominated convergence theorem yields that

∫ n−1

n

1
n

∣∣∣[h(s)f(s, un) + Mun − a(s)un] − [h(s)f(s, u) + Mu− a(s)u]
∣∣∣ds→ 0.

Thus, for the above ε > 0, there exists a natural number N such that for n > N ,
we have

∫ n−1

n

1
n

∣∣∣[h(s)f(s, un)+Mun−a(s)un]−[h(s)f(s, u)+Mu−a(s)u]
∣∣∣ds <

ε

2B̃
. (2.8)



A singular nonlinear second-order Neumann BVP 247

It follows from (2.7) and (2.8) that when n > N ,

‖Aun −Au‖ ≤
∫ n−1

n

1
n

B̃
∣∣∣[h(s)f(s, un) + Mun − a(s)un] − [h(s)f(s, u) + Mu− a(s)u]

∣∣∣ds

+ 2 sup
u∈K[c,d]

∫ n−1

n

1
n

B̃[h(s)f(s, u) + Mu− a(s)u]ds

<
ε

2
+ 2 × ε

4
= ε.

This implies that A : K[c, d] → K is continuous.
The compactness of A on K[c, d] can be followed from similar discussion above

and Arzela-Ascoli theorem. Thus A : K[c, d] → K is completely continuous.
In addition, by the same method as in Lemma 2.1 we have that T : K[c, d] → K

is a completely continuous linear operator.
By virtue of Krein−Rutmann theorems, we have(see [8−13]) the following

lemma.
Lemma 2.2. Suppose that T : C[0, 1] → C[0, 1] is a completely continuous linear
operator and T (P ) ⊂ P . If there exists ψ ∈ C[0, 1]\{−P} and a constant c >
0 such that cTψ ≥ ψ, then the spectral radius r(T ) 6= 0 and T has a positive
eigenfunction ϕ1 corresponding to its first eigenvalue λ1 = (r(T ))−1, that is, ϕ1 =
λ1Tϕ1.
Lemma 2.3. Suppose that the condition (H1) is satisfied, then for the operator T
defined by (2.4), the spectral radius r(T ) 6= 0 and T has a positive eigenfunction
corresponding to its first eigenvalue λ1 = (r(T ))−1.
Proof. It is obvious that there is t1 ∈ (0, 1) such that G(t1, t1)h(t1) > 0. Thus
there exists [a1, b1] ⊂ (0, 1) such that t1 ∈ (a1, b1) and G(t, s)h(s) > 0, ∀ t, s ∈
[a1, b1]. Take ψ ∈ C[0, 1] such that ψ(t) ≥ 0, ∀ t ∈ [0, 1], ψ(t1) > 0 and ψ(t) =
0, ∀ t 6∈ [a1, b1]. Then for t ∈ [a1, b1]

(Tψ)(t) =

∫ 1

0

G(t, s)h(s)ψ(s)ds ≥
∫ b1

a1

G(t, s)h(s)ψ(s)ds > 0.

So there exists a constant c > 0 such that c(Tψ)(t) ≥ ψ(t), ∀ t ∈ [0, 1]. From
Lemma 2.2, we know that the spectral radius r(T ) 6= 0 and T has a positive
eigenfunction corresponding to its first eigenvalue λ1 = (r(T ))−1.

We also need the following lemmas (see [14]).
Lemma 2.4. Let E be Banach space, P be a cone in E, and Ω(P ) be a bounded
open set in P . Suppose that A : Ω(P ) → P is a completely continuous operator.
If there exists u0 ∈ P\{θ} such that

u−Au 6= µu0, ∀ u ∈ ∂Ω(P ), µ ≥ 0,

then the fixed point index i(A,Ω(P ), P ) = 0.
Lemma 2.5. Let E be Banach space, P be a cone in E, and Ω(P ) be a bounded
open set in P with θ ∈ Ω(P ). Suppose that A : Ω(P ) → P is a completely
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continuous operator. If

Au 6= µu, ∀ u ∈ ∂Ω(P ), µ ≥ 1,

then the fixed point index i(A,Ω(P ), P ) = 1.

3 Existence results in sublinear case

Theorem 3.1. Suppose that the conditions (H1) − (H2) are satisfied, and

lim inf
u→0+

min
t∈[0,1]

f(t, u)

u
> λ1, (3.1)

lim sup
u→+∞

max
t∈[0,1]

f(t, u)

u
< λ1, (3.2)

where λ1 is the first eigenvalue of T defined by (2.4). Then the singular Neumann
boundary value problem (1.1) − (1.2) has at least one positive solution.
Proof. It follows from (3.1) that there exists r1 > 0 such that

f(t, u) ≥ λ1u, ∀ t ∈ [0, 1], 0 ≤ u ≤ r1. (3.3)

Let u∗ be the positive eigenfunction of T corresponding to λ1, thus u∗ = λ1Tu
∗.

For every u ∈ ∂Br1
∩ P , it follows from (3.3) and M = max

t∈[0,1]
a(t) that

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(t, u(s)) + Mu(s) − a(s)u(s)]ds

≥
∫ 1

0

G(t, s)h(s)f(t, u(s))ds

≥ λ1

∫ 1

0

G(t, s)h(s)u(s)ds

= λ1(Tu)(t), t ∈ [0, 1].

(3.4)

We may suppose that A has no fixed point on ∂Br1
∩ P (otherwise, the proof

is finished). Now we show that

u−Au 6= τu∗, ∀ u ∈ ∂Br1
∩ P, τ ≥ 0. (3.5)

Suppose the contrary, that exist u1 ∈ ∂Br1
∩P and τ1 ≥ 0 such that u1−Au1 =

τ1u
∗. Hence τ1 > 0 and

u1 = Au1 + τ1u
∗ ≥ τ1u

∗.

Put

τ∗ = sup{τ |u1 ≥ τu∗}. (3.6)
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It is easy to see that τ∗ ≥ τ1 > 0 and u1 ≥ τ∗u∗. We find from T (P ) ⊂ P that

λ1Tu1 ≥ τ∗λ1Tu
∗ = τ∗u∗.

Therefore by (3.4), we have

u1 = Au1 + τ1u
∗ ≥ λ1Tu1 + τ1u

∗ ≥ τ∗u∗ + τ1u
∗ = (τ∗ + τ1)u

∗,

which contradicts the definition of τ∗. Hence (3.5) is true and we have from Lemma
2.4 that

i(A,Br1
∩ P, P ) = 0. (3.7)

It is easy from M = max
t∈[0,1]

a(t) to see that

lim sup
u→+∞

max
t∈[0,1]

h(t)f(t, u) + Mu− a(t)u

h(t)u
= lim sup

u→+∞
max

t∈[0,1]

f(t, u)

u
,

so by means of (3.2), we have that there exist 0 < σ < 1 and r2 > r1 such that

h(t)f(t, u) + Mu− a(t)u ≤ σλ1uh(t), ∀ u ≥ r2. (3.8)

Let T1u = σλ1Tu, u ∈ C[0, 1], then T1 : C[0, 1] → C[0, 1] is a bounded linear
operator and T1(P ) ⊂ P . Denote

M∗ = B̃ sup
u∈Br2

∩P

∫ 1

0

h(s)f(s, u(s))ds. (3.9)

It is clear that M∗ < +∞. Let

W = {u ∈ P | u = µAu, 0 ≤ µ ≤ 1}. (3.10)

In the following, we prove that W is bounded.
For any u ∈W , set ũ(t) = min{u(t), r2} and denote E(t) = {t ∈ [0, 1] | u(t) >

r2}, then

u(t) = µ(Au)(t) ≤
∫ 1

0

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

=

∫

E(t)

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

+

∫

[0,1]\E(t)

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

≤ σλ1

∫ 1

0

G(t, s)h(s)u(s)ds+ B̃

∫ 1

0

h(s)f(s, ũ(s))ds

≤ (T1u)(t) +M∗, t ∈ [0, 1].
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Thus ((I − T1)u)(t) ≤ M∗, t ∈ [0, 1]. Since λ1 is the first eigenvalue of T and
0 < σ < 1, the first eigenvalue of T1, (r(T1))

−1 > 1. Therefore, the inverse
operator (I − T1)

−1 exists and

(I − T1)
−1 = I + T1 + T 2

1 + · · · + T n
1 + · · · .

It follows from T1(P ) ⊂ P that (I − T1)
−1(P ) ⊂ P . So we know that u(t) ≤

(I − T1)
−1M∗, t ∈ [0, 1] and W is bounded.

Select r3 > max{r2, supW}. Then from the homotopy invariance property of
fixed point index we have

i(A, Br3
∩ P, P ) = i(θ, Br3

∩ P, P ) = 1. (3.11)

By (3.7) and (3.11), we have that

i(A, (Br3
∩ P )\(Br1

∩ P ), P ) = i(A, Br3
∩ P, P ) − i(A, Br1

∩ P, P ) = 1.

Then A has at least one fixed point on (Br3
∩ P )\(Br1

∩ P ). This means that
singular Neumann boundary value problem (1.1)−(1.2) has at least one positive
solution.
Corollary 3.1 Suppose conditions (H1) − (H2) are satisfied, denote

f0 = lim inf
u→0+

min
t∈[0,1]

f(t, u)

u
, f∞ = lim sup

u→+∞
max

t∈[0,1]

f(t, u)

u

In addition, assume that 0 ≤ f∞ < f0 ≤ +∞,

λ ∈
(λ1

f0
,
λ1

f∞

)
, (3.12)

where λ1 is the first eigenvalue of linear operator T . Then the singular eigenvalue
problem {

−u′′ + a(t)u = λh(t)f(t, u), 0 < t < 1,
u′(0) = u′(1) = 0

has at least one positive solution.
Proof. By (3.12), we know that

lim inf
u→0+

min
t∈[0,1]

λf(t, u)

u
> λ1, lim sup

u→+∞
max

t∈[0,1]

λf(t, u)

u
< λ1.

So Corollary 3.1 holds from Theorem 3.1.

4 Existence results in superlinear case

In this section, we give the existence theorem of positive solutions for the super-
linear singular Neumann boundary value problem.
Theorem 4.1. Suppose that the conditions (H1) − (H2) are satisfied, and

lim inf
u→+∞

min
t∈[0,1]

f(t, u)

u
> λ1, (4.1)
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lim sup
u→0+

max
t∈[0,1]

f(t, u)

u
< λ1, (4.2)

where λ1 is the first eigenvalue of T defined by (2.4). Then the singular Neumann
boundary value problem (1.1) − (1.2) has at least one positive solution.
Proof. It follows from (4.1) that there exists ε > 0 such that f(t, u) ≥ (λ1 + ε)u
when u is sufficiently large. We know from (H2) that there exists b1 ≥ 0 such that

f(t, u) ≥ (λ1 + ε)u− b1, ∀ t ∈ [0, 1], 0 ≤ u < +∞. (4.3)

Take

R > max
{
1,

b1

γ2ε

}
.

Then for any u ∈ K, ‖u‖ ≥ R, it follows from (4.3) and M = max
t∈[0,1]

a(t) that

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

≥
∫ 1

0

G(t, s)h(s)f(s, u(s))ds

≥ (λ1 + ε)

∫ 1

0

G(t, s)h(s)u(s)ds − b1

∫ 1

0

G(t, s)h(s)ds

≥ λ1(Tu)(t) +Bε

∫ 1

0

h(s)u(s)ds− b1B̃

∫ 1

0

h(s)ds

≥ λ1(Tu)(t) +Bεγ

∫ 1

0

h(s)ds‖u‖ − b1B̃

∫ 1

0

h(s)ds

≥ λ1(Tu)(t), t ∈ [0, 1].

(4.4)

We may suppose that A has no fixed points on ∂BR ∩K(otherwise, the proof
is finished). In the following we prove

u−Au 6= τu∗, ∀ u ∈ ∂BR ∩K, τ ≥ 0, (4.5)

where u∗ ∈ P is the positive eigenfunction of T corresponding to its first eigenvalue
λ1. If otherwise, then there exist u2 ∈ ∂BR ∩K and τ2 ≥ 0 such that

u2 −Au2 = τ2u
∗.

Hence τ2 > 0 and
u2 −Au2 = τ2u

∗.

Let
τ∗ = sup{τ |u2 ≥ τu∗}.

It is easy to see that τ∗ ≥ τ2 > 0 and u2 ≥ τ∗u∗. We find from T (K) ⊂ K that

λ1Tu2 ≥ τ∗λ1Tu
∗ = τ∗u∗,
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Therefore by (4.3)

u2 = Au2 + τ2u
∗ ≥ λ1Tu1 + τ2u

∗ ≥ τ∗u∗ + τ2u
∗ = (τ∗ + τ2)u

∗,

which contradicts the definition of τ∗. Hence (4.4) is true and we have from Lemma
2.4 that

i(A,BR ∩K,K) = 0. (4.6)

It is easy from M = max
t∈[0,1]

a(t) to see that

lim sup
u→+∞

max
t∈[0,1]

h(t)f(t, u) + Mu− a(t)u

h(t)u
= lim sup

u→+∞
max
t∈[0,1]

f(t, u)

u
,

so by means of (4.2), we have that there exists 0 < r < 1 such that

h(t)f(t, u) + Mu− a(t)u ≤ λ1uh(t), ∀ t ∈ [0, 1], 0 ≤ u ≤ r. (4.7)

Define T2u = λ1Tu, u ∈ C[0, 1]. Hence T2 : C[0, 1] → C[0, 1] is a bounded linear
completely continuous operator and

T2(K) ⊂ K, r(T2) = 1.

For every u ∈ ∂Br ∩K, it follows from (4.7) that

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

≤ λ1

∫ 1

0

G(t, s)h(s)u(s)ds

= (T2u)(t), t ∈ [0, 1],

hence Au ≤ T2u, ∀ u ∈ ∂Br ∩ K. We may also that A has no fixed point on
∂Br ∩K (otherwise, the proof is finished).

Now we show that

Au 6= µu, ∀ u ∈ ∂Br ∩K, µ ≥ 1. (4.8)

If otherwise, there exist u3 ∈ ∂Br ∩K and µ3 ≥ 1 such that Au3 = µ3u3. Thus
µ3 > 1 and µ3u3 = Au3 ≤ T2u3. By induction, we have µn

3u3 ≤ T n
2 u3(n =

1, 2, . . .). Then
µn

3u3 ≤ T n
2 u3 ≤ ‖T n

2 ‖‖u3‖,
and taking the maximum over [0,1] gives µn

3 ≤ ‖T n
2 ‖. In view of Gelfand’s formula,

we have

r(T2) = lim
n→∞

n

√
‖T n

2 ‖ ≥ lim
n→∞

n

√
µn

3 = µ3 > 1,

which is a contradiction. Hence (4.8) is true and by Lemma 2.5, we have

i(A,Br ∩K,K) = 1. (4.9)
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By (4.6) and (4.9) we have

i(A, (BR ∩K)\(Br ∩K),K) = i(A, (BR ∩K,K) − i(A,Br ∩K,K) = −1.

Then A has at least one fixed point on (BR ∩K)\(Br ∩K). This means that the
singular superlinear Neumann boundary value problem (1.1) − (1.2) has at least
one positive solution.
Corollary 4.1 Suppose conditions (H1) − (H2) are satisfied, denote

f0 = lim sup
u→0+

max
t∈[0,1]

f(t, u)

u
, f∞ = lim inf

u→+∞
min

t∈[0,1]

f(t, u)

u

In addition, assume that 0 ≤ f0 < f∞ ≤ +∞,

λ ∈
( λ1

f∞
,
λ1

f0

)
, (4.10)

where λ1 is the first eigenvalue of linear operator T . Then the singular eigenvalue
problem {

−u′′ + a(t)u = λh(t)f(t, u), 0 < t < 1,
u′(0) = u′(1) = 0

has at least one positive solution.
Proof. By (4.10), we know that

lim inf
u→+∞

min
t∈[0,1]

λf(t, u)

u
> λ1, lim sup

u→0+

max
t∈[0,1]

λf(t, u)

u
< λ1.

So Corollary 4.1 holds from Theorem 4.1.

5 Existence results of twin positive solutions

In this section we need the following well-know lemma (see [14]).
Lemma 5.1. Let E be a Banach space, and P be a cone in E, and Ω(P ) be a
bounded open set in P . Suppose that A : Ω(P ) → P is a completely continuous
operator.

(i) If ‖Au‖ > ‖u‖, u ∈ ∂Ω(P ), then the fixed point index i(A,Ω(P ), P ) = 0.
(ii) If θ ∈ Ω(P ) and ‖Au‖ < ‖u‖, u ∈ ∂Ω(P ), then the fixed point index

i(A,Ω(P ), P ) = 1.
Theorem 5.1. Suppose that conditions (H1) − (H2) are satisfied. In addition,
assume that

lim sup
u→0+

max
t∈[0,1]

f(t, u)

u
< λ1, (5.1)

lim sup
u→+∞

max
t∈[0,1]

f(t, u)

u
< λ1, (5.2)
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where λ1 is the first eigenvalue of linear operator T . If there exists r0 > 0 such
that

f(t, u) > ξr0, ∀ t ∈ [0, 1], u ∈ [γr0, r0], (5.3)

where γ ∈ (0, 1), ξ =
(
B

∫ 1

0

h(s)ds
)−1

, then the singular Neumann boundary

value problem (1.1) − (1.2) has at least two positive solutions.
Proof. It is easy from M = max

t∈[0,1]
a(t) to see that

max
t∈[0,1]

h(t)f(t, u) + Mu− a(t)u

h(t)u
= max

t∈[0,1]

f(t, u)

u
,

so by means of (5.1) and (5.2), we have that there exists 0 < r4 < r0 such that
h(t)f(t, u) + Mu − a(t)u ≤ λ1uh(t) for 0 ≤ u ≤ r4 and there exist 0 < σ < 1
and r5 > r0 such that h(t)f(t, u) + Mu − a(t)u ≤ σλ1uh(t) for u ≥ r5. We may
suppose that A has no fixed point on ∂Br4

∩ K and ∂Br5
∩ K. Otherwise, the

proof is completed.
We have from the proof in Theorem 4.1 and the permanence property of fixed

point index that i(A,Br4
∩K,K) = 1. It follows from the proof in Theorem 3.1

that i(A,Br5
∩K,K) = 1.

For every u ∈ Br0
∩K, we have γr0 = γ‖u‖ ≤ u(t) ≤ r0, 0 ≤ t ≤ 1. It follows

from M = max
t∈[0,1]

a(t) and (5.3) that

(Au)(t) =

∫ 1

0

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

≥
∫ 1

0

G(t, s)h(s)f(s, u(s))ds

> Bξr0

∫ 1

0

h(s)ds

= r0, t ∈ [0, 1].

Then ‖Au‖ > ‖u‖, for any u ∈ ∂Br0
∩K. Hence we have from Lemma 5.1 that

i(A,Br0
∩K,K) = 0.

Therefore,

i(A, (Br0
∩K)\(Br4

∩K),K) = i(A,Br0
∩K,K) − i(A,Br4

∩K,K) = −1,

i(A, (Br5
∩K)\(Br0

∩K),K) = i(A,Br5
∩K,K) − i(A,Br0

∩K,K) = 1.

Then A has at least two fixed points on (Br0
∩K)\(Br4

∩K) and (Br5
∩K)\(Br0

∩
K). This means that the singular Neumann boundary value problem (1.1)−(1.2)
has at least two positive solutions.
Theorem 5.2. Suppose that conditions (H1) − (H2) are satisfied. In addition,
assume that

lim inf
u→0+

min
t∈[0,1]

f(t, u)

u
> λ1, (5.4)
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lim inf
u→+∞

min
t∈[0,1]

f(t, u)

u
> λ1, (5.5)

where λ1 is the first eigenvalue of linear operator T . If there exists r′0 > 0 such
that

h(t)f(t, u) + Mu− a(t)u < ξ′r′0h(t), ∀ t ∈ [0, 1], u ∈ [γr′0, r
′
0], (5.6)

where γ ∈ (0, 1), ξ′ =
(
B̃

∫ 1

0

h(s)ds
)−1

, then the singular Neumann boundary

value problem (1.1) − (1.2) has at least two positive solutions.
Proof. It follows from (5.4) and (5.5) that there exists 0 < r′4 < r′0 such that
f(t, u) ≥ λ1u for 0 ≤ u ≤ r′4 and there exist r′5 > r′0 and ε > 0 such that
f(t, u) ≥ (λ1 + ε)u for u ≥ r′5. We may suppose that A has no fixed point on
∂Br′

4
∩K and ∂Br′

5
∩K. Otherwise, the proof is completed.

We have from the proof in Theorem 3.1 and the permanence property of fixed
point index that i(A,Br′

4
∩K,K) = 0. It follows from the proof in Theorem 4.1

that i(A,Br′

5
∩K,K) = 0.

For every u ∈ Br′

0
∩K, we have γr′0 = γ‖u‖ ≤ u(t) ≤ r′0, 0 ≤ t ≤ 1. It follows

from M = max
t∈[0,1]

a(t) and (5.6) that

‖Au‖ = max
t∈[0,1]

(Au)(t)

= max
t∈[0,1]

∫ 1

0

G(t, s)[h(s)f(s, u(s)) + Mu(s) − a(s)u(s)]ds

< B̃ξ′r′0

∫ 1

0

h(s)ds

= r′0.

Then ‖Au‖ < ‖u‖, for any u ∈ ∂Br′

0
∩K. Hence we have from Lemma 5.1 that

i(A,Br′

0
∩K,K) = 1.

Therefore,

i(A, (Br′

0
∩K)\(Br′

4
∩K),K) = i(A,Br′

0
∩K,K) − i(A,Br′

4
∩K,K) = 1,

i(A, (Br′

5
∩K)\(Br′

0
∩K),K) = i(A,Br′

5
∩K,K)− i(A,Br′

0
∩K,K) = −1.

Then A has at least two fixed points on (Br′

0
∩K)\(Br′

4
∩K) and (Br′

5
∩K)\(Br′

0
∩

K). This means that the singular Neumann boundary value problem (1.1)−(1.2)
has at least two positive solutions.
Remark 5.1. Using similar arguments and techniques, the results presented in
this paper could be obtained for the following second-order Neumann boundary
value problem:

{
u′′ + a(t)u = h(t)f(t, u), 0 < t < 1,
u′(0) = u′(1) = 0,
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where 0 < max
t∈[0,1]

a(t) < π2

4 .
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