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N. K. Saha. I'-semigroups generalize semigroups. Many classical notions of semi-
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1 Introduction and Preliminaries

The isomorphism theorems are three theorems that describe the relationship
between quotients, homomorphisms, and subobjects. Versions of the theorems ex-
ist for groups, rings and various other algebraic structures. The first isomorphism
theorem and third isomorphism theorem based on congruences of semigroups [4,
page 22-24] and ordered semigroups [7] have been given. In case of ordered semi-
groups, pseudo-orders play the role of congruences [7].

The notion of I'-semigroups has been introduced by M. K. Sen and N. K.
Saha in [10] and [11]. Many classical notions of semigroups have been extended to
I-semigroups (see [1], [2], [3], [9], [10] and [11]).

Let S and I" be nonempty sets. If there exists a mapping S x I' x S — 5,
written (a,~,b) by avyb, S is called a I'-semigroup [9] if S satisfies the identities
(ayb)uc = avy(buc) for all a,b,c € S and v, u € T.

Let S be an arbitrary semigroup and I' be any nonempty set. Define a mapping
SxI'x S — Sbyayb=abforalla,be S andyel. It is easy to see that S is a
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I'-semigroup. Thus a semigroup can be considered to be a I'-semigroup.

Let S be a I'-semigroup and « be a fixed element in I". We define a - b = aab
for all a,b € S. We can easy to check that (S,-) is a semigroup.

(S, T, <) is called an ordered T'-semigroup [12] if (S,T') is a I'-semigroup and
(S, <) is a partially ordered set such that

a < b= ayc<bycand cya < eyb for all a,b,c € S and v €T

We can see some properties of ordered I'-semigroups in [5], [8] and [12].
In this paper, we investigate first and third isomorphism theorems for I'-
semigroups and ordered I'-semigroups.

2 Isomorphism Theorems for I'-semigroups

Let S be a I'-semigroup. An equivalence relation p on S is called a right [resp.
left] congruence on S if for each a,b € S, (a,b) € p implies (ayt,byt) € p [resp.
(tya,tyb) € p] for all t € S and v € T'. An equivalence relation p on S is called a
congruence if p is both a right and left congruence on S.

Let S be a I'-semigroup and p be a congruence on S. For ap,bp € S/p and
~v €T, let (ap)y(bp) = (ayb)p. This is well-defined, since for all a,a’,b,b’ € S and
verl,

a,a’),(b,b') €p

ayb, a’yb), (a'vb,a'yV') € p
ayb,a'yb') € p

ayb)p = (a'yV)p.

ap=da'pand bp =b'p

=
=
=
=

o~ o~~~

Let a,b,c € S and v,u € I'. We have

(apybp)pcp = ((avb)p)ucp = ((ayb)uc)p = (ay(buc))p = apy(buc)p = apy(bppcp).

Then the quotient set S/p is a I'-semigroup.

Let S and T be I'-semigroups under same I'. The mapping ¢ : S — T is
called a T'-homomorphism if ¢(xvy) = ¢(x)yp(y) for all z,y € S and v € T.
A T-homomorphism ¢ is called a I'-isomorphism if ¢ is 1-1 and onto. Two I'-
semigroups S and T are I'-isomorphic if there exists a [-isomorphism from S onto
T'; it is denoted by S =p T'. Let ¢ be a ['-homomorphism from S into T'. Let ker ¢
be a relation on S defined by

kerg = ¢~ op = {(z,y) € S x S| d(z) = d(y)}-
It is easy to see that ker ¢ is a congruence on S. The following theorem holds.

Theorem 2.1. Let S and T be I'-semigroups under same I' and ¢ : S — T be a
T-homomorphism. Then there is a T'-monomorphism ¢ : S/ker¢ — T such that
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ranp = ran¢ and the diagram

g 2.7

(ker ¢) \ %

S/ ker ¢
commutes (i.e. po(ker $)* = ¢) where the mapping (ker ¢)* : S — S/ ker ¢ defined
by (ker ¢)*(a) = aker ¢ for all a € S.
Proof. Define ¢ : S/ ker ¢ — T by
p(aker ) = ¢(a) for all a € S.

We have
aker ¢ =bker¢ < (a,b) € kerd < ¢(a) = ¢(b).

Then ¢ is well-defined and 1-1. ¢ is a I'-homomorphism since for all a,b € S and
yel,

pl(aker §)y(bker ¢)) = p((arh) ker ) = dard) = d(a)yd(b) = p(aker ¢)yp(bker ).

It is easy to see that ran ¢ = ran . We have ¢ o (ker ¢)f = ¢ since
(¢ 0 (ker 6)%) (@) = ((ker §)}(a)) = p(aker §) = 6(a) for all a € S.
Hence, the theorem is proved. O
The following corollary follows from Theorem 2.1.

Corollary 2.2. (First Isomorphism Theorem for T'-semigroups)
Let S and T be I'-semigroups under same I' and ¢ : S — T be a I'-homomorphism.
Then S/ ker ¢ = ran ¢.

The next theorem is concerned with a more general situation.

Theorem 2.3. Let S and T be I'-semigroups under same I' and ¢ : S — T be a
I'-homomorphism. If p is a congruence on S such that p C ker ¢, then there is a
unique T'-homomorphism ¢ : S/p — T such that rany = ran¢ and the diagram

g 2.7

S/p

commutes (i.e. @ o pt = ¢) where the mapping p* : S — S/p defined by p*(a) = ap
foralla € S.
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Proof. Define ¢ : S/p — T by
w(ap) = ¢(a) for all a € S.
We have for all a,b € S,
ap =bp = (a,b) € p=(a,b) € ker ¢ = ¢(a) = ¢(b).
Then ¢ is well-defined. Since for all a,b € S and v €T,

¢((ap)y(bp)) = ¢((avb)p) = d(avb) = ¢(a)y9(b) = w(ap)ye(bp),

@ is a I'-homomorphism. It is easy to see that ran ¢ = ran¢. For each a € S, we
have

(¢ o p*)(a) = p(p*(a)) = p(ap) = d(a).
Then ¢ o p* = ¢. Next, let 1 : S/p — T be any I'-homomorphism satisfying
o pt =¢. Then for all a € S,

W(ap) = v(p(a)) = 1 o p*(a) = ¢(a) = p(ap).

Therefore ¢ = .
Hence, the theorem is proved. |

Let p and o be congruences on a I'-semigroup S with p C ¢. Define the relation
o/pon S/p by
o/p={(zp,yp) € S/px S/p|(z,y) € o}.
To show o /p is well-defined, let zp, ap, yp,bp € S/p such that zp = ap and yp = bp.
So (z,a),(y,b) € p. Since p C o, (x,a),(y,b) € o. This implies (z,y) € 0 &
(a,b) € 0. The following theorem holds.

Theorem 2.4. (Third Isomorphism Theorem for T'-semigroups)
Let p and o be congruences on a I'-semigroup S with p C o and

o/p={(zp,yp) € S/px S/p|(z,y) € o}.
Then (i) o/p is a congruence on S/p and (ii) (S/p)/(c/p) =r S/o.

Proof. (i) Let a € S. Then (a,a) € o, so (ap,ap) € o/p. Next, let a,b € S
such that (ap,bp) € o/p. Then (a,b) € o. Since o is symmetric, (b,a) € o.
Therefore (bp,ap) € o/p. Next, let a,b,c € S such that (ap,bp), (bp,cp) € o/p.
So (a,b),(b,c) € o. Since o is transitive, (a,c) € o. Therefore (ap,cp) € o/p.
Finally, let a,b,c € S and v € T. Assume (ap,bp) € o/p. Then (a,b) € o.
Since o is a congruence on S, (avye,bye) € o. So ((aye)p, (byc)p) € o/p. Then
((ap)y(cp), (bp)v(cp)) € o/p. Similarly, ((cp)y(ap),(cp)¥(bp)) € o/p. Hence o/p
is a congruence on S/p.
(ii) Define o : (5/p)/(c/p) — /o by

¢((ap)(a/p)) = ao for all a € S.
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Clearly, ¢ is onto. We have for all a,b € S,

(ap)(a/p) = (bp)(c/p) < (ap,bp) € o/p < (a,b) € 0 & ao = bo.

Therefore ¢ is well-defined and 1-1. To show ¢ is a ['-homomorphism, let a,b € S
and v € I'. We have

o((ap)(a/p)y(ap)(a/p)) = ¢((apybp)(a/p))
= ¢((avb)p)(a/p))
avyb)o
= (ao)y(bo)
= ¢((ap)(a/p))ye((bp)(ca/p)).
Hence ¢ is a I'-isomorphism. By Corollary 2.2, we have (S/p)/(c/p) = S/o. O

—

3 Isomorphism Theorems for Ordered ['-semigroups

Let S be a I'-semigroup and p be a congruence on S, in Section 2, we have
that S/p is a T-semigroup. The following question in natural : If (ST, <) is an
ordered I'-semigroup and p is a congruence on S, then is the set S/p an ordered
I'-semigroup? A probable order on S/p could be the relation <, on S/p defined
by means of the order < on S, that is,

ap =, bp & there exist x € ap and y € bp such that z < y.

But this relation is not an order, in general. We show it in the following example.

Example 3.1. We consider the ordered I'-semigroup S = {a,b,¢,d,e} and T' =
{a, B} defined by the multiplication and the order < below:

alalblc|d]|e Blalblc|d]|e
alalelc|dl|e alalelc|d]|e
bla|le|lc|d]e bla|b|lc|d]e
clalel|lcld]e clalel|lcld]e
dlalelc|d]|e dlalelc|d]|e
elalel|lc|d]e elalel|lc|d]e

and <= {(a,a), (a,d), (b,1), (¢, c), (¢,e), (d,d), (e,e)}.

For xz,y,z € S and v, € I', we have

(zyy)pa = a = zy(ypa), (xyy)pe = ¢ = xy(ypuc)
(

(@yy)pd = d = zy(ypd), (zyy)pe = e = xy(ype)
(zyy)ab = e = zy(yab)
(zyy)Bb =e =

(
) ay(ypb) if y # b

xyb)Bb = e = xy(bpb) if x £ b

bab) b = e = ba(bBb), (b3b)Bb = b = bE(bb).
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Then S is a ['-semigroup. Since
xya < xvyd, ayr = dyx, xye < xye,cyr = eyx for all x € S and v € T,

S is an ordered I'-semigroup.
Let p be the congruence on S defined as follows:

P = {(av CL), (bv b)a (Cv C)a (dv d)a (6, 6), (av 6), (6, CL), (Cv d), (d, C)}
Let <, be an order on S/p defined by means of the order < on S, that is,
ap =, bp & there exist x € ap and y € bp such that z < y.

We have ap = {a,e},bp = {b} and c¢p = {c¢,d}. Also we have ap <, cp and
cp =, ap but ap # cp. Thus <, is not an order relation on S/p. o

The following question arises : Is there a congruence p on an ordered I'-
semigroup S for which S/p is an ordered T'-semigroup ? This leads us to the
concept of pseudo-orders of ordered I'-semigroups.

Now we study pseudo-orders and isomorphism theorems in ordered I'-semigroups
analogous to pseudo-orders and isomorphism theorems in ordered semigroups con-
sidered by Kehayopulu and Tsingelis [6, 7).

Let (S,T, <) be an ordered I'-semigroup. A relation p on S is called a pseudo-
order on S if

(i) <Cp,

(i) for all a,b,c € S, (a,b) € p and (b, c) € p imply (a,c) € p and

(iii) for all a,b € 9, (a,b) € p implies (ayc, byc) € p and (cvya, cydb) € p for all
ceSandyel.

If p is a pseudo-order on S, let p be a relation on S defined by

p=pnp .

We have that (a,b) € p< (a,b) € p and (b,a) € p.

Proposition 3.1. Let (S,T', <) be an ordered I'-semigroup and p be a pseudo-order
on S. Then p is a congruence on S.

Proof. Let a € S. Since (a,a) €< and <C p, (a,a) € p. Then (a,a) € P.
Next, let a,b € S such that (a,b) € p. Then (a,b) € p and (b,a) € p. This
implies that (b,a) € p. To show that p is transitive, let a,b,¢ € S such that
(a,b), (b,c) € p. Then (a,b), (b,a),(b,c),(c,b) € p. Thus (a,c),(c,a) € p. Hence
(a,c) € p. Finally, let a,b € S such that (a,b) € p. Then (a,b),(b,a) € p. Then
(¢ya, eyb), (avye, bye), (eyb, eya), (bye,avye) € p for all ¢ € S and v € T'. Therefore
(aye,bye), (eya,eyb) € pfor all c € S and vy € T O

Let S be an ordered I'-semigroup and p be a pseudo-order on S. By proposition
3.1, we have that p is a congruence on S. Then S/p is a [-semigroup. Next, for
each ap, bp € S/p, define the order <, on S/p by

ap =5 bp < there exist x € ap and y € bp such that (z,y) € p.
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Proposition 3.2. Let (S,T',<) be an ordered I'-semigroup and p be a pseudo-
order on S. The following statements are true.

(i) For a,b € S,ap =5 bp if and only if (a,b) € p.

(i1) =5 is an order on S/p.

Proof. (i) If (a,b) € p, then clearly, ap <5 bp. Conversely, assume ap <z bp. Then
there exist « € ap and y € bp such that (x,y) € p. Since (z,a) € p and (y,b) € P,
(z,a), (a,x), (b,y), (y,b) € p. Since (a,z), (z,y), (y,b) € p, (a,d) € p.

(ii) Let a,b,c € S. Since (a,a) €<C p, ap =5 ap. Assume ap =5 bp and
bp =5 ap. By (i), (a,b) € p and (b,a) € p. Then (a,b) € p. So ap = bp. Finally,
assume ap =z bp and bp =5 ¢p. By (i), (a,b) € p and (b,c) € p. Therefore
(a,c) € p. By (i), ap =5 ¢p. Hence =5 is an order on S/p. O

Let (S,T, <) be an ordered I'-semigroup, p be a pseudo-order on S and z,y € S
such that zp =<; yp. Then there exist a € zp and b € yp such that (a,b) €
p. Thus (z,a) € p and (y,b) € p. Then (z,a), (a,x), (y,b),(b,y) € p. Let ¢ €
S and v € T. Therefore (xvyc,aye), (aye, zvye), (yye,bye), (bye,yye) € p. Thus
(zye, aye), (yye, bye) € p. So (zye)p = (aye)p and (yyc)p = (byc)p. Since (a,b) €
p, (aye,bye) € p. Hence (zy¢)p =5 (yyc)p. Similarly, (cyz)p <5 (cyy)p. Therefore
(#P)1P) =5 ()1(cP) and (PV(xp) =5 (P)(yp). Thus S/p is an ordered
I'-semigroup. Then the following proposition holds.

Proposition 3.3. Let (S,T', <) be a I'-semigroup and p be a pseudo-order on S.
Then S/p is an ordered I'-semigroup.

Let (S,T',<g) and (T, T, <7) be ordered I'-semigroups under same I" and ¢ :
S — T be a mapping from S into T. ¢ is called isotone if for x,y € S,z <g y
implies ¢(z) <p ¢(y). ¢ is called reverse isotone if x,y € S, d(x) <r ¢(y) implies
r <g y. ¢ is called an ordered I'-homomorphism if ¢ is isotone and satisfies
o(zyy) = ¢(x)ve(y) for all z,y € S and v € T'. Each reverse isotone mapping
¢:S — Tis1-1. Indeed: Let z,y € S such that ¢(z) = ¢(y). Since ¢(x) <r ¢(y),
x <g y. Similarly, since ¢(y) <t ¢(z), y <g x. Then z = y. ¢ is called an ordered
T'-isomorphism if it is a I'-homomorphism, onto and reverse isotone. Two ordered
I'-semigroups S and T are I'-isomorphic if there exists an ordered I'-isomorphism
from S onto T it is denoted by S =r T

Proposition 3.4. Let (S,T,<g) and (T,T,<r) be ordered T'-semigroups under

same I' and ¢ : S — T be an ordered I'-homomorphism. Define the relation 5 on
S by
¢ ={(a,b) € S x 5| ¢(a) <r ¢(b)}.

Then 5 is a pseudo-order on S.

Proof. Let (a,b) €<g. Since a <g b and ¢ is isotone, ¢(a) <r ¢(b). Then (a,b) €
¢. Next, let a,b,c € S such that (a,b), (b,¢) € ¢. So ¢(a) <1 ¢(b),d(b) <r ¢(c).

Then ¢(a) <r ¢(c). This implies (a,c) € ¢. Finally, let a,b,c € S and v € T.
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Assume (a,b) € ¢. Since ¢(a) <7 ¢(b), ¢ is an ordered T-homomorphism and 7T is
an ordered I'-semigroup,

playe) = pla)ye(c) <t d(b)v¢(c) = ¢(bye).
Then (a’yc,Nl)'yc) € g Similarly, (¢ya, cyb) € g

Hence ¢ is a pseudo-order on S. |

Theorem 3.5. Let (S,T,<g) and (T,T,<r) be ordered I'-semigroups under same
I, ¢: 8 — T be an ordered I'-homomorphism. If p is a pseudo-order on S such
that p C ¢, then the mapping ¢ : S/p — T defined by p(ap) = ¢(a) is a unique
ordered T'-homomorphism of S/p into T such that rany = ran¢ and the diagram

g 2.7

pu{ /
S/7
commutes (i.e, @ o p* = ¢) where the mapping p* : S — S/p defined by p*(a) =
ap for all a € S.
Proof. Define ¢ : S/p — T by
w(ap) = ¢(a) for all a € S.
We have ¢ is well-defined since for all a,b € S,

ap=bp= (a,b) €D

Let a,be S and v € I'. We have
p(apybp) = ¢((arb)p) = ¢(arb) = ¢(a)yd(b) = ¢(ap)y4(bp)

and
ap =5 bp = (a,b) € p C ¢ = ¢(a) <1 ¢(b).
Therefore ¢ is an ordered I'-homomorphism. For each a € S, we have
(¢ 0 p*)(a) = @(p*(a)) = ¢(ap) = ¢(a).

Then ¢ o p? = ¢. Next, let ¥ : S/F — T be any ordered I'-homomorphism such
that 1 o p* = ¢. For all a € S, we have

d(ap) = Y(p*(a)) = (¥ 0 p*)(a) = ¢(a) = ¢(ap),

so 1 = ¢. Finally, we have ranp = {p(ap) | a € S} = {¢(a) | a € S} = ran ¢.
Hence the theorem is proved. |
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Let (S,T',<g) and (T, T, <7) be ordered I'-semigroups under same I" and ¢ :
S — T be an ordered I'-homomorphism. In section 2, we have that ker¢ =
{(a,b) € S x S| ¢(a) = ¢(b)} is a congruence on S. Moreover, we have

(a,b) € ker ¢ < ¢(a) = ¢(b)
< ¢(a) <r ¢(b) and $(b) <1 ¢(a)
< (a,b) € ¢ and (b,a) € ¢
< (a,b) € Z

So ker ¢ = Z Then the following corollary holds.

Corollary 3.6. (First Isomorphism Theorem for ordered T'-semigroups)
Let (S,T, <g) and (T, T, <) be ordered I'-semigroups under sameT and ¢ : S — T
be an ordered T'-homomorphism. Then S/ ker ¢ = ran ¢.

Proof. We apply the first part of Theorem 3.5 for p = 5 and ker ¢ = 5 Then
the mapping ¢ : S/ker¢ — T defined by p(akerp) = ¢(a) is an ordered TI'-
homomorphism. To show ¢ is reverse isotone, let a,b € S such that ¢(a) <7 ¢(b).
Then (a,b) € 5 Since 5 is a pseudo-order on S, by Proposition 3.2(i), a ker ¢ jg

bker ¢. Then ¢ is reverse isotone. Therefore ¢ is an ordered I'-isomorphism. O

Theorem 3.7. (Third Isomorphism Theorem for ordered T'-semigroups)
Let p and o be pseudo-orders on an ordered I'-semigroup S such that p C o. We
define a relation o/p on S/p as follows:

o/p=1{(ap,bp) € 5/p % 5/p | (a,b) € 7}.
Then (i) o/p is a pseudo-order on S/p and (ii) (S/p)/(0/p) =r S/7.

Proof. (i) Let (ap,bp) €=5. Then (a,b) € p, it implies (a,b) € 0. So (ap,bp) €
o/p. Therefore <5;C o/p. Next, let a,b,c € S such that (ap,bp) € o/p and
(bp,cp) € o/p. Then (a,b) € o and (b,¢) € o, so (a,c) € o. Therefore (ap,cp) €
o/p. Finally, let a,b,c € S and v € T'. Assume (ap,bp) € o/p. Then (a,b) € o,
thus (aye,byce) € o. So ((avye)p, (bye)p) € o/p. Therefore (apycp, bpycp) € o/p.
Similarly, (cpyap, cpybp) € o/p.

(ii) Define ¢ : S/p — S/ by

¢(ap) = ao for all a € S.
We have ¢ is well-defined since for all a,b € S,
ap =bp = (a,b) € p=(a,b),(b,a) € p C o= (a,b) €T = av = bo.
Next, let a,b € S and v € I'. We have

P(apybp) = ¢((avb)p) = (ayb)T = agybo = ¢(ap)y(bp)
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ap =5 bp = (a,b) € p= (a,b) € 0 = av =5 bT.

Hence ¢ is an ordered I'-homomorphism.

By the definition of ¢, we have

<l~5= {(ap,bp) € S/p x S/p | ¢(ap) =& ¢(bp)}.

Thus

(ap.bP) € & < $(ap) < $(bP) & T =7 b7 & (a,b) € 0 & (ap, D) € 0/p.

Then QNS = 0/p, so ker ¢ = Z = a—/p. It is easy to show that ran ¢ = S/7. By
Corollary 3.6, (S/p)/(c/p) =r S/5. O
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