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Abstract : In this paper, we derive the distribution of a disease-model which is
not possible to have backward transitons. The distribution is the sums of gamma
distributions. In special cases, the results reduce to some AIDS medels and uniform
forward model.
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1 Introduction and main result

This work, we consider the distribution of the disease-model as shown in
Figure 1. In this model, I; corresponds to the exposure state and a patient dies
at death-state (I,,11) where n > 2. We assume that it is not possible to have
backward transition from I; to I; for j <4 and call this model forward disease-
model.
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Figure 1

For every t > 0, we let X; be a random variable whose value is the state at
time t. So the state space of {Xt ’ t> O} is {Il,Ig, ey In_H} where I,y is the
absorbing state and Iy, I, ..., I, are transition states. In this work, we assume
that {Xt | t> 0} is a homogeneous continuous Markov process. From Chapter 5
of Sidney (2002), we know that the transition matrix P(t) = [p;;(t)]

(n+1) % (n+1)
of {Xt ‘ t> 0} is satisfied the followings:
pij(t) = vijt + o(t) where t — 0 and i # j,
pii(t) =1 — vyt + ot) where t — 0, (1.1)
vij 20, v = Zvij,
J#i

where v;; is the transition rate at which X; jumps from ¢ to j. From Figure 1,
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we know that

0, ifi > 7,
vij =%, ifi=j, (1.2)
ﬁijv if i < j7
n+1
where ~; = Z By for i =1,2,...,n and 7,41 = 0. In this paper, we obtain
l=i+1

the distribution of the random time which I is absorbed into I,,41, that is, the
random time that a patient will die since he has been infective. Here is our main

result.

Theorem 1.1. Let W be the random time that a patient will die since he has

been infective. Assume that ~y; ’s are distinct. Then
(i) the probability density function fi of W can be written as
n n
50 =3 (Smatann )
k=1 \i=k
and

(ii) the average time from infective state I; to the death-state I, 11 is

Sy Pty
2
k=1 i=k Vi
where
Jj—i k-1 B
PGV [ 22, i<y,
pis = BT m0<ii < <in=i 4=0 13 Via
(¥ 1’ ’LfZ _ j;
0, if i > j,
and
j—i k—1
Z(_]‘)k Z Hqujq+l7 Zfl <j’
. =1 i=jo<j1<-<jr=j q=0
bij =

ifi=J,
ifi>j.

S =
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Notice that if ﬁi(i+2) = Bi(i+3) = - = Bi(n+1) =0 for i = 1,2,...77, - 1,
this model reduces to the AIDS (Acquired Immunodeficiency Syndrome) model
considered by Longini et al. (1989a, 1989b, 1991 and 1992). In case of uniform
forward model, i.e., the transition rate [3;;’s are equal, it is easy to see that 7;’s
are distinct. So Theorem 1.1 can be applied to this case. Hence it is reasonable

to assume that ~;’s are distinct.

2 Proof of the main result

For each i, let W; be the random time that I; is absorbed into I,1;. Then
W, is referred to as the first passage time I; and f;(t), the probability density
function, the first passage probability density of I;. Let

F(6) = [A(), folt)s-- o fa®)]

where X7 denotes the transpose of a matrix X . Let

m P2 =Bz - —Bin

0 Yo —fBa3 - —Ban

e ) ) :
0 0 ce Yn—1 _B(nfl)n

0 0o ... 0 Y

We observe that the generator matrix of (X;) is

—A u
0, O

T .
where 1= [Bi(n+1)s B2(nt1)s-- -+ Bnmsny] and 0, = (0,0,...,0). Since det A =
——

n

Y1Y2 Y > 0, by Tan and Byers (1993), we obtain that
f(t) = exp(—At)Al, (2.1)

where 1,, = (1,1,..., 1)T and
——

n

o0
1
€A = *'A]
=07
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From Curtis (1984) Chapter 7, there are the Jordan canonical form J of A which

is of the form

v 0 O 0
0 v 0 0
0 0 0 ... 7

and the invertible matrix P such that
A=PJjp1L

From Appendices 1-2, we know that P = (pij) and P71 = (p;j) where p;; and

p;; are defined as follows:

—1

<.

k—1 ﬂ )
S [ 22, ifi <,

PY] - ’qu

(]

) k=1 i=jo<j1<--<jr=j q=0
Pij = o .
1, if i =j,
0, ifi>j,
and
j—i k—1
DR >0 i i<y,
;) k=1 i=jo<ji<--<jk=j q=0
Pi; = e .
1, if i =7,
0, if¢ > 5.
Hence
oAt ef(PJP*)t
— Pethpfl
e Mt 0 0
0 e~ 2t .. 0
=P | . _ p!
0 0 e_'ert
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n
where a;; = Zp““ pgcj e~ 7%t From (2.1), (2.2) and the fact that
k=1

T

n n n
Al, = [71 - Zﬁlla’h - Zﬂzl, N Zﬁnz, = [Bitnt1)s B2(nt1)s - -+ Br(nt1)
=1 =1 =1

}T

9

we have

fi(t) = (1,0,...,0)e" 4 A1,

n n n
- lj{:p1kp;16_”kﬂ D pibhoe ™ Y pu P e
k=1 k=1 k=1
T
X [51(n+1)7 /32(”-‘1-1)7 cee ,6n(n+1)]

n 1
=33 pikphe ™ B

= P1kpﬁdﬂzm+1)> o=kt
k=1 \I=k

3 |
3

, Ji o~ Pk PiaBin
and the average time E(W) = /tf1 (t)dt = Z Z 1k;72l(+1)
0 k=1 1=k k

3 Appendices

Appendix 1. Let P = (pij) and Q = (qij) be n x n matrices such that

1, ifi=jy,
Dij = .
0, ifi>j,

and

—1

<.

k—1
(_1)k Z H qujq+1? Zfl < j)
1 i=jo<ji<-<jr=j ¢=0 (3 1)
ifi =7,

(]

qij =

o -

Then P=Q™'.
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Proof. Let PQ = (aij).

Caseli=j.
We see that .

Qi = Zpirqri = Diiqi; = 1.

r=1
Case 2 i > j.
We see that "
aij =Y Pirdrj =040+ +0=0.
—_——
r=1 n

Case 3 i < j.

First, notice that

n J
Qij = Zpir%"j = Zpiﬂ]rjo (32)
r=1 r=1
If j =i+ 1, then
Gij = Pii+1) T Qi(i+1) = Pi(i+1) — Pi(i+1) = 0.

Now, suppose that j > i+ 2. From (3.1) and (3.2),

aij
j—1
= Ppij T qij + E Pirqrj
r=1+1
j—i k-1 =1 j—r k—1
— .. k . _1)\k ) o
=py+y_ (-DF D [ riea+ D D (=1 > Pir [ Pigjons
k=1 i=jo<ji<-<jx=j q=0 r=itlh=1  r=jo<ji<-<jk=j  q=0
i j—i—1 j—k

3 k—1 k—1
=> (-DF > P+ D D" > > pir |1 Piiurs
k=1

k=2 i=jo<j1<-<jr=j q=0 r=it+1 r=jo<j1<--<jk=J q=0
i

—i—1 k j—i—1 k
k+1 k
= Z (71) + Z Hqujq+1 + (71) Z Hqujq+1
k=1 i=jo<j1<-<jrk+1=j ¢=0 k=1 i=jo<j1<-<jr+1=Jj ¢=0
=0.
From Cases 1-3, we have PQ = I,,. Hence P = Q~!. O

Appendix 2. Let A = (al-j) be an n X n matriz such that
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(1) a;j =0 forall i > j,
(ii) ai11,a22,-..,Gn, are all distinct.

Then the Jordan canonical form J of A is

a1 0 0 0
0 a22 0 0
J = .
0 0 O Ann

and A= PJP~' where P = (pij) is defined by

<.

—1i k—1

Z H a‘jqjq+1 , Zfl <j;

k=1 i=jo<ji<-<jv=j q=0 1~ Yada
Dij = e
L, ifi=7j,
0, ifi>]
and P~ = (p;j) where p;; is defined by (3.1).
Proof. It is obvious from Appendix 1 that the matrix (pgj) is P~'. Note that
PPl = (bij) where

n
bij = Zpirar'rp;'j-
r=1
It is trivial that

n

/ /
by = E DirOrrPri = PiiQiiDi; = Qg
r=1

If i > j, then p;.p;; = 0 for every r = 1,2,

...,n. Hence b;; = 0. Suppose
that i < j. If j =4+ 1, then

n

bi(iJrl) = Z pirarrp;‘(i+1)

r=1
= anpé(m) + Di(i+1) A(i+1)(i+1)
= —iiPi(i+1) T Pi(i+1)Q>i+1)(i+1)
= Di(i+1) (a(i+1)(i+1) - au‘)

Qi(i+1)-
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To prove the rest, we first show that for any ,j with j > i

(ajj an bij = E a31Pij -
l=i+1

Let j =i+ r where r > 1. We see that

Pi(i+r)

5 SEEED SE | g

Qi
k=1 i=jo<j1<--<jrp=t+r qg=0 A(i+r)(itr) — Ajgdq
r i+r—k+1 k—2

_ Q5] ajqjq+1
-2 2 2 11 A(ir)(i4r) —

—a;
b1 i1 PG T i T it q=0

Thus,

(a(i+7')(i+r) - an‘) Pi(i+r)

r i+r—k+1 k—2 o
— § § ail E H an]q+1
- K2
s . — Qi s
k=1 I=i+1 I=jo<j1<--<jp_1=itr g=0 _(FT)(i+r) Jada
i+r +r—I1+1 k—2 o
— E ail E § : H Ajgjgta
- (2
; i< ; ; Q(itr)(itr) — Bjgj
I1=i+1 k=1 l=jo<j1<:<Jr—1=t+r q=0 a4a
i+r i+r—1 k—1 o
— E ai § § H Ajgigt1
- 2
=341 k=0 Il=jo<j1<---<jp=i+r q=0 (i+r)(i+r) Jalq
i+r 1+r—I1 k—1 o
_ E a;l § E H a’]q]qul
- 1

a —aj,j
I=i+1 =1 l=jo<j1<-<jr=i+r ¢=0 (i+r)(i+r) Jadq

i+r

= Z Qi1 Pi(i4r)-

l=i+1

209
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Now, let 7 > 7+ 2. Then

n
/
= E PirQrrPr;
r=1

j-1
/ /
= aiiPij + E PirGrrPrj + Pijyj
r=i+1

k—1
Z H paqaq-H

1 i=ap<a;<---<ar=j q=0

j—i
= | Qi

k

J 1 Jj—r k—1
+ pwam« (*1)’c Z Hpmw + Pijas;
r=i+1 k=

1 r=vyo<v1<---<yr=j q=0

Jj—1 k—1

= (a’j] al'L pw Q5 § H Pagagi1

k:2 i=ag<a;<--<ar=j q=0

j—i—1 j—k k—1
k
+ E E (*1) Ay Pir E H Prygvgt1
k=1 r=i+l r=yo<m1<--<yr=j q=0
Fi Jj—i k—1
= E aipry + | @ii Z Hpaqaq_H
l=i+1 k:2 = a0<a1< <arp=j q=0
Jj—ij— k+1 k—2
E g aT‘TpZT § H p7q7q+l
k=2 r= 7,+1 r=yo<y1<-<Vk—1=J q¢=0

Jj—1 Jj—t k—1
= <aij + Z ailplj) i Z Hpaqanrl

l=i+1 k:2 1= a0<a1< <ap=j q=0
Jj—ij— k+1 k—2
E g arrpzr g H Prgvasa
k=2 r= z—l—l r=y0<71<-<YVk—1=Jj q=0
j—1 Jj—ij—k+1 k—2
— s m —D*a:m;
= a;j + aipij + (=1)"aiipir Pagorg i
l=i+1 k=2 r=i+1 r=ap<ar;<--<ag—1=j ¢=0
j—ij— k-‘rl k—2
§ § anpn E H p"/q’)/q+1
k=2 r= z+1 r=yo<71 < <Yk—1=j ¢=0
j—1
= a;j + E aq1Pij
l=i+1

Jj—ij—k+1

k—2
Z Z arr aii) Dir Z H paqaq+1

k=2 r=i+1 r=op<o<-<ap-1=j q=0
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j—1
= a;; + E aqiPij

I=i+1
=i j—k+1

> 2

k=2 r=i+1

= Q45 + Z azlplj

l=i+1
Jj—ij—k+1

T e

k=2 r=i+1

= Qjj + Z aiiPrj —

l=i+1
Jj—ij—k+1

s e

k=3 r=i+1

G—i j—k+1

Tl X

k=2 r=i+1

= a’ij

where we claim that

j—t j—k+1

>y -

k=3 r=i+1

j—i j—k+1

IDINE

k=2 r=i+1

“DF e+ ) ainpr >

r—1

k—2
v,

L=i+1 r=ag<ar1<--<ap_1=j q=0

k—2
T vesess

Jj—i j—k+1

IDIEIETEDS

k=2 r=i+1 r=ap<a<-<ap_1=j ¢=0
r—1 k—2

k—l
Z Q;LPLr Z H Pagagir
L=i+1 r=ap<ay<--<ap_1=j ¢=0

7j—1
E iy Prj

r=i+1

k—2
(2778 E H paqaq+1

r=aqp<o<---<ar—1=j q=0

r—1 k—2
E a;LPLr § H paqaq+1

L=i+1 r=ao<ai;<---<arp_1=j q¢=0

k—2
Qg Z H paqaq+1 +

r=ap<a;<---<ap_1=j q=0

r—1 k—2
Z a;LPLr Z H Pagags | =0

L=i+1 r=ap<a;<--<ap_1=j q=0

To prove the above claim, first, we consider

Jj—i j—k+1

DD IREILDS

k=3 r=i+1

k—2
TL poerss

r=ap<o1<---<arp-1=j q=0
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We can see that

j—i j—k+1 k=2
k—1

Z Z <_1) Qir Z H Dagagia

k=3 r=i+1 r=ap<ar;<-<agp-1=j ¢=0
Jj—ij—k+1 j—k+2 k-3
§ : § : k—1 2 §

= (_1) QirPrs H p’Yq’Yq+1

k=3 r=i+1 s=r+l1  s=yo<m < <Yyp-2=j q=0

j—ij—k+2 s—1

k—3
S D D DR C L I Prvees-

k=3 s=i+2 r=i+1 s=yo<v1<-<Yk—2=J q=0

Next, we consider

G—i j—k+1 r—1 k—2
§ § k—1 § §

(—1) QiLPLr H paqaq+1'
k=2 r=i+1 L=i+1 r=ap<a1<--<ag-1=j ¢=0

We obtain that

j—i j—k+1 r—1 k—2
—1)k-1 )
( ) Q;LPLr Pagagir
k=2 r=i+1 L=i+1 r=ag<a1<--<ap_1=j ¢=0

j—i j—k+1 r—1

k—2
= Z Z Z (—l)kilainLr Z HpOCqCKq+1

k=2 r=i+2 L=i+1 r=ap<a1<-<ag_1=j ¢=0
j—itlj—k+2 r—1

k—3
S SIS S SREUCIHE SR | (O

k=3 r=i+2 L=i+1 r=ag<ar<--<ag_2=j ¢=0
j—ij—k+2 r—1

k—3
= Z Z Z (—1)k_2ainLr Z Hpaqaq+1.

k=3 r=i+2 L=i+1 r=qo<a;<---<ap_2=j ¢=0

Hence the claim is proved. O
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