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1 Introduction and main result

This work, we consider the distribution of the disease-model as shown in
Figure 1. In this model, I1 corresponds to the exposure state and a patient dies
at death-state (In+1) where n ≥ 2. We assume that it is not possible to have
backward transition from Ii to Ij for j < i and call this model forward disease-
model.

c© 2009 by the Mathematical Association of Thailand. All rights reserved.
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Figure 1

For every t ≥ 0, we let Xt be a random variable whose value is the state at
time t . So the state space of

{
Xt

∣∣ t ≥ 0
}

is
{
I1, I2, . . . , In+1

}
where In+1 is the

absorbing state and I1, I2, . . . , In are transition states. In this work, we assume
that

{
Xt

∣∣ t ≥ 0
}

is a homogeneous continuous Markov process. From Chapter 5
of Sidney (2002), we know that the transition matrix P (t) =

[
pij(t)

]
(n+1)×(n+1)

of
{
Xt

∣∣ t ≥ 0
}

is satisfied the followings:

pij(t) = vijt + o(t) where t → 0 and i 6= j,

pii(t) = 1− viit + o(t) where t → 0,

vij ≥ 0, vii =
∑

j 6=i

vij ,





(1.1)

where vij is the transition rate at which Xt jumps from i to j . From Figure 1,
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we know that

vij =





0, if i > j,

γi, if i = j,

βij , if i < j,

(1.2)

where γi =
n+1∑

l=i+1

βil for i = 1, 2, . . . , n and γn+1 = 0. In this paper, we obtain

the distribution of the random time which I1 is absorbed into In+1 , that is, the
random time that a patient will die since he has been infective. Here is our main
result.

Theorem 1.1. Let W be the random time that a patient will die since he has
been infective. Assume that γi ’s are distinct. Then

(i) the probability density function f1 of W can be written as

f1(t) =
n∑

k=1

(
n∑

l=k

p1kp′klβl(n+1)

)
e−γkt,

and

(ii) the average time from infective state I1 to the death-state In+1 is

n∑

k=1

n∑

l=k

p1kp′klβl(n+1)

γ2
k

where

pij =





j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

βjqjq+1

γj − γjq

, if i < j,

1, if i = j,

0, if i > j,

and

p′ij =





j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

pjqjq+1 , if i < j,

1, if i = j,

0, if i > j.
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Notice that if βi(i+2) = βi(i+3) = · · · = βi(n+1) = 0 for i = 1, 2, . . . n − 1,
this model reduces to the AIDS (Acquired Immunodeficiency Syndrome) model
considered by Longini et al. (1989a, 1989b, 1991 and 1992). In case of uniform
forward model, i.e., the transition rate βij ’s are equal, it is easy to see that γi ’s
are distinct. So Theorem 1.1 can be applied to this case. Hence it is reasonable
to assume that γi ’s are distinct.

2 Proof of the main result

For each i , let Wi be the random time that Ii is absorbed into In+1 . Then
Wi is referred to as the first passage time Ii and fi(t), the probability density
function, the first passage probability density of Ii . Let

f(t) =
[
f1(t), f2(t), . . . , fn(t)

]T
,

where XT denotes the transpose of a matrix X . Let

A =




γ1 −β12 −β13 · · · −β1n

0 γ2 −β23 · · · −β2n

...
. . .

...
0 0 · · · γn−1 −β(n−1)n

0 0 · · · 0 γn




We observe that the generator matrix of (Xt) is
[
−A µ

0n 0

]

where µ =
[
β1(n+1), β2(n+1), . . . , βn(n+1)

]T and 0n = (0, 0, . . . , 0︸ ︷︷ ︸
n

). Since det A =

γ1γ2 · · · γn > 0, by Tan and Byers (1993), we obtain that

f(t) = exp(−At)A1n (2.1)

where 1n = (1, 1, . . . , 1︸ ︷︷ ︸
n

)T and

eA =
∞∑

j=0

1
j!

Aj .
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From Curtis (1984) Chapter 7, there are the Jordan canonical form J of A which
is of the form

J =




γ1 0 0 . . . 0
0 γ2 0 . . . 0
0 0 γ3 . . . 0
...

...
. . .

0 0 0 . . . γn




and the invertible matrix P such that

A = PJP−1.

From Appendices 1–2, we know that P =
(
pij

)
and P−1 =

(
p′ij

)
where pij and

p′ij are defined as follows:

pij =





j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

βjqjq+1

γj − γjq

, if i < j,

1, if i = j,

0, if i > j,

and

p′ij =





j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

pjqjq+1 , if i < j,

1, if i = j,

0, if i > j.

Hence

e−At = e−
(
PJP−1

)
t

= Pe−JtP−1

= P




e−γ1t 0 · · · 0
0 e−γ2t · · · 0
...

. . .
...

0 · · · 0 e−γnt




P−1

=
(
αij

)
(2.2)
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where αij =
n∑

k=1

pik p′kj e−γkt . From (2.1), (2.2) and the fact that

A1n =

[
γ1 −

n∑

l=1

β1l, γ2 −
n∑

l=1

β2l, . . . , γn −
n∑

l=1

βnl,

]T

=
[
β1(n+1), β2(n+1), . . . , βn(n+1)

]T
,

we have

f1(t) = (1, 0, . . . , 0)e−AtA1n

=

[
n∑

k=1

p1k p′k1 e−γkt,

n∑

k=1

p1k p′k2 e−γkt, . . . ,

n∑

k=1

p1k p′kn e−γkt

]

× [
β1(n+1), β2(n+1), . . . , βn(n+1)

]T

=
n∑

l=1

(
n∑

k=1

p1k p′kl e
−γkt

)
βl(n+1)

=
n∑

l=1

l∑

k=1

p1k p′kl e
−γktβl(n+1)

=
n∑

k=1

(
n∑

l=k

p1k p′klβl(n+1)

)
e−γkt.

and the average time E(W ) =

∞∫

0

tf1(t) dt =
n∑

k=1

n∑

l=k

p1k p′klβl(n+1)

γ2
k

.

3 Appendices

Appendix 1. Let P =
(
pij

)
and Q =

(
qij

)
be n× n matrices such that

pij =





1, if i = j,

0, if i > j,

and

qij =





j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

pjqjq+1 , if i < j,

1, if i = j,

0, if i > j.

(3.1)

Then P = Q−1 .
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Proof. Let PQ =
(
aij

)
.

Case 1 i = j .
We see that

aii =
n∑

r=1

pirqri = piiqii = 1.

Case 2 i > j .
We see that

aij =
n∑

r=1

pirqrj = 0 + 0 + · · ·+ 0︸ ︷︷ ︸
n

= 0.

Case 3 i < j .
First, notice that

aij =
n∑

r=1

pirqrj =
j∑

r=i

pirqrj . (3.2)

If j = i + 1, then

aij = pi(i+1) + qi(i+1) = pi(i+1) − pi(i+1) = 0.

Now, suppose that j ≥ i + 2. From (3.1) and (3.2),

aij

= pij + qij +
j−1∑

r=i+1

pirqrj

= pij +
j−i∑

k=1

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

pjqjq+1 +
j−1∑

r=i+1

j−r∑

k=1

(−1)k
∑

r=j0<j1<···<jk=j

pir

k−1∏
q=0

pjqjq+1

=
j−i∑

k=2

(−1)k
∑

i=j0<j1<···<jk=j

k−1∏
q=0

pjqjq+1 +
j−i−1∑

k=1

(−1)k

j−k∑

r=i+1

∑

r=j0<j1<···<jk=j

pir

k−1∏
q=0

pjqjq+1

=
j−i−1∑

k=1

(−1)k+1
∑

i=j0<j1<···<jk+1=j

k∏
q=0

pjqjq+1 +
j−i−1∑

k=1

(−1)k
∑

i=j0<j1<···<jk+1=j

k∏
q=0

pjqjq+1

= 0.

From Cases 1–3, we have PQ = In . Hence P = Q−1 .

Appendix 2. Let A =
(
aij

)
be an n× n matrix such that
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(i) aij = 0 for all i > j ,

(ii) a11, a22, . . . , ann are all distinct.

Then the Jordan canonical form J of A is

J =




a11 0 0 . . . 0
0 a22 0 . . . 0
...

...
...

0 0 0 . . . ann




and A = PJP−1 where P =
(
pij

)
is defined by

pij =





j−i∑

k=1

∑

i=j0<j1<···<jk=j

k−1∏
q=0

ajqjq+1

ajj − ajqjq

, if i < j,

1, if i = j,

0, if i > j

and P−1 =
(
p′ij

)
where p′ij is defined by (3.1).

Proof. It is obvious from Appendix 1 that the matrix
(
p′ij

)
is P−1 . Note that

PJP−1 =
(
bij

)
where

bij =
n∑

r=1

pirarrp
′
rj .

It is trivial that

bii =
n∑

r=1

pirarrp
′
ri = piiaiip

′
ii = aii.

If i > j , then pirp
′
rj = 0 for every r = 1, 2, . . . , n . Hence bij = 0. Suppose

that i < j . If j = i + 1, then

bi(i+1) =
n∑

r=1

pirarrp
′
r(i+1)

= aiip
′
i(i+1) + pi(i+1)a(i+1)(i+1)

= −aiipi(i+1) + pi(i+1)a(i+1)(i+1)

= pi(i+1)

(
a(i+1)(i+1) − aii

)

= ai(i+1).
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To prove the rest, we first show that for any i, j with j > i

(ajj − aii) pij =
j∑

l=i+1

ailplj .

Let j = i + r where r ≥ 1. We see that

pi(i+r)

=
r∑

k=1

∑

i=j0<j1<···<jk=i+r

k−1∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

=
r∑

k=1

i+r−k+1∑

l=i+1

ail

a(i+r)(i+r) − aii

∑

l=j0<j1<···<jk−1=i+r

k−2∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

.

Thus,

(
a(i+r)(i+r) − aii

)
pi(i+r)

=
r∑

k=1

i+r−k+1∑

l=i+1

ail

∑

l=j0<j1<···<jk−1=i+r

k−2∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

=
i+r∑

l=i+1

ail

i+r−l+1∑

k=1

∑

l=j0<j1<···<jk−1=i+r

k−2∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

=
i+r∑

l=i+1

ail

i+r−l∑

k=0

∑

l=j0<j1<···<jk=i+r

k−1∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

=
i+r∑

l=i+1

ail

i+r−l∑

k=1

∑

l=j0<j1<···<jk=i+r

k−1∏
q=0

ajqjq+1

a(i+r)(i+r) − ajqjq

=
i+r∑

l=i+1

ailpl(i+r).
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Now, let j ≥ i + 2. Then

bij

=
n∑

r=1

pirarrp
′
rj

= aiip
′
ij +

j−1∑

r=i+1

pirarrp
′
rj + pijajj

=


aii

j−i∑

k=1

(−1)k
∑

i=α0<α1<···<αk=j

k−1∏
q=0

pαqαq+1




+




j−1∑

r=i+1

pirarr

j−r∑

k=1

(−1)k
∑

r=γ0<γ1<···<γk=j

k−1∏
q=0

pγqγq+1


 + pijajj

= (ajj − aii) pij +


aii

j−i∑

k=2

(−1)k
∑

i=α0<α1<···<αk=j

k−1∏
q=0

pαqαq+1




+




j−i−1∑

k=1

j−k∑

r=i+1

(−1)karrpir

∑

r=γ0<γ1<···<γk=j

k−1∏
q=0

pγqγq+1




=
j∑

l=i+1

ailplj +


aii

j−i∑

k=2

(−1)k
∑

i=α0<α1<···<αk=j

k−1∏
q=0

pαqαq+1




+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1arrpir

∑

r=γ0<γ1<···<γk−1=j

k−2∏
q=0

pγqγq+1




=

(
aij +

j−1∑

l=i+1

ailplj

)
+


aii

j−i∑

k=2

(−1)k
∑

i=α0<α1<···<αk=j

k−1∏
q=0

pαqαq+1




+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1arrpir

∑

r=γ0<γ1<···<γk−1=j

k−2∏
q=0

pγqγq+1




= aij +
j−1∑

l=i+1

ailplj +




j−i∑

k=2

j−k+1∑

r=i+1

(−1)kaiipir

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1arrpir

∑

r=γ0<γ1<···<γk−1=j

k−2∏
q=0

pγqγq+1




= aij +
j−1∑

l=i+1

ailplj

+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1 (arr − aii) pir

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1



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= aij +
j−1∑

l=i+1

ailplj

+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1

(
air +

r−1∑

L=i+1

aiLpLr

) ∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




= aij +
j−1∑

l=i+1

ailplj +




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1air

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1
r−1∑

L=i+1

aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




= aij +
j−1∑

l=i+1

ailplj −
j−1∑

r=i+1

airprj

+




j−i∑

k=3

j−k+1∑

r=i+1

(−1)k−1air

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




+




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1
r−1∑

L=i+1

aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1




= aij

where we claim that




j−i∑

k=3

j−k+1∑

r=i+1

(−1)k−1air

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1


 +




j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1
r−1∑

L=i+1

aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1


 = 0.

To prove the above claim, first, we consider

j−i∑

k=3

j−k+1∑

r=i+1

(−1)k−1air

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1 .
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We can see that

j−i∑

k=3

j−k+1∑

r=i+1

(−1)k−1air

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1

=
j−i∑

k=3

j−k+1∑

r=i+1

(−1)k−1

j−k+2∑
s=r+1

airprs

∑

s=γ0<γ1<···<γk−2=j

k−3∏
q=0

pγqγq+1

=
j−i∑

k=3

j−k+2∑

s=i+2

s−1∑

r=i+1

(−1)k−1airprs

∑

s=γ0<γ1<···<γk−2=j

k−3∏
q=0

pγqγq+1 .

Next, we consider

j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1
r−1∑

L=i+1

aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1 .

We obtain that

j−i∑

k=2

j−k+1∑

r=i+1

(−1)k−1
r−1∑

L=i+1

aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1

=
j−i∑

k=2

j−k+1∑

r=i+2

r−1∑

L=i+1

(−1)k−1aiLpLr

∑

r=α0<α1<···<αk−1=j

k−2∏
q=0

pαqαq+1

=
j−i+1∑

k=3

j−k+2∑

r=i+2

r−1∑

L=i+1

(−1)k−2aiLpLr

∑

r=α0<α1<···<αk−2=j

k−3∏
q=0

pαqαq+1

=
j−i∑

k=3

j−k+2∑

r=i+2

r−1∑

L=i+1

(−1)k−2aiLpLr

∑

r=α0<α1<···<αk−2=j

k−3∏
q=0

pαqαq+1 .

Hence the claim is proved.
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