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Abstract Let X be a nonempty set and T'(X) denote the semigroup of transformations from X to itself
under the composition of functions. For a fixed nonempty subset Y of X, let

S(X,Y)={aeT(X):YaCY}.

Then S(X,Y) is a semigroup of total transformations of X which leave a subset Y of X invariant. In
this paper, we characterize coregular elements of S(X,Y’) and give necessary and sufficient conditions for
S(X,Y) to be coregular. Moreover, we study some properties of regularity on S(X,Y’) and give necessary
and sufficient conditions for S(X,Y’) to be left regular, right regular, completely regular, intra-regular

and directly finite.
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1. INTRODUCTION

Regular semigroups play an important role in the semigroup theory and they have
been studied from various aspects. An element a in a semigroup S is said to be regular if
a = aba for some b € S, left reqular if a = ba® for some b € S, right regqular if a = a?b for
some b € S, completely regular if a = aba and ab = ba for some b € S and intra-reqular
if @ = ba’c for some b,c € S. In fact, a is both left and right regular if and only if a is
completely regular. S is a regular [left regular, right reqular, completely reqular and intra-
reqular] semigroup if every element of S is regular [left regular, right regular, completely
regular and intra-regular].

A special case of a regular element is a coregular element. An element a in a semigroup
S is coregular if there exists b € S such that a = aba = bab, and S is coregular if every
element in S is coregular. Clearly, an element a in a semigroup S is coregular if and only
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if a® = a, and every coregular element is regular, left regular, right regular and completely
regular. Coregular semigroup was first introduced and studied by Bijev and Todorov [2].

We denote the set of all regular elements, left regular elements, right regular elements,
completely regular elements, intra-regular elements and coregular elements of a semigroup
S by Reg(S), LReg(S), RReg(S), CReg(S), IReg(S) and CoReg(S), respectively.

An element a in a semigroup S is said to be idempotent if a> = a. Then an idempotent
of S is regular, left regular, right regular, completely regular, intra-regular and coregular.
The set of all idempotents of S is denoted by E(.S).

A semigroup S is factorizable if S = GE for some subgroup G of S and some set E of
idempotents of S. We note that if a semigroup S is factorizable as GE, then S = GE(S).

An element a of a monoid S is said to be unit regular if a = aua for some unit u in S;
and S is a unit reqular semigroup if every element of S is unit regular. A monoid S with
identity 1 is directly finite if for any a and b in S, ab = 1 implies ba = 1.

In 1980, Alarcao [1] characterized when a monoid S is unit regular and when it is
directly finite. The author also gave relationships between a factorizable semigroup, a
unit regular semigroup and a directly finite semigroup.

Let X be a nonempty set, and T'(X) denote the set of all transformations from X to
itself. Then T'(X) is a semigroup under the composition of maps and it is called the full
transformation semigroup on X. It is known that T'(X) is a regular semigroup and every
semigroup can be embedded in T'(Z) for some set Z (see [7]).

In 1979, Tirasupa [10] showed that T'(X) is factorizable if and only if X is finite. Later,
in 1980 Alarcao [1] gave necessary and sufficient conditions for T'(X) to be unit regular
and directly finite.

For a fixed nonempty subset Y of X, let

S(X,)Y)={aeT(X): YaCY}.

Then S(X,Y) is a semigroup of total transformations on X which leave a subset Y of X
invariant. The semigroup S(X,Y’) was first introduced and studied by Magill [3] in 1966.
To the extent that S(X, X) = T(X), we may regard S(X,Y) as a generalization of T'(X).
Note that the identity map on X, denoted by idx, belongs to S(X,Y). For many years,
its concepts in semigroup theory such as regularity, automorphisms, factorization, Green’s
relations and ideals are studied. In fact, elements of S(X,Y’) need not be regular that
means S(X,Y) is not a regular semigroup in general. In 2005, Nenthein, Youngkhong
and Kemprasit [9] showed that S(X,Y") is a regular semigroup if and only if X =Y or YV’
contains exactly one element, and

Reg(S(X,Y)) ={a e S(X,Y): XanY =Y}

is the set of all regular elements of S(X,Y’). Boonmee [3] characterized when S(X,Y") is
a factorizable semigroup in 2007. Later in 2011, Honyam and Sanwong [6] characterized
when S(X,Y) is isomorphic to T(Z) for some set Z and proved that every semigroup
A can be embedded in S(A!, A) where Al is a monoid obtained from A by adjoining
an identity if necessary. Moreover, they also described Green’s relations and ideals of
S(X,Y). In 2013, Choomanee, Honyam and Sanwong [4] characterized left regular, right
regular and intra-regular elements of S(X,Y’) and considered the relationships between
these elements. Also, they found the number of left regular elements of S(X,Y) when X
is a finite set.

In this paper, we characterize coregular elements on S(X,Y’) and give necessary and
sufficient conditions for S(X,Y’) to be coregular in section 3. In section 4, we determine
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when S(X,Y) is left regular, right regular, completely regular and intra-regular and we
characterize when LReg(S(X,Y)), RReg(S(X,Y)), CReg(S(X,Y)) and TReg(S(X,Y))
to be subsemigroups of S(X,Y). Moreover, in section 5, we give necessary and sufficient
conditions for S(X,Y") to be directly finite.

2. PRELIMINARIES

In this section, we introduced some concepts and some results that will be used through-
out this paper.

Throughout this paper, the cardinality of a set A is denoted by |A|. Also, we write
functions on the right; in particular, this means that for a composition o, « is applied
first.

According to Clifford and Preston [5], vol. 2, p. 241, we will use the notation

(3

to mean that o € T(X) and take as understood that the subscript ¢ belongs to some
(unmentioned) index set I, the abbreviation {a;} denotes {a; : ¢ € I}, and that Xa = {a;}
and a;a~! = X; for alli € I. Given i € I, if X; = {x} for some = € X, then we simply
write x instead of {z}.

We modify the convention as in T'(X), for any o € S(X,Y) we can write

A; B; Cy
o= (ai bjj ck) ’
where A;NY # 0;B;,Cr, € X \Y;{a;} CY,{b;} CY \{a;} and {cx} € X \Y. Here, I
is a nonempty set, but J or K can be empty. For example: if o € Reg(S(X,Y)), then J
is an empty set. And if o ¢ Reg(S(X,Y)), then both I and J are nonempty sets but K
can be an empty set.

We note that for any o € S(X,Y), the symbol 7, will denote the partition of X
induced by the map «, namely

o ={za ' 12 € Xa}
and 7, (Y") will denote the subset of 7, which is defined by
oY) ={za"t:2 € XanY}.

Green’s relations on S(X,Y") are given by Honyam and Sanwong [6], which are needed
in characterizing some properties of regularity on S(X,Y).

Theorem 2.1. [6, Lemmas 2-3 and Theorems 4-5] Let o, B € S(X,Y). Then the following
statements hold.

(1) aLp if and only if Xa=Xp and Ya =Yp.

(2) aRB if and only if T, = 7 and 7o (Y) = ma(Y).

(3) aHp if and only if Xa=XB,Ya =Y S, 1y =75 and 7o (Y) = m3(Y).

(4) DB if and only if |[Yo| = |YB],| Xa\Y|=|XB\Y]| and

(XanY)\Ya| = (XBNY)\ V5.
(5) T B if and only if | Xa| = | X, [Va| = [V 8] and |Xa \ Y| = | X5\ Y].

For an element a in a semigroup S, D, and H, denote the equivalence class of D
containing a and the equivalence class of H containing a, respectively, that is

D,={be S:bDa} and H, = {be€ S : bHa}.
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In [6] the authors showed that H,q, is the group of units of S(X,Y"). In this case

_ (e b,
Hiqy = {(aia bj0> coe G(X, Y)}

where ¥ = {a;} and X \Y = {b;}; and G(X,Y) = {a € S(X) : a|y € S(Y)}. Note
that S(X) and S(Y) are the permutation group on X and the permutation group on Y,
respectively.

In general, Reg(S(X,Y")) is not a subsemigroup of S(X,Y). In [6], the authors gave
necessary and sufficient conditions for Reg(S(X,Y)) to be a subsemigroup of S(X,Y) as
follows.

Reg(S(X,Y)) is a regular subsemigroup of S(X,Y) if and only if Y = X or |Y| = 1.

Left regularity, right regularity and intra-regularity on S(X,Y") were studied by Chooma-
nee, Honyam and Sanwong [1] as shown in the following theorems.

Theorem 2.2. [, Theorems 3.1, 3.2 and 3.4] Let o € S(X,Y). Then the following
statements hold.
(1) « is left regular if and only if Xa = Xa? and Yo = Ya?.
(2) « is right regular if and only if Ty = Ta2 and 7, (V) = ma2(Y).
(3) « is intra-regular if and only if | Xa| = |Xa?|, |Ya| = |Ya?| and
[ Xa\Y|=|Xa?\Y]|.

Theorem 2.3. [4, Theorem 3.11] Let o € S(X,Y) be such that X is a finite set. Then
the following statements are equivalent.

(1) « is left reqular.

(2) « is right regular.

(3) « is intra-regular.

Theorem 2.4. [1, Theorem 4.3] The number of left reqular elements in S(X,Y) is

g XT: (Z) Kl —F (n;l r) ml(k +m)""m

m=0 k=1

where | X|=n and |Y|=r.

3. COREGULAR ELEMENTS ON S(X,Y)

In this section, we characterize coregular elements of S(X,Y’) and give necessary and
sufficient conditions for S(X,Y") to be coregular. Also, we describe when CoReg(S(X,Y))
is a subsemigroup of S(X,Y).

For regularity on S(X,Y) when |X| < 2, we obtain the following results.

Remark 3.1. If |[X| = 1, then S(X,Y) = T(X) contains exactly one element, and
hence S(X,Y) is regular, coregular, left regular, right regular, completely regular and
intra-regular.

Lemma 3.2. If |X| = 2, then S(X,Y) is reqular, coreqular, left reqular, right regular,
completely reqular and intra-regular.

Proof. Let | X| = 2. We consider two cases.
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Case 1: |Y|=1. Let X = {a,b} and Y = {a}. Then

S(X,Y) = { <Z 2) ’ ({aéb}> } '

Thus all elements in S(X,Y") are idempotents and so each element is regular, coregular,
left regular, right regular, completely regular and intra-regular.

Case 2: |Y| = 2. Then

=70~ (¢ Y o () - (49))

Thus aq,az, a4 are idempotents and we obtain that as = a® = (az)az? = az?(az) =
idx (ce?)as. So ay, s, a3 and ay are regular, coregular, left regular, right regular, com-
pletely regular and intra-regular.

Therefore, S(X,Y) is regular, coregular, left regular, right regular, completely regular
and intra-regular. ]

Now, we study coregularity on S(X,Y). Recall that @ in S(X,Y) is coregular if and
only if a® = a.

In general, S(X,Y) is not a coregular semigroup that means there exists an element
in S(X,Y) which is not coregular as shown in the following example.

Example 3.3. Let X ={1,2,3,4,5,6} and Y = {1,2,3}. Define

o= (028010

Then Ya = {1,2} CY and hence a € S(X,Y). We see that

3 _ {172733435} 6
o (12345 0)

So a? # a and therefore, « is not coregular.
The following theorem is a characterization of coregular elements of S(X,Y").

Theorem 3.4. Let o € S(X,Y). Then the following statements are equivalent.
(1) « is coregular.
(2) za € za™?t for all x € Xau.
(3) 02|, = idxa.

Proof. (1) = (2) Assume that « is coregular. Thus a® = a. Let z € Xa. Then z = z«

for some z € X. So

T = za = za® = (za)aa = (za)a,

that means za € za !

(2) = (3) Assume that za € za~? for all x € Xa. For each z € Xa,

ra? = (za)a = = ridx,.

Thus o?|y,, = idxa-

(3) = (1) Assume that o?|y,_, =idxa. Let € X. Then

3 2

za’ = (za)a” = (za)idx, = za

3

and so a® = a. Hence « is a coregular element. [
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Now, we give a simple example of coregular elements of S(X,Y).

Example 3.5. Let X = N denote the set of all positive integers and Y = {1,2, 3,4, 5,6}.
Define «, 8 € S(X,Y) by

_ ({12} 3 {45} {67} 20 2m+1
““le6 4 3 1 2041 2 ) _,

and

n>8

_ ({12} {3,455} {67} =n
B_( 3 1 6 n+1)

Then

n>8

02({112} 3 s} (6.7 Z)

Thus o?|y,, = idxa and hence « is a coregular element by Theorem 3.4 (3). However, j3
is not a coregular element since 9 € X3 and 98 = 10 ¢ {8} = 9371

As a consequence of Theorem 3.4, the necessary and sufficient condition for the semi-
group S(X,Y) to be a coregular semigroup given as follows.

Theorem 3.6. S(X,Y) is coregular if and only if | X| < 2.

Proof. Assume that |X| < 2. By Remark 3.1 and Lemma 3.2, we have S(X,Y) is a
coregular semigroup. Conversely, assume that |X| > 3. We consider two cases.

Case 1: [Y|=1. Then |[X \Y|>2. Let Y = {y} and z € X \ Y. So X \ {y,z} # 0.

Define
o ({y,yz} X\iyvz}) € S(X.Y).

Thus z € Xa and za = y ¢ X \ {y,2} = za~!. By Theorem 3.4 (2), we get a is not
coregular.

Case 2: |Y| > 1. Let a,b € Y be such that a # b. Then X \ {a,b} # 0 since | X| > 3.
Define
({a,b} X\ {a,b})
a= .
a b

We see that Xa = {a,b} C Y and so @ € S(X,Y). From b € Xa and ba = a ¢
X \ {a,b} = ba™?!, we conclude that « is not coregular by Theorem 3.4 (2).

Therefore, S(X,Y) is not a coregular semigroup. [

From Theorem 3.4, we obtain that

CoReg(S(X,Y)) ={a € S(X,Y):za € za™ ! for all z € Xa}
={aeS(X,Y): |y, =idxa}-

The following example shows that, in general, CoReg(S(X,Y’)) is not a subsemigroup
of S(X,Y).
Example 3.7. Let X ={1,2,3,4,5} and Y = {1,2,3}. Define

o ({1,?3} {4;15}> and § = ({15))2} {3,421,5})_
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Then a, § € S(X,Y) such that « is an idempotent and
52 = {1,2} {3,4,5}
2 3
Thus o® = o and B?|xp = idxp, and so «a, 3 € CoReg(S(X,Y)). Consider
_ ({1,2,3} {4,5}
af = ( 3 9 .

We see that 2(af) = 3 ¢ {4,5} = 2(af)~!. By Theorem 3.4 (2), we have af is not
coregular, that means a8 ¢ CoReg(S(X,Y)).

In order to give necessary and sufficient conditions for the set of all coregular elements
is a subsemigroup of S(X,Y’), the following lemma is needed.

Lemma 3.8. If | X| > 3, then CoReg(S(X,Y)) is not a subsemigroup of S(X,Y).

Proof. Let | X| > 3. We consider two cases.
Case 1: X =Y. Let z,y, z be distinct elements in X. Define o, 8 € S(X,Y) = T(X)

by
o <{w£/y} X\{Zaf,y}> and f = (z X\x{y}).

Then «, 8 are idempotents and so «, 8 are coregular elements. We see that
s ({x,y} X\ {x,y}>
Yy x
and z € Xaf} such that z(aB) =y ¢ X \ {z,y} = z(aB)~!. By Theorem 3.4 (2), we have
af is not a coregular element.
Case 2: Y C X. LetyeY andze X \Y.
Subcase 2.1: |Y| = 1. Thus Y = {y} and there exists x € X \ {y, z}. Define
o <{x7y} X\{:v,y}> and f = <y X\{y}).
Y z Y Z
We see that «, 8 are idempotents in S(X,Y’) and so «, 8 are coregular. Then
of = <{x,y} X\{x,y}>
y x
and 2(af) =y ¢ X \ {z,y} = 2(aB)~!. Thus af is not a coregular element.
Subcase 2.2: Y| > 2. Then there is z € Y \ {y}. Define

" (1; X;Y) and (Y\y{x} (X\Ygu{z})

So o, 8 € S(X,Y) and «, 8 are idempotents, which implies that «, 5 are coregular. We
obtain that
(Y X\Y
= (y x )

and x(af) =y ¢ X \ Y = 2(aB)~!, thus af is not coregular.
Therefore, CoReg(S(X,Y)) is not a subsemigroup of S(X,Y). ]



576 Thai J. Math. Vol. 21 (2023) /S. Phongchan and P. Honyam

The following theorem is a direct consequence of Theorem 3.6 and Lemma 3.8.

Theorem 3.9. The following statements are equivalent.
(1) [X] < 2.
(2) S(X,Y) is coregular.
(3) CoReg(S(X,Y)) is a subsemigroup of S(X,Y).

4. SOME PROPERTIES OF REGULARITY OF S(X,Y)

In this section, we characterize when S(X,Y") is left regular, right regular, completely
regular and intra-regular. Moreover, we give necessary and sufficient conditions for
LReg(S(X,Y)), RReg(S(X,Y)), CReg(S(X,Y)) and IReg(S(X,Y)) to be subsemigroups
of S(X,Y).

Theorem 4.1. The following statements are equivalent.

(1) |X] < 2.

(2) S(X,Y) is left regular.

(3) LReg(S(X,Y)) is a subsemigroup of S(X,Y).
Proof. Tt is clear that (2) = (3). To prove that (1) = (2), assume that |X| < 2. Then
S(X,Y) is left regular by Remark 3.1 and Lemma 3.2. Now, we prove that (3) = (1).

Assume that | X| > 3. If X =Y, then we define «, 8 as in Lemma 3.8 (Case 1). So «, 3
are idempotent and hence «, § are left regular elements. We see that

o () ) i (3)

so X(aB) # X(aB)?. Thus af is not left regular by Theorem 2.2 (1). If Y € X and
|Y| =1, then we define «, 8 as in Lemma 3.8 (Subcase 2.1). By the same prove as given
for the case X =Y, we get «, § are left regular, but af is not left regular. And, if Y C X
and |Y| > 2, we define «, 8 as in Lemma 3.8 (Subcase 2.2). So «, 3 are idempotent and
also left regular elements. We obtain that

as = X7 and s = (),

) Y
and hence X (af3) # X (aB)?. Thus af is not left regular by Theorem 2.2 (1). Therefore,
LReg(S(X,Y)) is not a subsemigroup of S(X,Y). L]

Theorem 4.2. The following statements are equivalent.
(1) X] < 2.
(2) S(X,Y) is right regular.
(3) RReg(S(X,Y)) is a subsemigroup of S(X,Y).

Proof. Clearly (2) = (3). By Remark 3.1 and Lemma 3.2, we conclude that (1) = (2).
Now, we prove that (3) = (1). Assume that |X| > 3. Define a, 5 € S(X,Y) as in Lemma
3.8. Then «, 8 are right regular elements. But, we obtain that m.s # 7(ag)2, thus af
is not right regular by Theorem 2.2 (2). So RReg(S(X,Y)) is not a subsemigroup of
S(X,Y). ]

Remark 4.3. « € S(X,Y) is completely regular if and only if « is both left and right
regular.
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Theorem 4.4. The following statements are equivalent.
(1) X] < 2.
(2) S(X,Y) is completely regular.
(3) CReg(S(X,Y)) is a subsemigroup of S(X,Y).

Proof. Obviously (2) = (3). By Theorems 4.1, 4.2 and Remark 4.3, it follows immediately
that (1) = (2). Assume that |X| > 3. Define o, 8 € S(X,Y) as in Lemma 3.8. Then
a, 3 are completely regular elements. But, we get mos # T(ap)2, thus af is not right
regular by Theorem 2.2 (2) and hence af is not completely regular by Remark 4.3. So
CReg(S(X,Y)) is not a subsemigroup of S(X,Y). L]

Theorem 4.5. The following statements are equivalent.
(1) |X] < 2.
(2) S(X,Y) is intra-regular.
(3) TReg(S(X,Y)) is a subsemigroup of S(X,Y).

Proof. From Remark 3.1 and Lemma 3.2, we obtain that (1) = (2). To prove (3) =
(1), assume that |X| > 3. Then there exist o, € TReg(S(X,Y)) which are defined
as in Lemma 3.8. But, we obtain that |Xaf] = 2 # 1 = |X(af)?| and hence aff ¢
IReg(S(X,Y)) by Theorem 2.2 (3). And, it is clear that (2) = (3), so the proof is
complete. L]

As a direct consequence of Theorems 3.9, 4.1, 4.2, 4.4 and 4.5, we have the following
corollary.

Corollary 4.6. The following statements are equivalent.
(1) [X] <2

We know that every coregular element is both left and right regular, but there are left
and right regular elements which are not coregular as shown in the following lemma.

Lemma 4.7. If |Y| > 3 or | X \ Y| > 3, then there exists o € LReg(S(X,Y)) N
RReg(S(X,Y)) such that oo ¢ CoReg(S(X,Y)).

Proof. Assume that |Y| >3 or | X \ Y| > 3. We consider two cases.
Case 1: |Y| > 3. Let a,b, ¢ be distinct elements in Y. Define

(a b ¢ z)
¢ a x ze€X\{a,b,c}

Then a € S(X,Y) and we see that

9 (a b ¢ x)
o = b .
€Y T sex\{abel

So Xa=X=Xa?2,Ya=Y =Ya? m, = ma2 and 7,(Y) = 7,2(Y). By Theorem 2.2,

we obtain that « is left regular and right regular. But, since ca = a ¢ {b} = ca™!, we

have a ¢ CoReg(S(X,Y)) by Lemma 3.4 (2).
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Case 2: | X \ Y| > 3. Let a,b,c be distinct elements in X \ Y. Define « as in Case 1.
By the same proof, we obtain that « is left regular and right regular but not coregular. m

Recall that CoReg(S(X,Y)) = LReg(S(X,Y)) = RReg(S(X,Y)) = CReg(S(X,Y)) =
TReg(S(X,Y)) = S(X,Y) when |X| < 2. Here, there are some other cases that coregular
elements, left regular elements, right regular elements, completely regular elements and
intra-regular elements are coincide as the following theorem.

Theorem 4.8. If (|X|],|Y]) € {(3,1),(3,2),(4,2)}, then
CoReg(S(X,Y))=LReg(S(X,Y))=RReg(S(X,Y))=CReg(S(X,Y))=IReg(S(X,Y)).

Proof. We know that every idempotent is coregular and every coregular element is left
regular. So E(S(X,Y)) C CoReg(S(X,Y)) C LReg(S(X,Y)). Assume that (| X|,|Y]) €
{(3,1),(3,2),(4,2)}. We consider three cases.

Case 1: (|X|,|Y]) =(3,1). Let X ={a,b,c¢} and Y = {a}. Then

s ={(s 126 50 ()
() (0 5 ()

b
o= (Z . g) € S(X,Y).

Then o = idx and hence « is coregular by Theorem 3.4 (3). Hence E(S(X,Y))U{a} C
CoReg(S(X,Y)) C LReg(S(X, Y)) By Theorem 2.4, we get

2
1 2
1.1-k | 2—m
|LReg(S E > (k> klk <m> m!(k +m)

Let

m=

G 1t- 1<2)o!(1+0)20+ (1)1!111@)1!(1“)21
(oo

=1+4+2
=T.

Since |E(S(X,Y)) U{a}| = 7 = |LReg(S(X,Y))|, we obtain that CoReg(S(X,Y)) =
LReg(S(X,Y)).
Case 2: (| X|,|Y]) =(3,2). let X = {a,b,c} and Y = {a,b}. Then

s 2 (0 3 (% 9 (4 )
(o (4 ()

Define oy, o, a3 € S(X,Y

( (57 e ¢ )
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Then a2 = idyx, as? = ( Z) nd « ( ) and s 0422|XO[2 = idxay,
3

and o3 |X = idxa,. By Theorem 3.4 (3), we see that a1, s, ag are coregular. Hence
E(S(X, Y)) U {a1, az,a3} € CoReg(S(X,Y) R g(S(X Y)). By Theorem 2.4, we
have

|LReg(S(X,Y))| = ZZ()k'k () (k4 m)t—™

m=0 k=1

-E [ (s
s -

R

{( )(O) 0!(1 4 0)*~ (2)(3)0!(2+0)1—0}
+ [(2) G)l!(l +1) 4 (2)<1>1!(2+ 1)11]

=24+4+2+2
= 10.

So |E(S(X,Y)) U {a1,a2,a3}] = 10 = |LReg(S(X,Y))| and thus CoReg(S(X,Y)) =
LReg(S(X,Y)).

Case 3: (|X|,|Y]) = (4,2). Let X = {a,b,¢,d} and Y = {a,b}. Then
b ¢

E(S(X,Y))Z{(Z ; d) <{ b} c ) <{ b} e d)
{a, }Z§)< d} )( {b}d>
( {b.d) E)(Z { d}) < b {c, d})
({b}{d}>({b}{d

({bb} {c, d}> (
<{ b, e d) <{ b, c}
({ ) i) <{ ¢ d}
(+4) (+4)}

><{b}{d})
{b,d ><{d}{b})
) (o292,
). "57),

(SRS N S S

Define
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_fa b ¢ d
M=\ a ¢ d);
_ ({a,b} ¢ d

- a d c)’
~ ({a,d} b ¢
a7 = < b a c)’

b a c

am:(a b {e,d}

1ef{l,...,

).
. ({aé)d} {b&c}>’

Then a; € S(X,Y) for alli € {1,...,
15}. Thus «a; € CoReg(S(X

E(S(X,Y))U{a;:ie{1,...

a b ¢ d _fa b c d
2=\g b d ¢)’ B=\b a d ¢)°

_ ({a,b} ¢ d _ ({a,c} b d
S=U b doe) “\ b a a)

_fa {bc} d ~fa {bd} ¢
aS_(b a d)’ ag_(b a c)’

L ({al,)c} {bzld})7

a
a15 = <b

15}. It is easy to check that a;?|y,,

{b,c, d}> .

a
. = tdxq, for all
Y)) by Theorem 3.4 (3) and hence

,15}} € CoReg(S(X,Y)) € LReg(S(X,Y)).

By Theorem 2.4, we obtain that

2 2
ILReg(S( Fig2 k(2 m!(k +m)* ™
s = 25 (1) )
2 1/2
= 12t ml(14m)*™
S 6 ()
+ (;) 212272 (i) m!(2 4 m) m]
: 2 2
= 2 m!(14+m)>"™ + (2)(  )m!(2+m)* "™
S [t e
~ @ @ 01(1 4 0)2° + (2) (3) 012 + 0)2-0}
+ [(2) G) NA+1)21 +(2) G) (2 + 1)21]
+ [(2) @ 2(1+2)22 4 (2) @)2!(2 + 2)2—2]
=24848+12+4+4
= 38.
So |[E(S(X,Y))U{a; : i € {1,...,15}}] = |[E(S(X,Y))|+15 = 23+ 15 = 38 =
|[LReg(S(X,Y))|. Hence CoReg(S(X,Y)) = LReg(S(X,Y)).
Since X is a finite set, we have LReg(S(X,Y)) = RReg(S(X, Y)) = IReg(S(X, Y)) b
Theorem 2.3. ByRemark43 WegetLReg( ( ,Y)) = RReg(S(X,Y)) = CReg(S(X
Therefore, CoReg(S(X,Y)) = LReg(S(X,Y)) = RReg(S(X,Y)) = CReg(S(X, Y))

TReg(S(X,Y)).
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Moreover, we have the following theorem.

Theorem 4.9. CoReg(S(X,Y)) = LReg(S(X,Y)) = RReg(S(X,Y)) if and only if | X| <
2 or (IX],[Y]) €{(3,1),(3,2),(4,2)}.

Proof. Assume that | X| <2 or (|X],|Y]) € {(3,1),(3,2),(4,2)}. By Remark 3.1, Lemma
3.2 and Theorem 4.8, we get CoReg(S(X,Y)) = LReg(S(X, Y)) = RReg(S(X,Y)).
Conversely, assume that |X| > 3 and (|X| IY]) ¢ {(3,1),(3,2),(4,2)}. Then [Y]| >3
or | X\Y| > 3. By Lemma 4.7, CoReg(S(X,Y)) C LReg(S(X,Y))NRReg(S(X,Y)), that
means CoReg(S(X,Y)) # LReg(S(X,Y)) and CoReg( (X,Y)) # RReg(S(X,Y)). ]

5. FINITENESS CONDITIONS ON S(X,Y)

In this section, we characterize when S(X,Y") is unit regular and directly finite which
depend on the finiteness conditions on sets.

Alarcao [1] characterized when a monoid S is directly finite and gave a relationship
between a unit regular semigroup and a factorizable semigroup as follows.

Theorem 5.1. [I, Propositions 1-3] Let S be a semigroup with identity 1. Then the
following statements hold.

(1) S is unit regular if and only if S is factorizable.

(2) S is directly finite if and only if Hy = Ds.

Later, Boonmee [3] characterized when S(X,Y") is factorizable as follows.

Theorem 5.2. [3, Theorem 3.3.13] S(X,Y) is factorizable if and only if the following
conditions hold.

(1) X is finite.

2) X =Y or|Y|=1.

As a direct consequence of Theorems 5.1 and 5.2, we have the following theorem.

Theorem 5.3. S(X,Y) is unit reqular if and only if the following statements hold.
(1) X is a finite set,
(2) X =Y or|Y|=1.

The following example shows that if X is an infinite set, S(X,Y") need not be directly
finite.

Example 5.4. Let X = N and Y be the set of all even positive integers. Define
(2 2n+2 2n—-1
“T\2 2mt4 2m-1)

3= {2,4} 2n+4 2n-1
2 2n+2 2n-—1 n>1

and

Then o, f € S(X,Y) and
(2 2n+2 2n-1 .
O"B_(2 2n + 2 2n—1)n>1_ZdX’

~ ({2,4} 2n+4 2n-1 .
BO‘< 2 on+d 2n-1)  Tix

but
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Thus S(X,Y) is not directly finite.
Finally, we give the necessary and sufficient condition for S(X,Y") to be directly finite.
Theorem 5.5. S(X,Y) is directly finite if and only if X is a finite set.

Proof. Assume that X is a finite set. Let a, § € S(X,Y) be such that a8 = idx. Then «
is injective. Since X is finite, we have « is surjective and hence Xa = X. Let x € X. Thus
z € Xa and there exists z € X such that x = za. So zfa = zafa = zidxy a = za = z,
and we conclude that Sa = idx.

Conversely, assume that X is an infinite set. To prove that S(X,Y) is not directly
finite, we consider two cases.

Case 1: Y is infinite. Choose a € Y. Then |Y \ {a}| = |Y]| and hence there is a
bijection ¢ : Y\ {a} - Y. Let Y\ {a} ={y; i € I}. Fixigp € I and let I’ =T\ {ip}.

Define oo € S(X,Y’) by
a = ({yim a} Yir x) )
Yig P Yirp T zeX\Y

Thus « is surjective and hence |Ya| = |Y| = |YVidx|, |Xa\Y| = |X\Y]| = |Xidx \ Y]
and [(XanY)\Ya|=|Y\Y|=|(XidxNY)\Yidx|. So o € D;q by Theorem 2.1 (4).
We see that 7, # T4y, that means o ¢ H,q,. Thus D;q, # H;q, and hence S(X,Y) is
not directly finite by Theorem 5.1 (2).

Case 2: Y is finite. Thus X \ 'Y is infinite. Choose b € X\ Y. Then | X \ (Y U{b})| =
|X \ Y| and there exists a bijection ¢ : X \ (Y U{b}) = X\ Y. Let X\ (Y U{b}) = {z; :
j€J}. Fix jo € J and let J' = J\ {jo}. Define

8= (y {zjo, b} xj )
Yy TjoO X o yey

Then 8 € S(X,Y)and X5 = X. So |YB| =|Y| = |Yidx]|, | XB\Y| = |X\Y]| = | Xidx \Y|
and |(XANY)\YS| =Y \Y| = |(Xidx NY) \ Yidx|. By Theorem 2.1 (4), we have
B € Diqy. However, 8 ¢ H,q, since mg # may. Thus Djq, # H;q, and therefore,
S(X,Y) is not directly finite. ]

ACKNOWLEDGEMENTS

We would like to thank the referees for their comments and suggestions on the manu-
script. This research was supported by Chiang Mai University.

REFERENCES
[1] H.D. Alarcao, Factorizable as a finiteness condition, Semigroup Forum (20) (1980)
281-282.
[2] G. Bijev, K. Todorov, Coregular semigroups, Notes on Semigroups VI, Budapest
(1980), 1-11.

[3] A. Boonmee, Factorizable on Some Semigroups, Master’s Thesis, directed by J. San-
wong, Chiang Mai University, Chiang Mai, Thailand, 2007.

[4] W. Choomanee, P. Honyam, J. Sanwong, Regularity in semigroups of transformations
with invariant sets, Int. J. Pure Appl. Math. 87 (1) (2013) 151-164.



Regularity and Finiteness Conditions on Transformation ... 583

[5] A.H. Clifford, G.B. Preston, The Algebraic Theory of Semigroups, Mathematical
Surveys 7 (1-2), American Mathematical Society, Providence, RI, 1961 and 1967.

[6] P. Honyam, J. Sanwong, Semigroups of transformations with invariant set, J. Korean
Math. Soc. 48 (2) (2011) 289-300.

[7] J.M. Howie, Fundamentals of Semigroup Theory, Oxford University Press, New York,
1995.

[8] K.D. Magill Jr., Subsemigroups of S(X), Math. Japon. 11 (1966) 109-115.

[9] S. Nenthein, P. Youngkhong, Y. Kemprasit, Regular elements of some transformation
semigroups, Pure Math. Appl. 16 (3) (2005) 307-314.

[10] Y. Tirasupa, Factorizable transformation semigroups, Semigroup Forum 18 (1)
(1979) 15-19.



	Introduction
	Preliminaries
	Coregular Elements on  S(X,Y) 
	Some Properties of Regularity of  S(X,Y) 
	Finiteness Conditions on  S(X,Y) 

