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1. Introduction

Let X be a complete CAT(0) space and C be a nonempty subset of X. A mapping
T : C → X is said to be L-Lipschitz if there exists L ≥ 0 such that

d(Tx, Ty) ≤ Ld(x, y), for all x, y ∈ C, (1.1)

where d is a metric on X. When L = 1, the mapping T is said to be nonexpansive. If
there exists k ∈ [0, 1) such that

d2(Tx, Ty) ≤ d2(x, y) + 4kd2(
1

2
x⊕ 1

2
Ty,

1

2
Tx⊕ 1

2
y),∀x, y ∈ C, (1.2)

then the mapping T is said to be k-strictly pseudocontractive.

One can easily see that a nonexpansive mapping is 0-strictly pseudocontractive map-
ping. In addition, every k-strictly pseudocontractive mapping is Lipschitz with Lipschitz
constant L = 1+k

1−k (see, e.g., [1]).
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Given a mapping T : C → X, a point x ∈ C is called a fixed point of T if x = Tx. The set
of all fixed points of the mapping T is denoted by F (T ), that is F (T ) = {x ∈ C : Tx = x}.
The mapping T is said to be

(a) quasi-nonexpansive if F (T ) 6= ∅ and

d(Tx, p) ≤ d(x, p),∀x ∈ C,∀p ∈ F (T ).

(b) demicontractive if F (T ) 6= ∅ and there exists k ∈ (0, 1) such that

d2(Tx, p) ≤ d2(x, p) + kd2(x, Tx),∀x ∈ C,∀p ∈ F (T ).

We observe that every nonexpansive mapping with nonempty fixed point set is quasi-
nonexpansive mapping and every quasi-nonexpansive mapping is demicontractive map-
ping. Moreover, if the mapping T is k-strictly pseodocontractive with F (T ) 6= ∅, then it
is demicontractive.

Because of its immense applications in several disciplines of sciences and engineering, the
theory of fixed points of nonlinear mappings have been studied by several authors (see,
e.g., [2–13] and the references therein). In particular, fixed point results in CAT(0) spaces
are applicable in graph theory, biology and computer sciences (see, e.g., [14–17]). Related
works can also be found in [18–24].

Several iterative methods have been constructed and studied for approximating fixed
points (when they exist) of nonlinear mappings. One of the most known iterative methods
studied by several authors (see, e.g., [7, 25, 26]) in Banach spaces is the following.

xn+1 = αnxn + (1− αn)Txn, (1.3)

where {αn} is a sequence in (0, 1) and initial guess x1 is arbitrarily chosen. The sequence
{xn} generated by (1.3) is generally referred to as Mann iterative process in light of [27].

In 2001, Xu and Ori [28] proposed and studied the following Mann type implicit iteration
process for common fixed points of a finite family of nonexpansive self mappings {Ti}Ni=1

in a real Hilbert space H. Given x0 ∈ C ⊂ H, let

xn = αnxn−1 + (1− αn)Tnxn, n ∈ N,

where T1, T2, · · · , TN are N nonexpansive self-mappings of C and Tn = Tn mod N . They
proved that the proposed algorithm converges weakly to a common fixed point of the
mappings {Ti}Ni=1.

A year later, Osilike [29] extended the results of Xu and Ori [28] from the class of non-
expansive mappings to the more general class of strictly pseudocontractive self mappings
and proved some strong and weak convergence results.

In 2010, Chidume and Shahzad [30] constructed and studied an explicit Mann type iter-
ative scheme for a finite family of mappings in a real Banach space which is more general
than the Hilbert space. They proved the following Theorem.

Theorem 1.1. Let X be a uniformly smooth real Banach space which is also uniformly
convex and C be a nonempty closed convex subset of X. For each 1 ≤ i ≤ N, let Ti : C → C
be a λi-strict pseudocontraction for some 0 ≤ λi < 1 with F = ∩Ni=1F (Ti) 6= ∅. For a fixed
x0 ∈ C, define a sequence {xn} by

xn+1 = (1− αn)xn + αnT[n]xn,
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where T[n] = Ti with i = n(modN), 1 ≤ i ≤ N and {αn} is a real sequence in [0, 1]

satisfying the following conditions: (i)

∞∑
n=1

αn = ∞; (ii)

∞∑
n=1

α2
n < ∞. Let λ := min{λi :

1 ≤ i ≤ N}. Then, {xn} converges weakly to a common fixed point of the family {Ti}Ni=1.

Many iterative methods have also been studied for approximating fixed points of nonlinear
family of mappings in a CAT(0) space setting (see, e.g., [31, 32]). Note that all the above
results are valid only for self mappings. For non-self mappings the concepts of metric
projection or sunny nonexpansive retraction mappings have been used by several authors
(see, e.g., [33–35]). It is pointed out in [36] that in many real world applications, the
process of calculating these auxiliary operators can be a resource consumption task and
it may require an approximating algorithm by itself. In an attempt to overcome this
problem Colao and Marino [36] introduced a new searching strategy for the coefficient αn

which makes the Mann algorithm well defined for non-self mappings in the setting of a
real Hilbert space H. In fact, they studied the following scheme:

x0 ∈ C,
α0 = max{ 12 , h(x0)},
xn+1 = αnxn + (1− αn)Txn,
αn+1 = max{αn, h(xn+1)}, n ≥ 0,

(1.4)

where h(x) := inf{λ ≥ 0 : λx+(1−λ)Tx ∈ C},∀x ∈ C ⊆ H and T is single-valued non-self
mapping of C into H. They obtained weak and strong convergence results of the algorithm
to a fixed point of nonexpansive non-self mappings under appropriate conditions.

However, how to adapt algorithm (1.4) to produce a converging sequence to a common
fixed point for a family of nonself mappings was an open question. In order to answer this
question, Guo et al. [37], introduced and studied an iterative process for approximating
common fixed points of a countably infinite family of non-self nonexpansive mappings in
the setting of Hilbert spaces. They obtained some weak and strong convergence results
under suitable conditions. In [38] Tufa and Zegeye have extended this results of Guo
et al. [37] to the setting of CAT(0) spaces. They have established weak and strong
convergence result for approximating common fixed points of a countably infinite family
of quasi-nonexpansive mappings under some mild conditions. Moreover, they proved
strong convergence result for a family of demicontractive mappings. Indeed they proved
the following theorem.

Theorem 1.2. Let C be a nonempty, closed and convex subset of a complete CAT (0)
space X and Ti : C → X be an inward and demicontractive mapping with constant ki, for
each i = 1, 2, 3, · · · . Let {xn} be generated from arbitrary initial point x1 ∈ C by α1 = max{k1, h1(x1)},

xn+1 = αnxn ⊕ (1− αn)Tnxn,
αn+1 = max{αn, kn+1, hn+1(xn+1)}, n ≥ 1,

(1.5)

where hn(xn) := inf{λ ≥ 0 : λxn ⊕ (1− λ)Tnxn ∈ C}.
Suppose that F =

⋂∞
n=1 F (Tn) 6= ∅ and (F,C) satisfies S-condition. If k := sup{kn} < 1

and
∑

(1− αn) <∞, then {xn} converges strongly to a point in F.
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How to adapt the algorithm for a finite family of mappings remained open until it is
modified by Tufa et al. [39] in 2021 for approximating a common fixed point of a finite
family of k-strictly pseudocontractive mappings in the setting of Hilbert spaces.

It is our purpose, in this paper, to construct an iterative scheme for approximating a
common fixed point of a finite family of k-strictly pseudocontractive non-self mappings in a
CAT(0) space. We prove4-convergence or strong convergence results of the scheme based
on the nature of the iteration parameter. Moreover, we construct and study an iterative
scheme for approximating common fixed points of a finite family of demicontractive non-
self mappings under some mild conditions. Our results fill some of the aforementioned
gaps.

2. Preliminaries

Let (X, d) be a metric space and x, y ∈ X. A mapping r : [0, l] ⊂ R → X with
r(0) = x, r(l) = y and d(r(t), r(t0)) = |t − t0| for all t, t0 ∈ [0, l] is said to be a geodesic
path joining x to y. The image of r is called a geodesic segment joining x and y. The
geodesic segment between x and y, when it is unique, is denoted by [x, y]. This means
that z ∈ [x, y] if and only if there exists t ∈ [0, 1] such that d(x, z) = (1 − t)d(x, y) and
d(y, z) = td(x, y). In this case we write z = tx⊕ (1− t)y.

If every two points of X are joined by a geodesic, then the metric space (X, d) is said
to be a geodesic space. It is said to be uniquely geodesic space if there is exactly one
geodesic joining x and y for each x, y ∈ X. A uniquely geodesic space (X, d) is said to be
an R-tree, if x, y, z ∈ X with [x, y]∩ [y, z] = {y} implies [x, z] = [x, y]∪ [y, z]. When there
is no ambiguity, we simply denote a geodesic space (X, d) by X.

A geodesic triangle denoted by 4(x1, x2, x3) in a geodesic space X consists of three
points x1, x2, x3 ∈ X (vertices) and three geodesic segments joining each pair of vertices.
A comparison triangle of a geodesic triangle 4(x1, x2, x3) is the triangle 4̄(x1, x2, x3) :=
4(x̄1, x̄2, x̄3) in the Euclidean space R2 such that d(xi, xj) = dR2(x̄i, x̄j) for all i, j =
1, 2, 3.

A geodesic space X is said to be a CAT(0) space if every geodesic triangle 4 in X and
its comparison triangle 4̄ in R2 satisfy the following condition:

d(x, y) ≤ dR2(x̄, ȳ), ∀x, y ∈ 4, x̄, ȳ ∈ 4̄. (2.1)

It is well known that a CAT(0) space X is uniquely geodesic space. Pre-Hilbert spaces,
R−trees and Euclidean buildings are examples of CAT (0) spaces (see, e.g., [40, 41]).

Let {xn} be a bounded sequence in a CAT(0) space X. For x ∈ X, we set r(x, {xn}) =
lim sup
n→∞

d(x, xn). The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X}

and the asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.

It is known [42] that in a CAT(0) space X, the asymptotic center A({xn}) of {xn}
consists of exactly one point. The sequence {xn} is said to be 4-convergent to x ∈ X if
A({xnk

}) = {x} for every subsequence {xnk
} of {xn}. The uniqueness of asymptotic center
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implies that a CAT(0) spaceX satisfies Opial’s property, i.e., for given {xn} ⊆ X such that
{xn} 4-converges to x and given y ∈ X with y 6= x, lim sup

n→∞
d(xn, x) < lim sup

n→∞
d(xn, y).

Let C be a nonempty subset of a CAT(0) space X and T : C → X be a mapping. Since it
is not possible to formulate the concept of demiclosedness in a CAT(0) space setting, as
stated in linear spaces, we shall say that the map T has demiclosedness-type property if
for any sequence {xn} ⊆ C such that {xn} 4−converges to p and d(xn, Txn)→ 0, then
p = Tp (see [1, 32]).

For any x ∈ C, the set

IC(x) =
{
w ∈ X : w = x or y = (1− 1

λ
)x⊕ 1

λ
w, for some y ∈ C, λ ≥ 1

}
is called an inward set at x. The mapping T : C → X is said to be inward on C if
Tx ∈ IC(x).

We shall use the following lemmas in the sequel.

Lemma 2.1 ([43]). Let X be a CAT(0) space. Then the following inequality holds true
for all x, y, z ∈ X and λ ∈ [0, 1].

d2(λx⊕ (1− λ)y, z) ≤ λd2(x, z) + (1− λ)d2(y, z)− λ(1− λ)d2(x, y).

Lemma 2.2 ([1, 32]). Let C be a closed convex subset of a complete CAT(0) space X
and T : C → X be k-strictly pseudocontractive mapping. Then the following hold.

(i) F (T ) is closed and convex,
(ii) T has demiclosedness-type property.

Lemma 2.3 ([44]). Every bounded sequence in a complete CAT(0) space always has a
4−convergent subsequence.

The following Lemma is obtained from Lemma 3.3 of Tufa and Zegeye [45].

Lemma 2.4. Let C be a nonempty, closed and convex subset of a complete CAT(0) space
X and T : C → X be a mapping. Define h : C → R by

h(x) = inf{λ ≥ 0 : λx⊕ (1− λ)Tx ∈ C}.
Then for any x ∈ C, the following hold:

1) h(x) ∈ [0, 1] and h(x) = 0 if and only if Tx ∈ C;
2) if β ∈ [h(x), 1], then βx⊕ (1− β)Tx ∈ C;
3) if T is inward, then h(x) < 1;
4) if Tx 6∈ C, then h(x)x⊕ (1− h(x))Tx ∈ ∂C.

We may also use the following notions in the sequel.

Let C be a subset of a complete CAT(0) space X. A sequence {xn} in C is called Fejér-
monotone with respect to a subset D of C if for any x ∈ D, we have

d(xn+1, x) ≤ d(xn, x),∀n ≥ 1.

Definition 2.5 ([37, 38]). Let D and C be two closed, convex and nonempty subsets of
a CAT(0) space X with D ⊆ C. For any sequence {xn} in C if {xn} converges strongly
to an element x∗ ∈ ∂C\D,xn 6= x∗ implies that {xn} is not Fejer-monotone with respect
to the set D, we say that the pair (D,C) satisfies S-condition.
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3. Main Results

We start this section by constructing an algorithm for a finite family of nonself map-
pings in a complete CAT(0) space X. Let C be a nonempty, closed and convex subset of
X and {Ti}Ni=1 : C → X be a finite family of inward mappings. Given x1 ∈ C, let

h1(x1) = inf{α ≥ 0 : αx1 ⊕ (1− α)T1x1) ∈ C}.
Take α1 = max{β, h1(x1)}, where β is any arbitrary fixed element of (0, 1). Then let

x2 := α1x1 ⊕ (1− α1)T1x1 ∈ C.
Now, let h2(x2) = inf{α ≥ 0 : αx2 ⊕ (1− α)T2x2 ∈ C} and
α2 = max{α1, h2(x2)}. Then set

x3 := α2x2 ⊕ (1− α2)T2x2 ∈ C.
Continuing the process in the same fashion, we obtain:

x4 := α3x3 ⊕ (1− α3)T3x3 ∈ C,
...

...
xN+1 := αNxN ⊕ (1− αN )TNxN ∈ C,
xN+2 := αN+1xN+1 ⊕ (1− αN+1)T1xN+1 ∈ C,

...
...

This iterative process can be expressed in compact form as follows:
x1 ∈ C,
α1 = max{β, h1(x1)} ∈ C,
xn+1 = αnxn ⊕ (1− αn)Tnxn,
αn+1 = max{αn, hn+1(xn+1)},

(3.1)

where hn(x) := inf{α ≥ 0 : αx⊕ (1− α)Tnx ∈ C}, Tn = Tn mod N , hn = hn mod N and β
is any arbitrary fixed element of (0, 1).

Next we state and prove our main results.

Lemma 3.1. Let C be a nonempty convex subset of a complete CAT(0) space X and
{Ti}Ni=1 : C → X be a finite family of demicontractive inward mappings. Let k = max{ki :
i = 1, 2, · · · , N}, where ki is the demicontractive constant of Ti for each i. Let {xn} be
a sequence as defined in (3.1) with β = k + ε < 1, for some ε > 0 and assume that
F = ∩Nn=1F (Tn) 6= ∅. Then lim

n→∞
d(xn, p) exists for all p ∈ F.

Proof. Since Tn is demicontractive mapping for each n = 1, 2, · · · , N, from (3.1) and
Lemma 2.1, we have

d2(xn+1, p) = d2(αnxn ⊕ (1− αn)Tnxn, p)

≤ αnd
2(xn, p) + (1− αn)d2(Tnxn, p)− αn(1− αn)d2(xn, Tnxn)

≤ αnd
2(xn, p) + (1− αn)[d2(xn, p) + kd2(xn, Tnxn)]

−αn(1− αn)d2(xn, Tnxn)

= d2(xn, p)− (1− αn)(αn − k)d2(xn, Tnxn) (3.2)

≤ d2(xn, p).

Then {d(xn, p)} is decreasing and hence limn→∞ d(xn, p) exists.
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We observe that if Ti : C → X is ki-strictly pseudocontractive mapping for each i =
1, 2, · · · , N, then each Ti is k-strictly pseudocontractive mapping, where k = max{ki : i =
1, 2, · · · , N}.

Theorem 3.2. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X, {Ti}Ni=1 : C → X be a finite family of ki-strictly pseudocontractive inward
mappings and F = ∩Ni=1F (Ti) 6= ∅. Let {xn} be a sequence as defined in (3.1) with
β = k + ε < 1, for some ε > 0, where k = max{ki : i = 1, 2, · · ·N}. Then the following
conclusions hold:

1) If there exists b ∈ (0, 1) such that αn ≤ b,∀n ≥ 1, then {xn} 4-converges to a
point in F.

2) If

∞∑
n=1

(1 − αn) < ∞ and (F,C) satisfies the S-condition then {xn} converges

strongly to a point in F.

Proof.

1) Suppose that there exists b ∈ (0, 1) such that αn ≤ b,∀n ≥ 1. Then from (3.2),
we have:

d2(xn+1, p) ≤ d2(xn, p)− (1− αn)(αn − k)d2(xn, Tnxn), (3.3)

which yields

(αn − k)(1− αn)d2(xn, Tnxn) ≤ d2(xn, p)− d2(xn+1, p).

This implies that
∞∑

n=1

ε(1− b)d2(xn, Tnxn) ≤
∞∑

n=1

(αn − k)(1− αn)d2(xn, Tnxn) <∞.

Thus, we obtain that

lim
n→∞

d(xn, Tnxn) = 0.

Now, from (3.1), it follows that

d(xn+1, xn) = (1− αn)d(xn, Tnxn)→ 0 as n→∞.
Also, for each i, we have

d(xn+i, xn) ≤ d(xn+i, xn+i−1) + d(xn+i−1, xn+i−2) + · · ·+ d(xn+1, xn),

which implies
d(xn+i, xn)→ 0 as n→∞.

Moreover, we observe that each Tn is Lipschitz with Lipschitz constant L = 1+k
1−k .

Then we have

d(xn, Tn+ixn) ≤ (1 + L)d(xn, xn+i) + d(xn+i, Tn+ixn+i).

Hence, we have
d(xn, Tn+ixn)→ 0 as n→∞.

Then since Tn = Tn mod N , we obtain

lim
n→∞

d(xn, Tjxn) = 0, for each j = 1, 2, · · · , N.

On the other hand, since {xn} is bounded, by Lemma 2.3, there exists a sub-
sequence {xni

} of {xn} that ∆-converges to x ∈ C. In addition, by Lemma 2.2,
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Ti has demiclosedness-type property for each i = 1, 2, · · · , N. This implies that
x ∈ F. To show that such a 4-limit point is unique, let {xnj} be subsequence
of {xn} that 4-converges to y ∈ C. Suppose x 6= y. Then from the fact that
lim
n→∞

d(xn, x) exists for all x ∈ F (see Lemma 3.1) and CAT(0) space satisfies

Opial’s property (see also [23], Theorem 3.3), we have

lim
n→∞

d(xn, x) = lim
i→∞

d(xni , x) < lim
i→∞

d(xni
, y)

= lim
n→∞

d(xn, y) = lim
j→∞

d(xnj
, y)

< lim
j→∞

d(xnj , x) = lim
n→∞

d(xn, x),

which is a contradiction and hence x = y. Therefore, {xn} ∆-converges to a fixed
point of T.

2) Suppose that

∞∑
n=1

(1−αn) <∞ and (F,C) satisfies the S-condition. Since {xn}

and {Tnxn} are bounded and d(xn, xn+1) = (1− αn)d(xn, Tnxn), it follows that

∞∑
n=1

d(xn, xn+1) <∞.

Thus, {xn} is strongly Cauchy sequence and hence xn → x∗ ∈ C as n→∞. Since
Tn is inward mapping for each n, it follows by Lemma 2.4(3) that hn(x∗) < 1.
Hence, by Lemma 2.4(2), we obtain that

αnx
∗ ⊕ (1− αn)Tnx

∗ ∈ C, for any αn ∈ (hn(x∗), 1).

Also, since lim
n→∞

αn = 1 and αn = max{αn−1, hn(xn)}, we can choose a subse-

quence {xnj
} of {xn} such that {hnj

(xnj
)} is non-decreasing and lim

j→∞
hnj

(xnj
) =

1. Hence, we have(
j

j + 1
hnj

(xnj
)xnj

⊕
(

1− j

j + 1
hnj

(xnj
)

)
Tnj

xnj

)
6∈ C and

lim
j→∞

(
j

j + 1
hnj

(xnj
)xnj

⊕
(

1− j

j + 1
hnj

(xnj
)

)
Tnj

xnj

)
= x∗,

which imply that x∗ ∈ ∂C. Then since {xn} is Fejér-monotone with respect to F
and (F,C) satisfies the S-condition, it follows that x∗ ∈ F.

The proof is complete.

In Theorem 3.2, if we assume that Ti is nonexpansive mapping for each i, then we obtain
the following corollary.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X, {Ti}Ni=1 : C → X be a finite family of nonexpansive inward mappings with
F = ∩Ni=1F (Ti) 6= ∅. Let {xn} be a sequence as defined in (3.1). Then the following
conclusions hold:

(i) If there exists b ∈ (0, 1) such that αn ≤ b,∀n ≥ 1, then {xn} 4-converges to a
point in F.



Iterative Methods for Common Fixed Points ... 545

(ii) If

∞∑
n=1

(1 − αn) < ∞ and (F,C) satisfies the S-condition then {xn} strongly

converges to a point in F.

Next, we prove strong convergence results using condition (I) or hemicompactness condi-
tion. Recall that a mapping T : C → X is said to satisfy condition (I) if there exists a non-
decreasing function f : [0,∞)→ [0,∞) with f(0) = 0 and f(r) > 0, for all r ∈ (0,∞) such
that d(x, Tx) ≥ f(d(x, F (T ))), for all x ∈ C, where d(x, F (T )) = inf{d(x, p) : p ∈ F (T )}.
Now, we modify this definition for a finite family of mappings as follows.

We say that a finite family of mappings {Ti}Ni=1 : C → X satisfy condition (I) if there
exists a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0, for all
r ∈ (0,∞) such that d(x, Tix) ≥ f(d(x, F )), for all x ∈ C and for some i ∈ {1, 2, · · · , N},
where F = ∩Ni=1F (Ti) and d(x, F ) = inf{d(x, p) : p ∈ F}. Now, we define an iterative
process {xn} as follows: 

x1 ∈ C,
α1 = max{β, h1(x1)},
xn+1 = αnxn ⊕ (1− αn)Tnxn
αn+1 ∈ [max{αn, hn+1(xn+1)}, 1),

(3.4)

where hn(x) := inf{α ≥ 0 : αx⊕ (1− α)Tnx) ∈ C}, Tn = Tn mod N , hn = hn mod N and
β is any arbitrarily fixed element of (0, 1).

Theorem 3.4. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X, {Ti}Ni=1 : C → X be a finite family of Lipschitz demicontractive inward map-
pings. Let k = max{ki : i = 1, 2, · · · , N}, where ki is the demicontractive constant of Ti
and let {xn} be a sequence as defined in (3.4) with β = k + ε < 1 for some ε > 0 and
∞∑

n=1

(1 − αn) = ∞. Suppose that {Ti}Ni=1 satisfies condition (I) and F = ∩Ni=1F (Ti) 6= ∅.

Then {xn} converges strongly to a point in F.

Proof. Let p ∈ F. Then by Lemma 3.1, lim
n→∞

d(xn, p) exists and from inequality (3.2), we

have:
∞∑

n=1

(1− αn)(αn − k)d2(xn, Tnxn) <∞. (3.5)

Since

∞∑
n=1

(1− αn) =∞ and αn ≥ k + ε for each n, it follows that

∞∑
n=1

(1− αn)(αn − k) =∞.

This and (3.5) imply that

lim inf
n→∞

d(xn, Tnxn) = 0.

Also, since d(xn+1, xn) = (1− αn)d(xn, Tnxn), it follows that

lim inf
n→∞

d(xn+1, xn) = 0.
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Moreover, for each i, we have

d(xn+i, xn) ≤ d(xn+i, xn+i−1) + d(xn+i−1, xn+i−2) + · · ·+ d(xn+1, xn).

This yields
lim inf
n→∞

d(xn+i, xn) = 0.

Now, let Li be the Lipschtiz constant of Ti for each i = 1, 2, 3, · · · , N and
L = max{Li : i = 1, 2, · · · , N}. Then we have

d(xn, Tn+ixn) ≤ (1 + L)d(xn, xn+i) + d(xn+i, Tn+ixn+i).

Thus, since Tn = Tn mod N , we obtain

lim inf
n→∞

d(xn, Tjxn) = 0, for each j = 1, 2, · · · , N.

Then since Tj satisfies condition (I) for some j, we have lim inf
n→∞

f(d(xn, F )) = 0 for some

increasing function f : [0,∞)→ [0,∞) with f(0) = 0, f(r) > 0 and r ∈ (0,∞). This gives
lim inf
n→∞

d(xn, F ) = 0. Moreover, since d(xn+1, p) ≤ d(xn, p), taking infimum over all p ∈ F,
we obtain that

d(xn+1, F ) ≤ d(xn, F ).

Then the sequence {d(xn, F )} is decreasing and hence lim
n→∞

d(xn, F ) = 0.

Now, for any n,m ≥ 1, we have

d(xn+m, xn) ≤ d(xn+m, p) + d(xn, p) ≤ 2d(xn, p),

which implies that
d(xn+m, xn) ≤ 2d(xn, F ).

Then {xn} is a Cauchy sequence and hence xn → x∗ ∈ C. Thus, we have

d(x∗, F ) ≤ d(x∗, xn) + d(xn, F )→ 0.

Then it follows from Lemma 2.2 that x∗ ∈ F. This completes the proof.

Since every quasi-nonexpansive mapping is demicontractive mapping, we have the follow-
ing result for a finite family of quasi-nonexpansive mappings.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of Lipschitz quasi-nonexpansive inward

mappings. Let {xn} be a sequence as defined in (3.4) such that

∞∑
n=1

(1 − αn) = ∞. Sup-

pose that F = ∩Nn=1F (Tn) 6= ∅ and {Ti}Ni=1 satisfies condition (I). Then {xn} converges
strongly to a point in F.

Corollary 3.6. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of ki-strictly pseudocontractive inward
mappings. Let k = max{ki : i = 1, 2, · · · , N} and {xn} be a sequence as defined in (3.4)

with a = k + ε < 1 for some ε > 0 and

∞∑
n=1

(1 − αn) = ∞. Suppose that {Ti}Ni=1 satisfies

condition (I) and F = ∩Ni=1F (Ti) 6= ∅. Then {xn} converges strongly to a point in F.

Proof. Note that Ti is Lipschitz and demicontractive mapping for each i. Then the proof
follows immediately from Theorem 3.4.
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Corollary 3.7. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of nonexpansive inward mappings. Let

{xn} be a sequence as defined in (3.4) such that

∞∑
n=1

(1− αn) =∞. Suppose that {Ti}Ni=1

satisfies condition (I) and F = ∩Ni=1F (Ti) 6= ∅. Then {xn} converges strongly to a point
in F.

Next, we prove strong convergence results assuming that at least one of the mappings in
{Ti}Ni=1 is hemicompact. We recall that a mapping T : C → X is called hemicompact if
for any sequence {xn} in C such that d(xn, Txn) → 0 as n → ∞, there exist a subse-
quence {xnj

} of {xn} such that xnj
→ p ∈ C as j →∞. Note that if C is compact, then

the mapping T : C → X is hemicompact.

Now, we prove the following theorem.

Theorem 3.8. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of ki-strictly pseudocontractive inward
mappings. Let k = max{ki : i = 1, 2, · · · , N} and {xn} be a sequence as defined in (3.4)

with β = k+ε < 1 for some ε > 0 and

∞∑
n=1

(1−αn) =∞. Suppose that F = ∩Ni=1F (Ti) 6= ∅

and Ti is hemicompact for some i. Then {xn} converges strongly to a point in F.

Proof. Using the method of the proof of Theorem 3.4, we obtain

lim inf
n→∞

d(xn, Tjxn) = 0, for each j = 1, 2, · · · , N.

Then there exists a subsequence {xm} of {xn} such that

lim
m→∞

d(xm, Tjxm) = 0, for each j = 1, 2, · · · , N.

Since Tj is hemicompact for some j, there is a subsequence {xmk
} of {xm} such that

xmk
→ x∗ ∈ C as k →∞. Then since Tj is Lipschitz continuous for each j = 1, 2, · · · , N,

we have
d(x∗, Tjx

∗) = lim
k→∞

d(xmk
, Tjxmk

) = 0.

Therefore, x∗ ∈ F and hence the proof.

If, in Theorem 3.8, we assume that C is Compact, then each Ti is hemicompact and so
we have the following corollary.

Corollary 3.9. Let C be a nonempty, compact and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of ki-strictly pseudocontractive inward
mappings. Let k = max{ki : i = 1, 2, · · · , N} and {xn} be a sequence as defined in (3.4)

with β = k+ε < 1 for some ε > 0 and

∞∑
n=1

(1−αn) =∞. Suppose that F = ∩Ni=1F (Ti) 6= ∅

and Ti is hemicompact for some i. Then {xn} converges strongly to a point in F.

Corollary 3.10. Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {Ti}Ni=1 : C → X be a finite family of nonexpansive inward mappings.

Let {xn} be a sequence as defined in (3.4) with

∞∑
n=1

(1 − αn) = ∞. Suppose that F =
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∩Ni=1F (Ti) 6= ∅ and Ti is hemicompact for some i. Then {xn} strongly converges to a
point in F.

Example 3.11. Now, we give a finite family of mappings that satisfy the conditions
of Theorem 3.4 and then we present some numerical experiment results to explain the
conclusion of the theorem. Let X = R2 and d be a metric defined on X by

d(x, y) =

{
|x1|+ |y1|+ |x2 − y2|, x2 6= y2,
|x1 − y1|, x2 = y2,

where x = (x1, x2), y = (y1, y2) ∈ X. Then (X, d) is a complete CAT(0) space (see, e.g.,
[45]). Let C = {x = (x1, x2) ∈ R2 : d((x1, x2), (0, 0)) ≤ 1}. Then C is nonempty, closed
and convex subset of X. Define {Ti}3i=1 : C → R2 by

T1x = −2x, T2x = −5x

and

T3x =

{
x, x ∈ D,
−3x, x ∈ C \D,

where D = {x = (x1, x2) ∈ C : 0 ≤ x1 ≤ 1}. Then we can easily observe that each Ti is
inward and Lipschitz mapping with

F = F (T1) ∩ F (T2) ∩ F (T3) = {(0, 0)}.
Moreover, d(x, F ) = |x1| + |x2| and d(x, T1x) = 3|x1| + 3|x2|. So, if we consider the
function f(r) = r, r ≥ 0, then it follows that

d(x, T1x) ≥ f(d(x, F )).

Therefore, {Ti}3i=1 satisfies the condition (I). Now let p ∈ F, i.e., p = (0, 0). Then one can
easily verify that

d2(T1x, T1p) ≤ d2(x, p) + kd2(x, T1x), for
1

3
≤ k < 1.

d2(T2x, T2p) ≤ d2(x, p) + kd2(x, Tx), for
2

3
≤ k < 1.

d2(T3x, T3p) ≤ d2(x, p) + kd2(x, T3x), for
1

2
≤ k < 1.

If we set k := 2
3 , then the mappings T1, T2 and T3 are demicontractive mappings with

a common constant k = 2
3 . Now, let the initial guess x1 = (1, 0) and ε = 1

6 . Then

β = 2
3 + 1

6 = 5
6 and Algorithm 3.4 reduces to α1 = max{ 56 , h1(x1)},

xn+1 = αnxn ⊕ (1− αn)Tnxn,
αn+1 ∈ [max{αn, hn+1(xn+1)}, 1),

where hn(x) := inf{α ≥ 0 : αx⊕ (1− α)Tnx) ∈ C}, Tn = Tn mod 3, hn = hn mod 3.

For convenience purpose, we denote the sequence {xn} by {xn} = {(x(1)n , x
(2)
n )}.

Now, we have

h1(x1) = inf{α ≥ 0 : αx1 ⊕ (1− α)T1x1 ∈ C}
= inf{α ≥ 0 : α(1, 0)⊕ (1− α)(−2, 0) ∈ C}

=
1

3
.
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Hence, α1 = max{β, h1(x1)} = 5
6 . Then we have

x2 = α1x1 ⊕ (1− α1)T1x1

=
5

6

(
1, 0

)
⊕
(

1− 5

6

)
(−2, 0)

=
(1

2
, 0
)

and hence we have

h2(x2) = inf{α ≥ 0 : αx2 ⊕ (1− α)T2x2 ∈ C}

= inf{α ≥ 0 : α

(
1

2
, 0

)
⊕ (1− α)

(
− 5

2
, 0

)
∈ C}

=
1

2
.

Since α2 ∈ [ 56 , 1), if we take α2 = 5
6 , then we obtain

x3 = α2x2 ⊕ (1− α2)T2x2

=
5

6

(
1

2
, 0

)
⊕ 1

6

(
−5

2
, 0

)
= (0, 0).

This implies that h3(x3) = 0. Hence, α3 ∈ [ 56 , 1). Take α3 = 5
6 . Then it follows that x4 =

(0, 0), which implies that T4x4 = T1x4 = (0, 0) and h4(x4) = 0. Continuing the process in
the same manner we obtain that xn = (0, 0) for all n ≥ 3. Hence, xn → (0, 0) ∈ F (T ) as
n→∞.

4. Conclusion

In this paper, Mann type iterative methods for approximating common fixed points
of a finite family of non-self mappings are studied in the setting of a complete CAT(0)
space. 4-convergence and strong convergence results are obtained under appropriate
conditions. Our results extend, unify and complement many of the results in the literature
(see, e.g., [25, 28, 29, 36–39, 46]). In particular, Theorem 3.2 extends Theorem 3.2
of [39] to a CAT(0)) space which is more general than the Hilbert space and hence it
extends Theorem 8 of [46] in the sense that it is true for a finite family of k-strictly
pseudocontractive mappings in a CAT(0)) space. Corollary 3.3 extends Theorem 1 of [36]
to a finite family of non-expansive mappings in a space more general than the Hilbert
space and complements Corollary 3.4 of [38] and Theorem 7 of [37]. Theorems 3.4 and
3.8 extend Theorem 2 of [29] from a finite family of self mappings to a finite family of
non-self mappings in a more general space than the Hilbert space.

Note that Theorem 7 of [38] is proved for a countably infinitely family of demicontractive

mappings under the assumption that
∑

(1 − αn) < ∞. But, Theorem 3.2 of the cur-

rent paper establishes ∆- convergence for a finite family of k-strictly pseudocontractive
mappings when {αn} is bounded away from 1. Furthermore, Theorem 3.4 and Theo-
rem 3.8 of the current paper provide strong convergence results for a finite family of k-
strictly pseudocontractive mappings and demicontractive mappings (respectively) when∑

(1− αn) =∞. We also remark that the S-condition which is essential in the proof of
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Theorem 7 of [38] is not required in some of our results (see, for instance Theorem 3.4
and Theorem 3.8).
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