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Abstract In this paper, a solution of the following difference equation was investigated

Tn—2k—3

Tn+1 = bl ,m=0,1,2,...
1+ H Tn—2m+1
m=1
where x_op_3,Z_9k_9,...,Z_1,xo are arbitrary positive real numbers and k£ =0,1,2,....
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1. INTRODUCTION

Difference equations appear naturally as discrete analogues and as numerical solutions
of differential and delay differential equations having applications in physics, ecology,
biology, etc.

Recently, a high attention to studying the periodic nature of nonlinear difference equa-
tions. For some recent results concerning among other problems, the periodic nature of
scalar nonlinear difference equations, see the references [1-15].

Cinar [2, 3] studied the following problem with positive initial values,
" o Tp—1
ntl -1+ ax,xn-1
Tp—1
Tnyl =

1+azx,x,_1

forn=0,1,2,...
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Simsek et al. [8—10, 12, 13] investigated the following nonlinear difference equation
Tni1 = _tn=3
1+ Tp—1
Tpir = _In=s
1+zy-2
Tpy1 = —n8
l4+zp_1T—3
Tpy1 = Tn—17
1 + Tpn—5Tpn—-11
Tpi1 = Ln—7
14+ 2,3
forn=20,1,2,...
Ogul et al. [7] studied the following nonlinear difference equation
Tntl = L,n: 0,1,2,...

Tp—1Tn—-3Tn—5
where z_7,2_¢,...,2_1,20 € (0,00).
In this paper, we investigate the following nonlinear difference equation

Tn—2k—3

Tpy1 = e ,n=0,1,2,... (1.1)
1 + H Tn—2m—+1
m=1
where T _og_3,_2k_2,...,T_1,Tg are arbitrary positive real numbers and £k =0,1,2,...

2. MAIN RESULTS

Theorem 2.1. Consider the difference equation (1.1). Then the following statements are
true.
(a) The sequence T (ap4a)n—(2k+4)+s are decreasing and there exist a; > 0 such that

nh~>nolo T(2k+4)n—(2k+4)+s = As fors=1,2,...,2k + 4.
(b) (a1,as2,...,a25+3,a2k+4,--.) is a solution of equation (1.1) of period 2k + 4.
k+2

(c) H aomiu—2 =0 foru=1,2.

(d) Ther@ exists ng € N such that vp11 < Tp—ok—1 for all n > ng, then lim z, = 0.

n— oo
(e) The following formulas
k+2
IT 2— 2w
=
T(2kt4)nt2ttu—2 = T (2ktd)+26tu—2 | 1 — L g}
T2k 4) 42 Fu—2 (1 + I 33(21u)>
=1

n (k+2)j+t—1 1

: | ket 1
=0 =t 1+ [] @i 2w
=1

fort=1,2,....k+2 and u=1,2 hold.
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() If ®2k+aynt2t4u—2 — G2t1u—2 7 0 then T(opyaynioktutre — 0 fort =1,2,... k+1
and u=1,2

Proof. (a) Firstly, we consider the equation (1.1). From this equation, we obtain

k+1
Tpy1 [ 1+ H Tp—2m+1 | = Tn_2k—3-

m=1

k41 k41
Since [] Zn-—2m+1 > 0 then 14+ [[ zp—2mt1 > 1. Thus 41 < Tp_ok—3,n € N, we

m=1 m=1
obtain that there exist lim Z(op14)n—(2k+4)4s = as for s =1,2,...,2k + 4.

n—oo
(b) By (a), thus (a1, as,...,a2k+3, a2k+4, - - .) is a solution of equation (1.1) of period

2k + 4.

(c) In view of the equation (1.1), we obtian

- L(2k+4)n—(2k+4)+u
x(2k+4)n+u — k1

L+ [I z@ktayn—2mtu
m=1

The limits as n — oo are put on both sides of the above equality

L(2k+4)n—(2k+4)+u

lim z = lim
oo (2k+4)n+u

n—oo k+1
14 H x(2k:+4)n72m+u
m=1
Then
Qu = k41
L+ I a@rta)—2mtu
m=1
k41
Ay + ay H A(2k+4)—2m+u = Qu
m=1
k+1
Ay, H a(2k+4)72m+u =0
m=1
k+2
H Ao2m+u—2 = 0
m=1
foru=1,2.
(d) Suppose there exist ng € N such that z,11 < z,_9r—1 for all n > ng, then
k42
ay < Ayt < oo < agyopre < ay. By (¢) we have [] agmiu—2 = 0 for u = 1,2, the
m=1

results are obtained above.
(e) Subtracting x,,—ox—3 from both sides of equation (1.1), we obtain

1
k+1 ’
1 + H Tn—2m+1

m=1

Tn+l — Tp—2k—3 = (xnfl - $n72k:75>
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and the following formula is produced below, for n > 2

n—2 1
Ton—44u — L2n—2k—8+u — (xu - 1'—(2k+4)+u) H k+1
=11+ I 22i—2mtu
m=1

for u = 1,2 hold.
Replacing n by (k+2)j + ¢ — 1 and summing from j = 0 to j = n, we obtain

T(2k+4)n+2t+u—2 — T—(2k+4)+2t+u—2 = (T2t 4u—2 — x7(2k+4)+2t+u72)
n (k+2)j+t—1

1
> 1I e
=0

=1 14+ T[] z2i—2m+tu

m=1
fort=1,2,....,k4+2and u=1,2.
Now, we obtained of the above formulas
k+2
I1 T_(20—u)
T(2k+4)n+2t+u—2 = LT —(2k+4)+2t+u—2 1- =1 k1
T2k 4) 42+ u—2 <1 + lH1 f—(zz—u)>

n (k+2)j+t—1 1
> o

J=0 i=l L+ ] 22i—(21—w)
=1

fort=1,2,...;k+2and u=1,2.
(f) Assume that agsy—2 =0 fort =1,2,...,k+2 and u=1,2. By (e) we have

k42

T _(21—u)
=1 T (2k+4)+2t+u—2
lim x _o= lim z_ o |1—-=
neyoo (2k+4)n+2t+u—2 nesoo (2k+4)+2t+u—2 k1
L+ I 2—(2—uw
=1

n (k+2)j+t—1

1
II —

=1 14 1 z2i—2i-w)
=1

<
I
o

k+2

H T (21—u)

T _(2k+4)4+2t+u—2
_ 1 — =1
A2t u—2 = L —(2k4+4)+2t+u—2 Erl

L+ [T 2w
=1

s 1
> o

=0 = 1+ [] @i u-w)
=1
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From ag;4y—2 = 0 then

k+1
L —(2k+4)+2t+u—2 (1 + I fU(zlu)> oo (k+2)j+t—1 1
= =2
k+2 T4 J k+1
IT - 7=0 =t 1+ [] @i (21-w)
=1 =1
Since
(k4+2)j+k+1 (k+2)j
1 1
I — << I —5
=1 L+ T z2i—21—w) =1+ ] 22i—2i—w)
=1 =1

Thus, 7,2 < Ty—4 < ... < Ty_(2p44) for u =1,2. This contradicts our assumption.
Which completes the proof of the theorem. [

3. NUMERICAL RESULTS

In this section, we demonstrate some results of equation (1.1) with £ =0, 1,2 and 3.
Tn—3
1+ Tpn—1
case of (1.1) for £ = 0. The initial conditions are selected as follows, z_3 = 0.9,2_o =

0.8,2_1 = 0.7,29 = 0.6. Then the graph of solution is given below.

Example 3.1. [8] Consider the recursive sequence 1 = , which is a special
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FIGURE 1. z, graph of the solution of equation (1.1) of period 4.

Tn—5
1+ Tp—1Tn—3
special case of (1.1) for £ = 1. The initial conditions are selected as follows, z_5 =
0.9,z_4=0.38,...,29 = 0.4. Then the graph of solution is given below.

Example 3.2. [10] Consider the recursive sequence z,41 = , which is a
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07

0.6~

0.5

0.4+

x(n)

0.3 A

0.2+

0.1+ !

T T T T T T T T T T T T T
a 10 20 a0 40 50 B0 70 80 ) 100 110 120 130 140

n

FIGURE 2. z, graph of the solution of equation (1.1) of period 6.

Tn—7
1+ 2y 120 3Tn_5
a special case of (1.1) for k£ = 2. The initial conditions are selected as follows, z_7 =
0.9,z_¢=0.3,...,29 = 0.2. Then the graph of solution is given below.

Example 3.3. [7] Consider the recursive sequence x,+1 =

, which is
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FIGURE 3. 1z, graph of the solution of equation (1.1) of period 8.
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Ln—9
1+ 2 1Tn_3Tn—5Tn—7
is a special case of (1.1) for k = 3. The initial conditions are selected as follows, z_g =
0.99,2z_4 =0.89..... zn = 0.09. Then the graph of solution is given below.

Example 3.4. Consider the recursive sequence x,11 = , which
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FIGURE 4. z, graph of the solution of equation (1.1) of period 10.
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