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1. INTRODUCTION

One important tool for analysis and interpretation of data is a representative function.
Aggregation functions are functions with special properties. They are usually used for
data representation. In addition, they interpret the data contained in a k-tuple into a
single-value representation. For a few decade, aggregation functions are extensively used
in many fields such as applied mathematics, computer and engineering sciences, econom-
ics, and finance. One can refer to [1-3] for related literature. Each aggregation is used
depending on a suitable situation. For example, we may use the mean or the median to
aggregate some data, but it is not suitable for the set of data containing extremely differ-
ent values. There are a lot of aggregation functions, then we should pick the appropriate
functions for given data. Hence, the study of a classification is very important, the more
different class, the better we get. Although, aggregation functions have used a long time
ago, but construction methods are widely studied nowadays.

There are several methods to construct aggregation functions, for example, extensions
of functions to aggregation functions [1-(], transformations of functions to aggregation
functions [7—14], transformations of aggregation functions to other aggregation functions
[15-17], and penalty-based constructions [18-23].

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2023 by TJM. All rights reserved.



514 Thai J. Math. Vol. 21 (2023) /V. Boonyasri and S. Tasena

We are interested in a method, which constructs aggregation functions based on cop-
ulas, Sklars copula-based method [24].

In 2008, Durante et al. [15] introduced new methods to construct aggregation functions.
They applied Sklar’s method, considered a multivariate distribution as a 2-increasing ag-
gregation function and obtained similar results.

In this work, we show that almost all aggregation functions can be constructed by com-
posing semi-copulas and tuples of non-decreasing univariate functions. This method also
resembles Sklars construction of multivariate distribution functions. On the other hand,
we obtain the necessary and sufficient conditions for representing aggregation functions
in a form of our method. Moreover, we show that all continuous aggregation functions
can be approximated by aggregation functions in this form.

In the next section, we will provide some preliminary concepts about aggregation func-
tions, copulas, and semi-copulas. In Section 3, we will present our construction method
with its properties. The proof of main theorems will be presented in Section 4. Finally,
some conclusions are given.

2. PRELIMINARIES

For reasons of completeness, we will assume that the data is lying in the interval
I =[0,1]. The argument @ = (uy,...,ux) denotes an element of I* with special cases for
the zero vector 0 = (0,...,0) and the vector 1 = (1,...,1). The vector which has 1 at
i-th coordinate and 0 otherwise is denoted by é;.

Definition 2.1. A function A : I¥ — I is called an aggregation function if A is non-
decreasing (in each variable) with the boundary conditions, A(0) =0 and A(1) = 1.

Note that the notation @ < ¢ stand for u; < v; for all 4. Similarly, ¥ < ¥ we mean
U S Vi.

Definition 2.2. For any aggregation function A : I¥ — I and all a;,b; € I in which
a; < b;. The volume of A, denoted by V4, is defined by

k
Va <H (ai7bi]> = > (—D)NED A (7)
=1 e f[ {al,bl}

where N (Z, @) is the number of ¢ such that z; = a;.

A k-dimentional aggregation function is called a k—increasing if the volume of A is
non-negative.

k
1
Example 2.3. The arithmetic mean, Mean : I¥ — T defined by Mean () = T Zui, is
i=1
an aggregation function.

Definition 2.4. A function S : I¥ — I is called a k-semi-copula (or a semi-copula) if
(i) S is non-decreasing (in each variable),
(if) S(@) =u; if u; =1 for all j # i.

Note that S(@) = 0 when u; = 0 for some 4.

Clearly, every semi-copula is an aggregation function, but aggregation functions are
not semi-copulas by Example 2.3.
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Example 2.5. The function L : I¥ — I defined by

() = u; if uy :'1 for all i # j,
0 otherwise,

and the minimum function M in k-dimentional defined by
M (@) = min{uy,...,ug}
are semi-copulas. Moreover, L < .S < M for all semi-copula S.

Definition 2.6. A k-copula (or a copula) is a function C : IF — I satisfying the following
properties:
(i) C is a k-increasing,
(ii) C(u) = 0 whenever u; = 0 for some ¢t =1,...,k,
(i) C(u¥) = u; whenever u; =1 for all j # 1.
It can be shown that a copula is a semi-copula satisfying a k—increasing condition. The
function L is a semi-copula but is not a copula.

One important theorem in copula theory is the Sklar’s theorem[24]. The theorem
is demonstated that every multivariate distribution function can be constructed by a
copula and marginal distribution functions. In 2008, Durante et al.[15] shown that a

2-increasing aggregation function can be represented by a copula and univariate non-
decreasing functions using Sklar’s method.

In this work, we are motivated by Sklar’s method and results of Durante et al. We
will show that this method also works for almost all aggregation functions if we choose
semi-copulas instead of a copula and then compose them with univariate non-decreasing
functions.

The aim of the next section is to present our construction method together with some
construction examples.

3. MAIN RESULTS

In this section, we will present our construction method and some examples. The
construction part is actually simple and natural as stated in the following theorem.

Theorem 3.1. Let S be a semi-copula and F; be a non-decreasing function on 1 with
F;(0) =0 and F;(1) =1 for alli=1,2,...,k. Then the function A defined by

A(’lj) :S(Fl(ul),Fg(ug),7Fk(uk)), (31)
for all it € T, is an aggregation function. Moreover, the aggregation function A satisfies
the following condition for alli=1,2,... k.

Fi(u) = Fi(v) implies A(d+ (u—1u;)&;) = A(@+ (v —u;)&) for all @ € ¥, u,v € L.

(3.2)

Example 3.2. Let S : 12 — I be given by S(u,v) = u?v + uv? — u?v?.
We khown that the function S is a semi-copula [14]. Let Fy, F» be functions on I given
by Fi(u) = u and Fy(v) = v? for all u,v € I. Then the function A constructed via

Au,v) = S(u,v?) = u?v? + uv* — u?v?

is an aggregation function.



516 Thai J. Math. Vol. 21 (2023) /V. Boonyasri and S. Tasena

The proof of Theorem 3.1 is obvious and simple that follows from a non-decreasing
property and extreme-value conditions. A more complicated question is whether this
construction is widely adaptable. In other words, whether we can use this method to
construct many aggregation functions. Obviously, not all aggregation functions can be
constructed via (3.1) because such aggregation functions also satisfy (3.2), it turns out
that (3.2) is also sufficient for an aggregation function represented in the form of (3.1).
Therefore, (3.2) can be considered as a necessary and sufficient condition yielding (3.1).

Theorem 3.3. Let A be an aggregation function, Fj(u) = A(1 — (1 — w)é&}) for all
wel,je{l,2,...,k}. If (3.2) holds, then there is a semi-copula S such that

A(’lj) = S(Fl(ul), ey Fk(uk))

Even though the above condition seems natural, but the proof is not easy. Thus, we
will postpone the proof to the next section. It should be mentioned that condition (3.2)
fails for disjunctive aggregation functions, e.g., those that have Fj(u) = 1 for all u € L.
This can also happen for an aggregation function A such that F} is not constant.

Example 3.4. Let A : 12 — I be defined by

{u;v if (u,v) €T x [0, 3]

A(u,v) = max{u,v} if (u,v) €I x (

for all u,v € 1.
Let Fy(u) = A(u, 1) for all w and Fy(v) = A(1,v) for all v.
First, we will show that A is an aggregation function.
Let us look at the boundary conditions of A. It can be easily seen that A(0,0) = 0 and
A(1,1) = 1. Now, we will show a non-decreasing property in the first coordinate. Let
u1,us € I be such that uq < us.
Case 1 v € [0, 3].

Alu,v) = Wt < Uz FU _ Alus, v).

2 2

Case 2 v € (3,1].

A(uq,v) = max{u, v} < max{ug,v} = A(ug,v).

Next, we will show a non-decreasing property in the second coordinate.

Let v1,v2 € I be such that v; < wvy. It is obvious in the case of vy,vy € [0, %} and
V1,V € (%, 1]

Consider in the case of v; € [0, 1] and vs € (1, 1].

If u < v < vy, then

U+ v 2u1

5 < - = v < v = max{u,va} = A(u,vq).

Therefore, A(u,v1) < A(u,vs).
If u > vy, then we consider 2 cases.
Case 1 v; < u < vs.

Au,v1) =

2
u—;vl < 71; =u < vy = max{u,ve} = A(u,vs).

Au,v) =
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Therefore, A(u,v1) < A(u,vs).
Case 2 v < vg < u.

2
u—;vl < 7u = u = max{u,va} = A(u,v).
Therefore, A(u,v;) < A(u,vs). Now, we can conclude that A is an aggregation function.
Moreover, Fy and F are non-decreasing. Consider Fiy(5) = A(3,1) = max{$,1} = 1 and

R3) = AG1) = max(3,1) = Lbwe A ) = 3G+ = B 2 % = 3G+ 1) =

Alu,vp) =

In most cases, aggregation functions satisfy (3.2). Thus, they can be constructed via
(3.1). Also, this construction works for strictly increasing aggregation functions as the
following result.

Corollary 3.5. Let A be a strictly increasing aggregation function. Then there are semi-
copula S and strictly increasing Fj where j = 1,2,...,k such that

A(@) = S(Fy(uy), ..., Fy(ug)).

Proof. Let A :TF — 1 be a strictly increasing aggregation function.

Define Fj : T— 1 by Fj(u) = A(T — (1 —u)é;) for each j € {1,2,...,k}.

We can see that F; are non-decreasing for all j. Next, we will show that the above
statement satisfies the sufficient condition of Theorem 3.3. Let u,v,u; € I for all j =
1,2,...,k.

For each ¢, assume that F;(u) = F;(v). We have

AT = (1 - &) = Fi(u) = Fi(v) = A - (1 - 0)&).

Since A is strictly increasing, we get A is injective, that is, v = v. It implies that
A(uy, ... uy... ux) = A(ug,...,v,...,ug). By Theorem 3.3, there is a semi-copula S
such that

A(w) = S(Fr(u1), ..., Fr(ug)). m

Observe that a strictly increasing property is stronger than (3.2). However, we can
show that the class of strictly increasing aggrgation functions that represented in the form
(3.1) is almost all aggregation functions via approximation method.

Theorem 3.6. For any an aggregation function A, there is a sequence { Ay} of (strictly)
aggregation functions that can be written in the form (3.1) and that the sequence {A,}
converges uniformly to A.

Proof. Let A be an aggregation function. For each n € N, define
1 1
A, =(1—-=-)A+ —M.
n n

For each n, let F,(u) = A,(1 — (1 — u)&) for all i. We can see that A, is strictly
increasing. It implies that F; ,, are also strictly increasing for all i. By Corollary 3.5, we
obtain that for each n, there is a strictly semi-copula S,, such that

An = STL(FI,’VH o 7Fk,n)-
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Next, we prove that A,, converges uniformly to an aggregation function A.
Let u; €l forall j =1,2,... k.
, , 1 R ,
[An(@) — A@)] = (1 = —)A(@) + —M(d) — A(a)]
= | - AG) + - M(@)
N n n

< La@)| + M (@)

N3

< — —0asn— oo.
n

Therefore, {A,,} converges uniformly to an aggregation function A. [

4. PROOF OF THEOREM 3.3

To prove Theorem 3.3, we study some following results. Recall the standard conven-
tions, sup® = 0 and inf @ = 1.

Proposition 4.1. Let X C I be closed, f : X — 1 be non-decreasing, let u,v € I with
u <wv. Then
(i) ux §u§u} for allu €1,
(ii) If u € I\X, then uy,u¥ € X,
(i11) If ue X,v e \X, then f(u) < f(vy),
(iv) Ifu € I\X,v € X, then f(uk) < f(v)
where uy :=sup{t € X : t <u}, u} :=inf{t € X : ¢ > u}.

Proof. (i) Let u € I. If u € X, then uy = u = u}.

Suppose that u € I\X. If there are aq,a2 € X such that a; < u < ag, we have uy < u <
u} If u<aforall a € X, then uy :sup@:()guandugian:u}.

In the case of u > a for all a € X, we have uy =sup X <wand u <1 :inf@:u}.

(#4) Let u € I\X. The proof is similar to (7).

(171) Let u € X,v € I\X. Also, we get u < v. Then we have u < vy. Since f is non-
decreasing and vy € X, we obtain that f(u) < f(vy).

(iv) Let u € I\X,v € X. Also, we get u < v and hence u¥ < wv. Since f is non-decreasing
and u} € X, we get f(uk) < f(v). ]

Proposition 4.2. Let X C L. Define X~ ={u€l:uy =u} and X+ ={uecl:u =
u}. Then the closure of X is a subset of X* = X~ UXT.

Proof. Denote the closure of X by X. Let a € X. Then there is a sequence {a,} C X
which converges to a. If a € X, then a = ay = a¥}. Thus,a € X C X*.

Consider in the case of a € I\X, we have a,, # a for all n € N.

Case 1 a, > a for all n € N.

There is a monotone subsequence {ay, } of {a,} such that a,, > a for all k € N.
Moreover, we have a,, — a as k — 0o. Thus, a = infyen an, -

Since {an, € X : ke N} C{t € X : t > a}, we get a = infyenay, > inf{t € X : ¢t > a}.
We know that ¢ < inf{t € X :t > a}. Then we have ¢ = inf{t € X :t > a} = a}, that
is, X C X~ C X*.
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Case 2 a,, < a for all n € N. The proof of this case is similar to Case 1.

Case 3 There is a subsequence {a,, } of {a,} such that for each k € N, either a,, > a
or an, < a. There is a subsequence {ay,, } of {a,} such that either a,, >aora,, <a
for all I € N. By the proof of Case 1 and Case 2, we have X C X*. [

Observe that if we have a non-decreasing function F on I, we can define F¥(u) =
inf{z : F(z) > u} and F'(u) = sup{x : F(x) < u}. It is easy to prove that F* and F"
are non-decreasing. Moreover, F* := %F b %F T is also non-decreasing.

Lemma 4.3. Let F : 1 — 1 be non-decreasing. Then FF*(u) =u for all u € Range(F).
Moreover, FF*F(u) = F(u) for all u € L.

Proof. Suppose F is non-decreasing. Let u € Range(F). Then there is v/ € T such that
Fu') = u.

Case 1 u' is the only one point such that F(u') = u. Then FT(u) = F*(u)
We have F*(u) = $F4(u) + $F'(u) = F*(u) = u/. Hence, FF*(u) = F(u/)
Case 2 ' is not only one point such that F(u') = u.

Let X = {z €1: F(z) = u}. We can see that X is a bounded set. We set [ = inf X and
m = sup X. Thus, F'(u) = m. Similarly, F*(u) = I. In this case, F*(u) =1 < m = FT(u).
We have

u
u.

1 1 1 1 1 1
* S il il — - - g
F*(u) 2F (u) + 2F (u) 21+ 5 > 21+ 2l l.
Similarly, F*(u) < m. Hence, there are z1,29 € I such that F(z;) = u = F(z2) and [ <
z1 < F*(u) < z9 < m. Therefore, FF*(u) = F(z1) = F(z2) = u. Moreover, FF*F(u) =
F(u) for all u € L. ]

Theorem 4.4. Let A be an aggregation function, S be a semi-copula, F; be a monotone
function for all i =1,2,...,k such that

A(@) = A(uy, - -, uk) = S(F1(u), ..., Fr(ug))

where u; € I for all i. Then the following conditions are satisfied:
(i) F;(1) =1 foralli=1,2,... k,
(ii) For eachi € {1,2,...,k}, Fi(u) = A(1 — (1 — u)&) for all u,
(1ii) S(@) = A(Fy (uq), F2 (uz) o Fi(ug)) for all u; € Range(F),
(iv) A(FT (1), F5(1),. ~,Fé‘(1))—1
(

(v) For fixed i, A(Z?Zl Fr(U)ej+ (F7 (ui) = F(1))€i) = u; for allu; € Range(F;).

2

Proof. (i) By assumption, 1 = A(1) = S(Fy (1), Fa(1),..., Fix(1)).
Since S is non-decreasing, for each i, 1 < S(I — (1 — F;(1))&) = Fi(1).
Thus, F;(1) =1 for each i € {1,2,...,k}.
(i) For each i, we have A(1 — (1 — u)&) = S(1 — (1 — Fi(u))&) = Fi(u).
(7it) Let u; € Range(F;) for all i = 1,2,..., k. By Lemma 4.3, we have F;F;*(u;) =
Thus, A(Ff(u1), F5(u2), ..., Fy(ug)) = S(FLEFY (u1), FoF5 (u2), ..., FiFy (u )) S(ﬁ)
(tv) From (4i7) holds and S is a semi-copula, we get A(Fy(1 ) Fx(1),...,Ff Q1)) =
S(1) =1.
(v) For fixed i, let u; € Range(F ). From (i7i) holds and S is a semi-copula, we get

ui = S(I— (1= w;)&) = AT, Fy (16 + (F7 (w) — F7 (1))). =
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Lemma 4.5. Let A be an aggregation function, let w € 1. For each j € {1,2,...,k},
define Fj(u) = A(1— (1 — u)e'j'-). Assume that

ZF* + (u—F(1)&) = Fi(u).
Let u; € Range(F;) for all i. Then
§:F* + (Ff (ui) — FF(1)é) = u; for all i.

Proof. Let u; € Rcmge( ;) for fixed i € {1,2,...,k}.
By assumption, we have A(E Fr(L)ej + (u —Fr(1 ))é’) F;(u) for all u.
By Lemma 4.3, we get A(ijl ; ( Yei + (F(uq) — FF(1)e;) = Fi(F (u)) = w. m

Lemma 4.6. Let A be an aggregation function, let w € 1. For each j € {1,2,...,k},
assume that Fj(u) = A(1 — (1 — u)€}) for all j. For fived i € {1,2,...,k} and u; €
Range(F;), suppose that

ZF* )65 + (Ff (i) — F7 (1))é) = u;.

Define
S(@) = S(u,...,ur) = AFT (u1), ..., Ff (ug))
for all u; € Range(F;). Then S is non-decreasing with S(ui,...,ux) = u; for all u; €
Range(F;) where u; =1 for all j # i.
Proof. Define S : H 1 Range(F;) — 1 by
S() = A(Fy (u1), . .., Fy (ug)) for all uj € Range(Fj).
We will show that S is non-decreasing with S () = w; for all u; € Range(F;) where u; =1
for all j # i. Let u;, v; € Range(F;) be such that u; < v; for all 4. It implies that
S(a) = A(FY (u1), - -, Fy (ug)) < A(FY (01),.. ., Fi (vg)) = S(9).
Therefore, S is non-decreasing. Moreover, for u; € Range(F;),

S(T— (1 —w)é&) = AFFQ), ..., Fr(w),. .., Fr (1) = us. .

Henceforth, for each u € I, we put S(d+(u—u;)€;) instead of S(wy, ..oy i1, Uy Uit 1, ..., Uk)-
For now, Lemmas 4.7-4.10 are the tools that help us to prove Theorem 4.11 which shows
that a non-decreasing function S can be extended to a semi-copula under some conditions.

Lemma 4.7. Let S : H?:1 X; — I be non-decreasing where X; C 1 forallj =1,2,...,k.
For each j, define Xj ={uel: Uy, = u}. For fized i € {1,2,... k}, define

s oo k
) — S(a) zfuenjl
(@) = SUp; ., S(U+ (t —w;)€;) ifu e X\ X; x Hj 1 X
JFi
Then S : X; x H?Zl X; — I is also non-decreasing. Moreover, if ST —(1—u)é&) = uy
J#i

for all u; € X;, then S(T— (1 —w;)é;) = uy; for all u; € X; also.



Aggregation Function Constructed from Semi-copula 521

Proof. Let 4,7 € X; x H?zl X; with @ < 4. It can be shown that X; C Xj for all j. To
J#i
prove S is non-decreasing on its domain, we can divide the situation into four cases.
Case 1 4,7 € H§=1 X;. It is obvious.
Case 2 7 € [[_; X; and 7 € X;\X; x H?;l X;. Then
VED)

S(@) = S(@) < sup S(A+ (t —u;)&) < sup S(T+ (t —v;)é;) = S().
u; <t<wv; t<v;

Case 3 i € X;\X; x [[i=1 X, and ¥ € H?Zl X,;. We have
J#i

S(@) = sup S+ (t —u;)&) < ST+ (v; — u;)é;) < S(7).

Case 4 @,7 € X;\X; x [[}=1 X;. We have
J#i

[

S(@) = sup S(d+(t—u;)&;) < sup S(T+ (t—v;)€) < sup S(T+ (t—v;)&;) = S(7).
t<u; t<u; t<v;

Now, S is non-decreasing.

Suppose S(T — (1 — u;)&;) = u; for all u; € X;. (1 € X, for all j # 1)

We will show that S’(Tf (1 —w;)é;) = u; for all u; € X;. Let u € X;.

If u; € X;, then we are done. Consider in case u; € X’l\Xl Thus, we obtain that
sup{t € X; : t <wu;} = ux, = u;. It implies that

S(T— (1 —w)é&) =sup S(T— (1 —u;)&) = sup t = Uy, = U -
t<u; t<u;

From Lemma 4.7, we can extend X to Xj for all j =1,2,...,k by the same method.

Lemma 4.8. Let S : H?Zl X; — I be non-decreasing where X; C 1 forallj =1,2,...,k.
For each j, define X'j ={uel: u}j =u}. For fizedi € {1,2,...,k}, define

. o k
. S(a) quel:[jle]‘,
S infroy, S(@+ (t—u)&) if @€ X\X; x [[h=1 X;.
J#i
Then S : X; x H?Zl X; — [ is also non-decreasing. If S(1 — (1 — u;)&) = u; for all
J#i

u; € X;, then S(T— (1 —w;)€;) = uy; for all u; € X; also.

Proof. Let u,v € XZ X H?zl X, with @ < 7. It can be shown that X; C Xj for all j. To
J#i

prove S is non-decreasing on its domain, we can divide the situation into four cases.

Case 1 4,0 € Hle X;. It is obvious.

Case 2 i € [[;_, X; and 7 € X;\X; x [[}=1 X;. Then

J#i
$() = S(@) < inf S(it+(t—u)) < inf S(@+(—u)é) = S(i+(v—u)é) < S(7).

Case 3 i € X;\X; x [[i=1 X, and ¥ € H?Zl X,;. We have
i

S(@) = inf S(7+ (t —u;)&) < S(@+ (v; — u)€) < S(T) = S(0).

t>u,
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Case 4 @,7 € X;\X; x [[}=1 X;. We have
=i
S(@) = glf S(a+(t—wu;)é;) < 1§1f S(U+(vi—u;)é;) < 1§1f S(T+(t—u;)&;) = S(o).

Similarly to Lemma 4.7, we can prove that S(1 — (1 — w;)é;) = u;. ]

Lemma 4.9. Let S : H?Zl X; — I be non-decreasing where X; C 1 forallj =1,2,...,k.
Then S can be extended to a non-decreasing function S on Hle X;. Moreover, if S(I—
(1 —u;)é€;) = u; for all u; € X, then S(T— (1 —u;)é;) = uy for all u; € X; also.

Proof. Let S : H§:1 X; — I be non-decreasing where X; C I forall j =1,2,... k.
Fixed i € {1,2,...,k}, suppose S(1 — (1 — u;)€;) = u; for all u; € X;.

By Lemma 4.3, we can extend S to S” on H?Zl X} where X; ={uel: uy, = u}.
Moreover, S"(1 — (1 — u;)€;) = wu; for all u; € Xj;.

By Lemma 4.8, S” can be extended to a non-decreasing function S on H?Zl X7 where
X! ={uel: u}y,_ = u}. Furthermore, S”(T— (1 —u;)é;) = u; for all u; € X;.

By Proposition 4.2, we obtain that X; C X for all j.

Thus, we can restrict the domain of S into H§:1 X ;- Hence, we get a non-decreasing
function S : H?Zl X; — I In addition, (1 — (1 — u;)&) = u; for all u; € X;. ]

Lemma 4.10. Let X; be a closed subset of I for all j =1,2,...,k. Let S: H?:1 X;—1
be non-decreasing. For fixed i € {1,2,...,k}, define

S(i) ifielli, X
$(@) = ﬁ (ux, —ui)S(T+ (uy, — u;)é;)
(i — g )S(E + (uf, - w)@)] # e N x 1o X,
VEI

where uy =sup{t € X; :t <w;} and u} =inf{t € X; : t > u;}.
Then S : 1 x [[i1 X; — 1 is also non-decreasing. Moreover, if S(1 — (1 —u;)&) = u; for
J#i

all u; € X;, then S’(f— (1 —w;)é;) = u; for all u; €1 also.

Proof. Let u,v € 1 x H?Zl X; with @ < ¢. To prove S is non-decreasing on its domain,
J#i

we divide the situation into four cases.

Case 1 u,7 € H§:1 X;. It is obvious.

Case 2 i € [[;_; X; and # € \X; x [[j=1 X;. Then
J#i

S(@) = 5(a)
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Case 3 @ € I\X; x [[}=1 X; and 7 € H§:1 X;. Then
J#i

+ —
Sy = [ =X ) S+ (ux, — w)é) + | =X ) S+ (uh - w)E)
ut —uy X N Uy — Uy X v
X; X X X
< S+ (uy, — ui)é)
< S(@+ (vi —ui)é;)
< 5(7)

Case 4 @,7 € I\X; x [[}=1 X;.
J#i
Case 4.1 There is a € X; such that u; < a < v;. Thus, u} < Uy, It implies that

N u+, —Uu; U; — Uy
S(i) = (f) S(@ + (uy, — u;)&) + <+X> S(@ + (uk, — u;)&)

U’Xi — U’Xi

ult — U; U; — Uy
< (f) S(@ + (uk, — u;)&) + <+X) S(i + (uk, — u;)é;)

Uy, — Uy, Uy, —Ux
+
Uy, — Ui+ U — U N
= ( X 0t X )S(u—i—(uX — u;)€;)
Uy, —ux
+ -
uy —u . .
= fl Xi ) S+ (u¥, —ui)€;)
Uy, — Uy,
= S(u+ (u}l — u;)€;)
< S+ (v, — ui)é)
+ -
VY — v . B . v — vy, . .
) S(@+ (v, —u)E) + | | S(@+ (vk, — u)&)
vy, — Uy, vy, — Uy,
< S(7)
Case 4.2 For each a € X, either a < u; < v; or u; < v; < a. Thus, uy, = vy,
and “}1 = v}i. For convenience, for each u € X;, we put S(¢ + (v — u;)€;) instead of
Sty .o Uim1, Uy Wity oo, U).
Then
o a v}_—vi . _ . v — Uy . n
S@) = S() = | ——= | S0+ (vy, —vi)éi) + | —= | S(T+ (v, —v;)€;)
Uy, — Ux, Uy, = Uy,

|
<
<+
|
k S 1S
A S P
p2)
S S IS
+
<
=
|
&
k)
_l’_
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B ) s o S+ (vx, — u)é)
= - T+ (vy. —vi) U+ (Vy, — U;)€;
v}i — vy, KXo vX — vy, Xi v
v _U_' — _U — —
+ _i X ) ST+ (v, —vi)é) — ) S(a+ (v, — u)é)
Ux;, — Vx; *UX
VX, U\ (oo L
——— | S(U + (v, —vi)éi) S(V+ (vy, — vi)éi)
Ux, ~ Vx, ”X,
Vi — 7' U — —
+ LX) ST+ (vh —wv)e ) ST+ (v —v;)é)
vE —wv i — vy f
X X X
+

) ST+ (v)_(i — ;)€;)

>

Therefore, S is non-decreasing. Suppose S(I— (1 —w;)é;) = u; for all u; € Xj.
We will prove that S’(f— (1 —u;)€;) = u,; for all u; € I. Let u; € 1.
If u; € X;, then we are done. In the case of u; € I\ X;, consider

A . ’LLJ)r(l — U; _
S(1—(1—u)e;) = e S(1—(1—wuy,)é)
X; X;

|
VN
S
:?<
S
o™
L

S
DESEI S
SR
BY
g ~—
VR
£
2
S
ﬂl |
S
e
e
et
N——

From Lemma 4.10, we can extend X; to I for all j =1,2,...,% by the same method.
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Theorem 4.11. Let S be non-decreasing such that S(1 — (1 — u;)€;) = u; where u; € A;
and A; C 1 foralli=1,2,...,k. Then S can be extended to a semi-copula.

Proof. Direct proof by using Lemma 4.9 and 4.10. [
From previous results, we are now able to show the proof of Theorem 3.3.

Proof of Theorem 3.3. Fixed i € {1,2,...,k}. Since 1 € Range(Fj) for all j, we get
F;F; =1=Fj;(1) by Lemma 4.3. Let u € I. By assumption,

AT (D), By (D) F (1), B (L) = AXT = (1= FF(1)&) = Fi(u).
By Lemma 4.5, we have A(Zle Fr(1)ej+(F; (ui)—FF(1))é€:) = u; for allu; € Range(F;).

Define S : [T5_; Aj = Iby S(us, ..., ux) = A(Ff (ua),..., Fy (w)) for all u; € Range(F).
By Lemma 4.6, we get S is non-decreasing with S(1 — (1 — u)e;) = u; for all u; €
Range(F;). By Theorem 4.11, S can be extended to a semi-copula S.

Furthermore, by Lemma 4.3, we get F;F; Fj(u;) = Fj(uy) for all j. Therefore,

S(Fy(u1), ..., Fu(u)) = A(FyFy (u), ..., FyFy (ug))
= A(ulaF2F2*(u2)7 s 7FkFl:(uk:))
= A(U17u27F3F3*(u3)7 cee 7FkFI:(uk))

= A(uy, ..., ug). ]

5. CONCLUSIONS

In this work, we resemble Sklars construction of multivariate distribution functions
by replacing copulas with semi-copulas. We find necessary and sufficient conditions of
aggregation functions that can be constructed by composing between semi-copulas and
tuples of non-decreasing univariate functions. Furthermore, we prove that almost all
aggregation functions can be constructed by this way. This construction method can
be used to construct all strictly increasing aggregation functions. Also, all aggregation
functions can be approximated by aggregation functions in our form.

During the revision process, we also found that one of our results (Theorem 3.3) is
similar to [Scarsini [25], Theorem 9] (see also [26]) where the latter is proved for distribution
functions of supermodular fuzzy measures instead of general aggregation functions. One
interesting question is whether an aggregation function satisfied (3.2) can be used to
construct a supermodular fuzzy measure. Hopefully, this can be answered in the future
work.
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