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Abstract In this article, we develop and study the space of null variable exponent second-order quantum
backward difference sequences of soft functions, which are critical extensions to the concept of modular
spaces. The mappings have been idealized through the use of extended s—soft functions and this soft
function sequence space. The topological and geometric features of this new space are described, as well
as the ideal mappings that correspond to them. We establish the existence of a Kannan contraction
mapping fixed point acting on this space and its associated pre-quasi ideal. It’s fascinating that we give
various numerical experiments to show our findings. Additionally, several practical applications of the

existence of solutions to nonlinear difference equations involving soft functions are discussed.
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1. INTRODUCTION

Let A be the set of non-negative integers. Yaying et al. [45], defined quantum
second-order backward difference operator, V2, where v, = 0 for a < 0, and Viv, =
Vg — (1 + p)vg_1 + pvg_so, for all p € (0,1) and a € N. Recall that the operator Vg
becomes V? if p — 17, which defined and studied in [15]. They proved that the spaces
cO(Vf,) and c(V%) are Banach spaces linearly isomorphic to ¢y and c¢, respectively, and
obtained their Schauder bases and a—, §— and y—duals. They investigated the spectrum,
the point spectrum, the continuous spectrum, and the residual spectrum of the operator
V2 over the Banach space co of null sequences. Evidently co & co(V3) & co(V?). For strict
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inclusion. We have (1,1,---) ¢ co and (1,1,---) € ¢o(V3), and (0,1,2,---) ¢ co(V2) and
(0,1,2,---) € ¢o(V?).

In functional analysis, the ideal theory of mappings is highly regarded. The ideals of
closed mappings are certain to play a significant role in the Banach lattice principle.
The following theories use mappings’ ideal: fixed point theory, Banach space geometry,
normal series theory, approximation theory, and ideal transformations. s—numbers is a
critical method. Pietsch [33-36] explored in depth and examined the theory of s-numbers
of linear bounded mappings between Banach spaces. He presented and explained some
topological and geometric structures of the quasi ideals of ¢,, type mappings. Then, Con-
stantin [8], generalized the class of ¢, type mappings to the class of ces, type mappings.
Makarov and Faried [26] proved some inclusion relations of ¢, type mappings. As a gen-
eralization of £, type mappings, Stolz mappings and mappings ideal were investigated

by Tita [12, 43]. In [25], Maji and Srivastava offered the class Aés) of s-type ces, map-
pings using s-number sequence and Cesaro sequence spaces and they introduced a new
classAI(f:,)l of s-type ces(p, ¢) mappings by weighted ces, with 1 < p < co. In [21], the class
of s-type Z(u,v;{,) mappings was defined and some of their properties were explained.
Pre-quasi mappings ideals are more extensive than quasi mappings ideals, according to
Faried and Bakery [16]. Bakery and Abou Elmatty [? | investigated the necessary con-
ditions on any s—type sequence space to form an operator’s ideal. They showed that the
s—type Nakano generalized difference sequence space X fails to generate an operator’s
ideal. They investigated the sufficient conditions on X to be pre-modular Banach special
space of sequences. The constructed pre-quasi-operator ideal becomes a small, simple,
and closed Banach space and has eigenvalues identical to its s—numbers. Finally, they
introduced necessary and sufficient conditions on X, explaining some topological and ge-
ometrical structures of the multiplication operator defined on X. The study of variable
exponent Lebesgue spaces was accelerated by the mathematical explanation of the hy-
drodynamics of non-Newtonian fluids. (see [38, 40]). Electrorheological fluids are used in
various sectors, including military science, civil engineering, and orthopedics. Guo and
Zhu [19] examined a class of stochastic VolterraLevin equations with Poisson jumps. Mao
et al. [27], concerned with neutral stochastic functional differential equations driven by
pure jumps (NSFDEwPJs). They showed the existence and uniqueness of the solution to
NSFDEwPJs. The coefficients of the latter satisfy the local Lipschitz condition and es-
tablish the p-th exponential estimations and almost surely asymptotic estimations of the
solution for NSFDEwJs. Yang and Zhu [44], concerned with a class of stochastic neutral
functional differential equations of Sobolev-type with Poisson jumps. Since the publi-
cation of the Banach fixed point theorem [5], there have been numerous developments
in the field of mathematics. While contractions have fixed-point actions, Kannan [20]
illustrated a non-continuous mapping. In Reference [18], a single attempt was made to
explain Kannan operators in modular vector spaces. The mathematics underpinnings of
fuzzy set theory, pioneered by Zadeh [46] in 1965 and have made significant progress, are
well understood in fuzzy theory. The fuzzy theory applies to a wide variety of real-world
challenges. For instance, various researchers established the possibility theory, including
Dubois and Prade [14] and Nahmias [29]. The contribution of probability theory, fuzzy
set theory, and rough sets to the study of uncertainty are critical. Yet, these theories have
some limitations as well as advantages. The theory of soft sets, developed by Molodtsov
[28], was introduced as a new mathematical strategy for dealing with uncertainties to
overcome these characteristics. Soft sets have been widely used in various disciplines and
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technologies. In particular, Maji et al. [23, 24] studied several operations on soft sets
and applied their findings to decision-making problems in the literature. Several writers,
including Chen [6], Pei and Miao [32], Zou and Xiao [47], and Kong et al. [22], have
discovered significant characteristics of soft sets. Soft semirings, soft ideals, and idealistic
soft semirings were all investigated by Feng et al. [17]. Das and Samanta developed the
ideas of a soft real number and a soft real set in [10] and discussed the characteristics of
each concept. These principles served as the foundation for their investigation into the
concept of “soft metrics” in [11] (see [9, 12] for a more in-depth examination). Based
on the idea of soft elements of soft metric spaces, Abbas et al. [l] developed the con-
cept of soft contraction mapping, which they named “soft contraction mapping”. They
focused on fixed points of soft contraction maps and obtained, among other things, a
soft Banach contraction principle due to their efforts. In their paper, Abbas et al. [2]
demonstrated that every complete soft metric induces an equivalent complete usual met-
ric. They obtained in a direct way soft metric versions of various significant fixed point
theorems for metric spaces, such as the Banach contraction principle, Kannan and Meir-
Keeler fixed point theorems, and Caristi-theorem, Kirk’s, among other things. In [7],
Chen and Lin presented an extension of the Meir and Keeler fixed point theorem to soft
metric spaces, which was previously published. Many researchers working on sequence
spaces and summability theory were involved in introducing fuzzy sequence spaces and
studying their many characteristics. When it comes to fuzzy numbers, Nuray and Savas
[31] defined and explored the Nakano sequences of fuzzy numbers, £ (7) equipped with
a definite function. Numerous fixed point theorems are effective when applied to a par-
ticular space because they either increase the size of the self-mapping acting on it or the
space itself. We develop and examine the space of null variable exponent second-order
quantum backward difference sequences of soft functions in this paper, which are critical
extensions to the concept of modular spaces. The mappings have been idealized through
extended s—soft functions and this soft function sequence space. The topological and
geometric features of this new space are described, as well as the ideal mappings that
correspond to them. We establish the existence of a Kannan contraction mapping fixed
point functioning in this space and its associated pre-quasi ideal. It’s fascinating that we
give various numerical experiments to show our findings. Additionally, several practical
applications of the existence of solutions to nonlinear difference equations involving soft
functions are discussed.

2. DEFINITIONS AND PRELIMINARIES:

Definition 2.1. [28] Let U be an initial universe set and E be a set of parameters. A
pair (F, E) is called a soft set (over U) if and only if F is a mapping of F into the set of
all subsets of the set U.

If MR is the set of real numbers. We denote the collection of all nonempty bounded
subsets of 78 by B(R) and F is the set of parameters.

Definition 2.2. [10] A soft real set denoted by (f, A), or simply by f, is a mapping
f: A — B(R). If fis a single-valued mapping on A C F taking values in R, then fis
called a soft element of R or a soft real number. If fis a single-valued mapping on A C £
taking values in the set SR of nonnegative real numbers, then f is called a nonnegative
soft real number. We shall denote the set of nonnegative soft real numbers (corresponding
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to A) by R(A)*. A constant soft real number ¢ is a soft real number such that for each
a € A, we have ¢(a) = ¢, where ¢ is some real number.

Definition 2.3. [13] For two soft real numbers f ,§, we say that
(a): f<7if f(a)<G(a), for all a € A,
(b): f>g if f(a)Zg(a)7 for all a € A,
(c): f<g if f(a)<g(a), for all @ € A, and
(d): 37 if f(a)>§(a), for all a € A.

Note that the relation < is a partial order on R(A). The additive identity and multi-
plicative identity in SR(A) are denoted by 0 and 1, respectively.
The arithmetic operations on R(A) are defined as follows:

(Fep() = {F0+3n:re A},
(Fop) = {70 - :xe A},
(Fep) = {Fng : xe Af,

! = @ an g
<g) (A){E(A) tA€eA d()gég()\)}.

The absolute value |f| of f € R(A) is defined by
A1 = {IF0]:x e 4}

Let d : R(A) x R(A) — R(A)*, where d(f,§) = |f — | for all £,§ € R(A). Assume
ma : R(A) x R(A) — R+ is defined by mqa(f,§) = max d(f,9)(N).
Note that:

(1) (M(A),mq) is a complete metric space.

(2) md(f—&-E g—l—k) md(f g) for allf 3,k € R(A).
(3) ma(f +k,G+1) < ma(f,g) +ma(k,1).
(4) ma(

4) ma(Ef,€9) = |€lma(f, g), for all € € R.

Definition 2.4. A sequence f = (f]) of soft real numbers is said to be

(a): bounded if the set {fj : j € N} of soft real numbers is bounded i.e., if
a sequence ( fj) is bounded, then there are two soft real numbers g7l such that
g< fj <l

(b): convergent to a soft real number fo if for every € > 0, there exists ng € N/
such that md(fj, fo) < e, for all j > jo.

By ¢y, o and /., we denote the space of null, bounded and r-absolutely summable se-
quences of real numbers. We indicate the space of all bounded, finite rank linear mappings
from an infinite dimensional Banach space €2 into an infinite dimensional Banach space
A by L(Q,A), and F(Q2, A) and when Q = A, we inscribe £(Q2) and F(2). The space of
approximable and compact bounded linear mappings from €2 into A will be denoted by
T(Q,A) and L.(Q,A), and if @ = A, we mark T(2) and L.(Q2), respectively.
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Definition 2.5. [37] An s-number function is a mapping s : L(Q, A) — R+ that gives
all Ve LIQ,A) a (sa(V))32, satisfies the following conditions:
(@): [V =s0(V)>s51(V)>s2(V) > ... >0, for every V € L(Q, A),
(b): s11a—1(Vi+V2) < s51(V1) +sa(Va), for every Vi, Vo € L(Q,A) and [, d € N,
(c): sa(VYW) < ||[V]|sa(Y) [[W]|, for every W € L(Q0,Q), Y € L(Q,A) and
V e L(A,Ag), where Qy and Ag are arbitrary Banach spaces,
(d): assume V € L(Q,A) and v € R, then sq(vV) = |y]sa(V),
(e): if rank(V) < d, then sq(V) =0, for all V € L(, A),
(£): si>a(Ia) = 0 or sj<q(ly) = 1, where I, indicates the unit mapping on the
a-dimensional Hilbert space ¢5.

We give here some examples of s-numbers:
(1): The ¢-th Kolmogorov number, denoted by dq(X), is marked by
dg(X) = infaim s<qsup <1 infges [Xf — gl
(2): The ¢-th approximation number, indicated by «,(X), is marked by
ag(X)=inf{ | X =Y : Y € £(Q,A) and rank(Y) < ¢}.

Definition 2.6. [30] Let £ be the class of all bounded linear operators within any two
arbitrary Banach spaces. A sub class U of L is said to be a mappings ideal, if every
UL A) =UNL(Q, A) satisfies the following setups:

(i): Ir € U, where T indicates Banach space of one dimension.

(ii): The space U(2, A) is linear over .

(iif): W € L(Q0,Q), X e U(Q,A)and Y € L(A, Ag), then Y XW € U(Qy, Ao).

Definition 2.7. [16] A function H € [0,00)% is said to be a pre-quasi norm on the ideal
U if the following conditions hold:
(1): Assume V e U(Q,A), H(V) >0 and H(V) =0, if and only if, V =0,
(2): one has Q > 1 with H(aV) < D]ja|H(V), for all V € U(2,A) and « € R,
(3): there are P > 1 such that H(Vy 4+ Va) < P[H (V1) + H(V2)], for all V1, V5 €
U, ),
(4): there are 0 > 1 so that if V€ £(00,9Q), X € U(Q,A) and Y € L(A, Ay)
then HYXV) <o ||[Y|H(X) [|[V].

Theorem 2.8 ([16]). H is a pre-quasi norm on the ideal U, whenever H is a quasi norm
on the ideal U.

Lemma 2.9 ([3]). If7, > 0 and vy, t, € R, for alla € N, then |v,+t,|™ < 2K71(|v, |+
[ta|™), where K = max{1l,sup, 7,}.

3. SOME CHARACTERISTICS OF ¢ (V2,T)

We have presented in this section sufficient setups of the space of null variable expo-
nent second-order quantum backward difference sequences of soft functions, cg(vgm),
equipped with the definite function h to be pre-quasi Banach (certain space of sequences
of soft reals, or in short (csss)). We have investigated some algebraic and topological
properties like completeness, solidness, symmetry, convergence-free, etc. The Fatou prop-
erty of various pre-quasi norms h on c3 (VZ%7 7) has been studied.

If w(S) is the space of all sequence spaces of soft reals. Assume 7 = (7,) € 9%+N, where
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R+ is the space of positive real sequences. The space of null variable exponent second-
order quantum backward difference sequences of soft functions is defined as:

cﬂvgﬂz{5:@@ewwy£3;%m0vgmmp®}%=o7mmmmu>o}
Theorem 3.1. If (7,) € lu, then

C&V;T):{5:(@)wa)%g&{meVﬂmzHﬁﬂ%%:O,ﬁrmwu>0}
Proof.

(Vi) = {5 = (@) ew(®) : lim [ma(|V2I]] )]
= {T= (@) ew() inf [u ¥ 1im [mq (|921],0)]
= (5= (@) cw(): m [ma(|920a1].0)]F =0}

0

:{52(@)€w(5):ali_>ngo [md( ,6)}%

N

:O,forsomeu>0}

BN

SO,forsomeu>0}

, for any p > O}

Clearly, if (1,) € £w, then
(1) G 5 (Vp,m) & 5 (V2,7).
For the strict inclusion. We have (1,1,1,---) ¢ ¢§ and (1,1,1,---) € Cg(VZ,7‘)7 and
(0,1,2,-+) ¢ ¢§ (V2,7) and (0,1,2,--) € ¢§ (V2 7).
For X = (Xy), a given sequence S(X) denotes the set of all permutation of the elements

of (X%), that is S(X) = {(Xxm)} -

Definition 3.2. (1): A sequence space of soft numbers U is said to be sym-
metric, if S(X) € U, for all X € U.
(2): A sequence space of soft numbers U is said to be convergence free if (V) €
U whenever (X}) € U and X}, = 0 implies Y}, = 0.

Theorem 3.3. If (1,) € {~, then the space (cg‘(vf,,T))h is not symmetric.

3 times 3 times 6 times 6 times 9 times 9 times

——
Proof. Consider (X;)=(1,...,1,-1,...,—1,1,..,1,-1,...,—1,1,...,1,—1,...,—1,...). Then
(Xk) € (cg(Vf),T))h. Now 1f (Yk) is the rearrangement of (Xk) deﬁned by () =

(1,-1,1,—-1,---). Then (V3) ¢ (cg(Vf),T))h. Therefore, the space (cf (V2, )) is not
symmetric. L]

Theorem 3.4. If (1,) € {w, then the space (Co (V2 )) is not convergence free.

Proof. Consider the sequence (Xk) (1,1,---). Then (Xj) € (cg(vg,r))h. Again if

(Vi) = (k). Clearly, (Y3) ¢ (c5( 7)), Hence the space (c§ (V7, 7)), is not convergence
free. [

Let us mark the space of all functions h : U — [0, 00) by [0, 00)Y
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Definition 3.5. [30] If U is a vector space of soft reals. A function h € [0,00]Y is said

to be modular if the following conditions hold:
(a): Assume Y € U, Y =9 < h(Y) = 0 with A(Y) > 0, where J = (0,0,0,...),
(b): h(nZ) = h(Z) verifies, for every Z € U and || =1,
(c): the inequality h(aY +(1—a)Z) < h(Y)+h(Z) satisfies, for every Y, Z € U
and o € [0,1].
Definition 3.6. The linear space U is called a certain space of sequences of soft reals
(csss), when
(1): {gq}qu C U, where gq ={0,0,...,1,0,0,...}, for T marks at the ¢'" place,
(2): U is solid ie., if Y = (i/;) € w(S), Z = (Z) € U and |}A/;|§\Z|7 for all
qgeEN, onehas)N/GU
(3) ( 11)g%0 € U, where [Z] indicates the integral part of £, assume (3/;)2‘;0 €

2

Definition 3.7. A subclass Uy of U is said to be a pre-modular (csss), if there is
h € [0,00)Y satisfies the following conditions:
(i): Suppose Y € U, Y =0 & h(Y) = 0 with h(Y) >0
(ii): we have Q > 1, the inequality h(aY) < Q|a|h(Y) satisfies, for all Y € U
and a € R,
(iii): one has P > 1, the inequality h(Y + Z) < P(h(Y) + h(Z)) satisfies, for
alY,Z e U,
(iv): when \Y |<|Z |, for all ¢ € N, we have h((Y ) < h((Z ),
(v): the inequality, h((Y ) < h((Y[ 1)) < Poh((Y )) verifies, for some Py > 1,
(vi): assume E is the space of finite sequences of soft real numbers, one has the
closure of E = Uy,
(vii): we have o > 0 with h(&,0,0,0,...) > o|a|h(1,0,0,0,...), where a(a) = o,
for every a € A.
Note that the notion of pre-modular vector spaces is more general than modular vector
spaces. Some examples of pre-modular vector spaces but not modular vector spaces.
441
,6)} ™ on the vector space

cs (Vi, (4qqr41)) As for every Z,Y € ¢ <V2 <4qu41)), one has

() el

Example 3.9. The function h(Z) = sup [md(
q

Example 3.8. The function h(Z) = sup [md(
q

4q+1

6)] 2B @) ).

Zq + Yy

2
v 2

p

,6)} o on the vector space

(V2 ( qu )) As for every Z,Y € s <V2 ( qq+12)), one has

h = sup |mq
2 q

Some examples of pre-modular vector spaces and modular vector spaces.

7y + Y,
2

VZ

p

, 6)] U A@) + ).
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a1l
Example 3.10. The function h(Z) = sup [md (‘V§|Zq| ,O)} ™ on the vector space

c (Vf,, (3qu£&)> As for every Z,Y € ¢ (V2 (3qq114) , one has

() e

Example 3.11. The function h(Y) = inf {a > 0:sup lmd <
q

q+1

6)] e L@ ).

Zy+ Y,

2
v 2

P

2943

)]QH <1}is

Definition 3.12. If U is a (csss). The function h € [0,00)Y is said to be a pre-quasi
norm on U, if it verifies the following settings:
(i): Suppose Y € U, Y = 9 < h(Y) =0 with h(Y) >0
(ii): we have Q > 1, the inequality h(aY) < Q|a|h(Y) satisfies, for all Y € U
and a € R,
(iii): one has P > 1, the inequality h(Y + Z) < P(h(Y) + h(Z)) satisfies, for
allY,Z € U.

v2| Sk

a pre-modular (modular) on the vector space cj (V2 (M))

Theorem 3.13. Suppose U is a pre-modular (csss), then it is pre-quasi normed (csss).
Theorem 3.14. U is a pre-quasi normed (csss), if it is quasi-normed (csss).
Definition 3.15. (a): The function h on ¢ (V2 T) is called h-convex, when
h(aY + (1 —a)Z) < ah(Y) + (1 — a)h(Z),
for all o € [0,1] and Y ZGCO(V2 T).
(b): {Y teen C (CO (V2,7 ))h is h-convergent to Y € (cg(Vf,7 T))h, if and only
if, limg— o0 h(Yq —Y) = 0. If the h-limit exists, then it is unique.
(€): {Yy}gen C (c§(V§,7))h is h-Cauchy, if limg o0 h(Yy — Y,) = 0.
(d): T c (cO (V2, )) is h-closed, if for every h-converges {g}ae/\/’ cTtoY,

h
one has Y €T L
(e): T C (co (V2,7 ))h is h-bounded, assume & (T") = sup {h(Y -2): Y, Ze
F} < 0.
(£): The h-ball of radius ¢ > 0 and center Y, for all Y € (cg(Vf,,T))h, is
denoted by:

Bi(V,e)={Ze (f(VEn) WY -2) <<},
(g): A pre-quasi norm h on ¢ (V2 7) verifies the Fatou property, if for all
sequence {Z(Q)} - (Co (Vf,ﬁ))h with lim, o h(Z(@ — Z) = 0 and every Y €
(cg(VZ,T))h, we have h(Y — Z) < sup, infg>, h(Y — 2\(/‘1))
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We will denote the space of all increasing sequences of real numbers by I.

l ~
Theorem 3.16. (c(?(V%,ﬂ)}l, where h(Y) = sup {md (“Vﬂ Yyl ﬁ)} ., for every Y €
q

COS(VI%,T), is a pre-modular (csss), if the following conditions are satisfied:

a.: (7q)gen € loo NT with 79 > 0,
b.: V2 is an absolute non-decreasing, i.e., if |Z:|<|Y;| for all i € N, then
|v21Zil|2|v2ITi)

Proof. (i) Clearly, h(Y) >0 and h(Y) =0 < Y = 9.
(1-i) Assume Y, Z € ¢§(VZ,7). We have

I

,6)} e sup [md (‘V§|ZN,I|
a

WY + Z) = sup [md (‘Vfﬁ/;-i- Zy|
a

)"

< sup [md (‘Vfﬁa
q
= h(Y)+h(Z) < o,
then Y 4+ Z € 5 (V2, 7).
(iii) There are P > l with (Y + Z) < P(h(Y) + h(Z)), for every Y, Z € cg(Vg, 7).
(1-i) If e e R and Y € ¢§ (VZ,7), one has

O

< sup |o| ¥ sup [md (‘nylf’gl
q q

h(aY) = sgp [md (‘Vf,|a/};;|

9"

< Qlalh(Y) < co.

Since aY € cg(Vf), 7), hence from parts (1-i) and (1-ii), we have cj (V2,7) is linear. Also

,6)}% =1

(ii) One has Q = max{l,supq|a\77q_1} > 1 with h(aY) < Q|a|h(Y), for every Y €
cOS(Vg,j;) andj € R. -
(2) If [Yy| < |Z,], for every ¢ € N and Z € c§(VZ, 7). We obtain

b, € 5 (V2,7), for every p € N, as h(b,) = sup [md (‘Vg\(@,)ﬂ
q

Tq

) <o (727

N
2

W(Y) = sup [ma (V31

,6)} = h(Z) < oo,

then Y € Cg(VZ,T).
(iv) Evidently, from (2).



454 Thai J. Math. Vol. 21 (2023) /A.A. Bakery

(3) Assume (}7;) € ¢§ (V2,7), one can see

OlK
T2q T2g+1
2 =\1 & ol =\1 "k
gmax{sup ma (|92071],0)] . sup [ma (|721731]0)] }
) q

< sup [md (‘Vﬁlﬁl‘ vﬁ)} : - h((%))’

then (T) € ¢§(VZ,7). (v) From (3), one has Py = 1.
(vi) Clearly, the closure of E = LG 5 (V2 7).
(vii) One gets 0 < o < sup, |a| ~1 for a# 0 or o >0, for « = 0 with

h(a,ﬁ,b’,ﬁ,...) > U\a|h(T,6,6,6,...). (]

(575) = e (5375

Theorem 3.17. If the conditions of Theorem 3.16 are satisﬁed then ( S(V2 ))h s a

pre-quasi Banach (csss), where h(Y) = sup [md (‘V% A;
q

,6)} ,forallYGcO(V2 ).

Proof. According to Theorem 3.16 and Theorem 3.13, the space (cg (VQ, T))h is a pre-

~
quasi normed (csss). If Y = (Y, )72, is a Cauchy sequence in (Co (V2, )) , hence for
h

all e € (0,1), then Iy € N such that for every I,m > Iy, we have

1 F
,0)} <e.

,6) < e. Since (R(A), mq) is a complete metric space. So

h(i/vl —ym) zsgp [md (‘Vgﬁfz —

Therefore, my (’V12,|qu — T
(}7\”:”) is a Cauchy sequence in R(A), for fixed ¢ € N. This gives lim,, o Ym YO for
fixed ¢ € N. Then A(Y! = Y0) < g, forall I > lo. As A(Y?) = h(Y? — Y1+ Y1) <
h(Yl yo) + h(Yl) < 00. Then Y0 € 5 (V2, 7). m

Theorem 3.18. The function h(f/) = sup [md ( ,6)} B satisfies the Fatou prop-
q

erty, when the conditions of Theorem 3.16 are satisfied.
Proof. Let {Z"} C (co (V2. ))h such that lim,_,.o h(Z" — Z) = 0. Since (c€(V§,7’)>h is

a pre-quasi closed space, we have Z € (co (V2 )) . For every Y € (cg(VI%, T))h, then

O

qu —~
7O)} Rt sup [md (‘V121|Zg -
q

Y = Z) = SL;p [md (

N

< sup [md (‘Vfﬁ}; - 7]

)]

< sup mf Y — Z7).

m r>m
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Theorem 3.19. The function h(Y) = sup [md (’Vfﬁfa
q

~ T
,O)} " does not satisfy the Fatou

property, for all Y € cg(Vf,, 7), if the conditions of Theorem 3.16 are satisfied with 7o > 1.

Proof. Assume {Z"} C (c(?(V%m))h such that lim,_,e0 h(Z" — Z) = 0. As (cg(vz, T))h

is a pre-quasi closed space, we have Z e (COS(V%,T)>h. For all Z € (cg(Vf,, T))h, then

)"

< 93U, Tq—1 <sup [md (‘Vf,vaq — Zﬂ
q

WY = Z) = sup [ma (|V2IY, - Z
q

,6)} q+sup [md (‘V§|Z/v;’ - Z/vq\‘ ,6)] q)
q
< 25Pa 7o~ gup inf h(Y — 2;)

m r>m ]

Example 3.20. For (7,) € [1,00)"V, the function

Y,

4
q «

h(Y) = inf {04 >0 :sup [md <|V127

ﬁ)] < 1} is a norm on cf (V2, 7).

3q+2

~ q+3 . .
,0 is a pre-quasi norm

Example 3.21. The function h(f/) = sup [md (‘Vgﬁa
q

(not a norm) on cj (Vf), (311%32)320)'

3q+2

~ q+1 . .
,0 is a pre-quasi norm

Example 3.22. The function h(f/) = sup [md (‘V§|i};|
q

(not a quasi norm) on c§ (Vg, (3qq:12)2‘;0).

4. STRUCTURE OF MAPPINGS’ IDEAL

The structure of the mappings’ ideal by (cg (Vg, T))h, where

)"

for all § € ¢§(V2,7), and extended s—soft functions have been explained. We study

h(g) = sup [md (|Vz2)|g~(1|
q

enough setups on (cg (Vf,, T))h such that the class A ( is complete. We inves-

c§<vgm)h

tigate conditions setups (not necessary) on (cg (V%,T))h such that the closure of § =
A ( ; . This gives a negative answer of Rhoades [39] open problem about the
€o (V;‘;J))

linearity of s— type (o§(vg,7)) spaces. We explain enough setups on (c@q(vgﬁ))
h h

h
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such that A ( is strictly contained for different powers and backward general-

<5 (vgyr))
h

ized differences, the class A ( is simple, and the space of every bounded linear
( T))

mappings which sequence of eigenvalues in (COS (Vg, 7')) equals A )
h (cg (V% ,T)) .

Remark 4.1.
Ay = {Au(@,0)}, where Au(Q,A) = {V € £(2,A) ; ((s;(V))32, € u},

Avy = {Z@U(Q,A)}, where A0y (€, A) == {V € LAY : (a5 (V)2 € U}

—_~—

Ady = {ZdU(Q,A)}, where Ady (Q, A) = {v € LA : ((d;(V))32 € U}.
Theorem 4.2. If U is a (csss), then Ay is a mappings’ ideal.

Proof. (i) Suppose V € F(Q,A) and rank(V) = n, for every n € N, since b € U, for
every i € N, ani\U/isi\liﬁear spic_g,/then

(5:(V))5Z0 = (50(V),81(V), 00 80-1(V),0,0,0,...) = 375 s:(V)b; € U; for that V e
Au(Q,A) then 3(2,A) C Au(Q,A).

(i ) If Vi,Va € Au(9, A) and B, 82 € R so by Definition 3.6 condition (3) one has
(s ](‘/1))1:0 € U and (s [5](‘/1))1':0 € U, as i > 2[%], by the definition of s—numbers and
S (V) is decreasing, we have

81(51‘/1-1-52‘/2) < sop41(BLV1+B2V2) < sy (51‘/1) +514)(B2V2) = \ﬂ1|8[ (V1)+\ﬂ2|5[ (V2)
foralli € N. By Deﬁmtlon 3.6 part (2) and U is a linear space, we get (s;(51V1 + 52‘/2))1::0

€ U, hence 811 + B2V € Auy(Q, A).
(iii) Assume P € £(Q,Q), T € AU(Q A) and R € L(A, Ay), then

-

(s ( )2, € U and since s; (RTP) < \|R||sz( ) || P||, from Definition 3.6 parts (1) and
(2), then
(81<RTP))Z 0 € U, then RTP € AU(QQ,AQ) ]

In view of Theorem 3.16 and Theorem 4.2, one has the following theorem.

Theorem 4.3. If the conditions of Theorem 3.16 are satisfied, then /T< s a

c§(V%,T)> .
mappings’ ideal.

Theorem 4.4. If the conditions of Theorem 3.16 are satisfied, then the function H is
o 1™
, with H(Z) = sup [md (‘V§|SQ(Z)| ,O)} ", for every
q

a pre-quasi norm on A(

o §(v3)
Z e .A( s(v2 ))}L(Q,A).
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Proof.

H(ZYX) = sup [ma ()V§|3q@7X)|’ 0)]

In the next theorems, we will use the notation (/T (

(©0.), 1) =0 [¥3152] 9)] *

h

(1): Suppose Z € A
(csv2m)

,6)} ® o 0, if and only if, s,(Z) = 0, for

>0 and H(Z) = sup [md (‘V§|g(\_Z/)|
q
all ¢ € NV, if and only if, Z = 0,

(2): onehas Q > 1 with H(aX) = sup [md (’vg\sq@})\ 6)] ® < QlalH (X),
q

8 (V2,7)

forallXGfT( ) (Q,A) and o € R,

(©,A), we have
9"
)

(st (X0))320 + hlsg) (Xe))io

2

(3): for X1, X5 € AV
<c§(vg,7))

H(X; 4+ X5) = sup {md ()Vﬂsq(Xl + X5)]
q

IN

—_~—

(B4 (X020 + hlsq (X))

IN

P

(4): there are p > 1, if X € £(0,Q), Y € ,Z( ) (L, A) and Z €

cg(V2,7) .

L(A, Ap), then

.
ek —_

T <IXN 2] (V)50 < e IXIHY) [1Z].

H) where H(V)

h

cg(Vg,T))

—_—

h((sq(V))j;‘;O), for all V & Z(

Theorem 4.5. Assume the conditions of Theorem 3.16 are satisfied, then (Z( < )) ,H)
<y V%,T

c§ (V%,T)) .

h

s a pre-quasi Banach mappings ideal.

Proof. Let (V,)aen be a Cauchy sequence in ;l(

) (©,A). Since L(2,A) D

cg(V%,T)

S(Cg(vgﬁ)) h (Q, A), then

H(V,~V,) = sup [ma (| 9215,V = Vo)
q

)] h (00 TV 0.80.) > V-Vl R,

this implies (V,)aen is a Cauchy sequence in £(€2,A). Since £(2, A) is a Banach space,

—_~

one has V' € £(Q, A) such that lim [[V, —V [ =0 and as (s4(Va))52 € (cg(vz,T))h,
a—r o0
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for every a € N and (CO (V2,7 ))h is a pre-modular (csss). Then we have
(V) = h((5(V)320) < h((s151V = V)~ )+ k(5121 0320))
<h((IVa =V D5, + h(@vv;»q:o) <e,

—_~—

hence one has (s,(V))52, € (cg(VZ,T))h, then V € .Z( ) (Q,A). m

5 (V2,7)

Definition 4.6. A pre-quasi norm H on the ideal AUh satisfies the Fatou property if for
all {T,}genr € Au,, (2, A) such that lim, o H(T, —T) =0 and M € Ay, (2, A), then

H(M —T) <supinf H(M —1Tj).
q Jjzq

Theorem 4.7. If the conditions of Theorem 3.16 are satisfied, then .Z< ; H
(v; ))
h

does not satisfy the Fatou property.

Proof. Let {T,}qenr € A (€, A) with lim_,o, H(T,~T) = 0. Since A
(c& (vg,ﬂ)h ( 5 r))

(@),
)

5 (V3 ,T)

is a pre-quasi closed ideal, then T € A (Q, A), hence for all Me A ( <
(cs0v3m)

we have

1F

)]

,5)} ® + S%p {md (‘Vis[%]@: T)

HM-T)= Sl;p [md (‘V%sq(f/[\jT)

, o))"
)" .

Theorem 4.8. A° ,\) = the closure o ,\), if the conditions of Theo-
h A ) QA he cl f5(2,A), if th d f Th

< sup [md (‘Vis[%](M -T;)
q

< sup lI>1f sup [md (‘Visq(M -T;)

ro A>T

5 (V3.7)

h
rem 3.16 are satisfied. But the converse is not necessarily true.

Proof. As b, € ( 5(V2, )) for all z € N and (CS(V2 T))h is a linear space. If Z €
) (@, A).

§(Q,A), one has (« I(Z))m o € E. Then the closure of F(Q2,A) C AO‘< ;
5 (V3:7)

—

Suppose Z € A“ (Q, A), one has (o, (Z2))52, € (cg(Vf,,T)) . Since h(a;(Z))2,
( v3 )) h

h
—_—~

< 00, if p € (0,1), one has zg € N — {0} so that h((.(Z))32,,) < §- As (a(Z))32, is
decreasing, one gets

sﬁf) [md (‘V Qo0 (Z ‘ )} ® < sﬁf) [md (‘Viax(Z)
r=x0+1 r=x0+1

e -5 p
,0)} P
1

Tx

9"

o (4.1)
< sup [md (‘V a,(2)

T=T0
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Then one has Y € Faz, (€2, A) such that rank(Y') < 2zy and

$ib [ma (V212 =Y1[.0)] " < Sip [ma(|V2IZVI[.0)] " <2,
r=2x0+1 r=z0+1
(4.2)
as (74)gen € loo NI with 79 > 0, take
stp [md(‘vgnz_yn(,ﬁ)}? <2 (4.3)
z=0 4

According to inequalities (4.1)-(4.3), then

o))"

d(Z,Y) = sip [md (‘Viax(/é\fY)
=0

-

< 35{)151 [md (’Vgam(/é\jY) ,6)} ® + S%Op [md (‘Vgaz(/é\fY) ,6)} ®
=0 r=3x0
3 —~— 1 \1E — e
< Sip [md (‘vgnz | 0)} + s [md (‘vgaﬁzmo(z —Y) o)}
=0 Tr=xqo

T3
—_~—

)% + iy (750219
N1 #
,O)} < p.

(Q, A) C the closure of F(2, A). Contrarily, one has a counter-

< Sip [ma (V212 =V
=0

< 3sup [md (‘Vi”Z - Y||’ ,6)]7 + sup [md (’Vﬁaw(Z)
=0

T=XT0

This implies A
(cscv2m)
h

example as I3 € Ao (Q, A), but 79 > 0 is not satisfied. [
(cg(vg,(o,o,l,l,--~))

Theorem 4.9. Assume the conditions of Theorem 3.16 are satisfied with Tél) < 7752), for
every x € N, then

j(céwg,(ré”)))h (24) % “Z(c[%(w,(ré”))hm’ A) S L),

—_~—

Proof. Suppose Z € j(cg(w =) (Q,A), then (s,(2)) € (COS(Vg, (Ta(cl)))h' We have
eNE

7(2) e~ Ta(nl)
— lim [md(‘vgsx(Z)‘,o)] —0,
xr—00

DI

(Q,A). Next, if we take (s,(Z))%%, = (0,1,2,---), one has

—_~—

Jm [ma ([7%2:2)

then Z € "Z(cﬁ(v2,(r§2))))
h

Z € L(,A) so that
Tim [md (’vgs/;fz/) ,6)}#) £0,

r—00

and "
lim {md(’v%/xfz/) ’EHTI —0.

Tr— 00
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Therefore, Z ¢ j(c ) (Q,A) and Z € /T( (Q,A).

$(v2,(ri)) e§ (v2,(r$7)))

(Q,A) C L(Q,A). After, if we choose (;—(\Z/))f’zo so that

h h

Evidently, A(cg(vz,(réz))))
h

(vg(‘Z/)) —(1,7,---). One has Z € £(Q, A) such that Z ¢ /T(XF(VQA(T@)) (QA). =

h

Lemma 4.10 ([36]). Suppose B € L(Q,A) and B ¢ YT(Q,A), then D € L(Q) and
M € L(A) with MBDey, = ey, withb € N.

Theorem 4.11 ([36]). In general, one has
§() & T(Q) & Le(Q) & L(Q).

Theorem 4.12. If the conditions of Theorem 3.16 are satisfied with ngl) < 752), for all
z €N, then

'C(A(c§<v2.,<rf>>>)h(9’ NA (o o), )

=7 (A<c§(v2,('r£2))))h (97 A); A(Cg(vﬁv(ré”))) (97 A)) .

h
Proof. Let X ¢ ,c(j(cg o (Tf))))h(Q,A),ﬂ(cg wrey) (@ A)) and

X ¢ T(,Z( Q,A),/T(

s (w2 .( (1)))) (Q,A)). In view of Lemma 4.10, one has
o (Vg (Ta h

Y € E(A(Cg(vz,(#))))h(ﬁ,A)) and Z € £(A(Cg(vgy(#>)))h(9,A)) so that ZXYI, = Iy,
then with b € N/, we have

c(?(vz,(r;”)))h(

e~ Y
L]l + — sup [md(’VQSm(Ib) o)]
A(cgwg,(fé”)))h(Q’A) x 4
< ~
- HZXY”HIbHA(cg(vz,(T;m))) (@A)
h

< s o (7550 9)]

Which contradicts Theorem 4.9. As X € T("Z(cs(v’z( (2>))) (Q,A),.Z( 5 (w2 (1)))) (Q,A)).
“0 T W co Tz A

m
Corollary 4.13. Suppose the conditions of Theorem 3.16 are satisfied with ngl) < TJEQ),
for every x € N, then

E(A(cng,(ff))))h(g’A)’ Ao, Té”)))h(Q’A))

=L (A(cf?(w,(Tf))))h(Q’ A, A(c(?(vmr;”)))h (8 A))'
Proof. Obviously, since T C L.. m

Definition 4.14. [36] A Banach space 2 called simple if there is only one non-trivial
closed ideal in £(2).
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Theorem 4.15. Assume the conditions of Theorem 3.16 are verified, then ,Z(
(V2 ))

s simple.

Proof. Let X € L(A (©,A)) and X ¢ T(A
T o) (

. (©Q,A)). From Lemma
¢ 2T
0 (V3.7) . )

cg(V%,‘r)
h

4.10, there exist Y, Z € E(.Z(

(cg(vg,T))
h

(Q,A)) with ZXY T, = I,, Which implies
cg(V%,-r)> .

Iz @) € Le(A ( (€2, A)). Then

c§<vg,r>)h

(A ) (ﬂ,A»:cc(ﬂ(CS(W ) (2, 4)),

(cscwz.m h

is a simple Banach space. [

then A
(cg (Vf),’r)>
h

Remark 4.16.
(.ZU))\ = { (.ZU))\ (Q,A); Q and A are Banach Spaces}, where

(Au)" (2.0) = {X € £ 0) : (X)) € U and X — ma(3(X), )]

is not invertible, with z € N/ }

Theorem 4.17. If the conditions of Theorem 3.16 are satisfied, then

A
(ﬂ(cg(v%ﬂ) ) (Q,A):VZ<C§(V§J)) (L, A).

A
Proof. Let X € [ A Q,A), then (A\,(X))22, € (¢5(V2,7)) and || X —
=0 0 P
(cg(VZ,T))}

>

BN

ma(Ae(X),0)I|| = 0, for all z € N. Therefore, lim [md (]V§|AQ(X)
q—o0
has X = mg(Az(X),0)I, for every z € N, so

N)} — 0. One

—_~—

md(sx(X)’a):md(Sw( ( =(X ) )I)’O) ( ( )76)7

for every x € N. Hence (:;(\)—(/))go 0 € ( 5 ) then X € A (Q,A)
S )
After, assume X € .,Z( (Q,A). Hence (s (X)), € ( 5(VZ, T ))h We have

< (V;T))
h

Jim [ma ([93150(3)

) -

As V2 is continuous, then lim, ma(s4(X),0) = 0. Suppose || X — md((;(\)?),ﬁ)IH*l
exists, with 2 € . Hence || X —mg(s,(X),0)I||~" exists and bounded, for every = € N.
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As limy o0 || X —ma(52(X), 0)I[ " = | X||~* exists and bounded. As (ﬂ( . ) H)
c§(V2,1)

h
is a pre-quasi Mappings ideal, one gets

I:XXle,I(

QA = ;fgz € (V2 7)= lim m ;775:0.
stsgm) (O DI €T 0) = Jiy )

—_—

We have a contradiction, since limg o0 mg(se(1),0) = 1. Then || X —mg(s.(X),0)I|| =0,
A

with 2 € A'. Which proves that X € | A (Q,A). "
(cs(Vg,7)>

h

Theorem 4.18. For s— type Uy, := {f = (,;(\)?)) cw(S): X € LIA) and h(f) <
oo}. If JZUh is a mappings’ ideal, then the following conditions are verified:

1. E C s— type Uy,
2. Assume (ST(X1)>

oo oo

€ s— type Uy and (ST(XQ)) € s— type Uy, then
0 0

r= r=

(sr(Xl —|—X2)) - € s— type Up.

3. IfXeR and (sr(X)) » € s— type Uy, then || (ST(X)) . € s— type Uy,

4. The sequence space Uy, is solid. i.e., if (sT(Y)) . € s— type Uy, and *;(\3(/) <

—_~— —_~—

s-(Y), for allr € N and X,Y € L(, A), then (ST(X))rzo € s— type Uy,.

Proof. If Ath is a mappings ideal.
(i): We have F(Q,A) C Ay, (Q,A). Hence for all X € F(Q,A), we have

—_~—

(m) o € E. This gives <3T(X)) o € s — type Ujp. Hence E C s— type
U - "
(ii): The space Ay, (2, A) is linear over R. Hence for each A € ?R and X1, X» €
Ay, (2, A), we have X7 + X3 € Ay, (2, A) and AX; € Ay, (Q, A). This implies
(;(\)?1)) . € s — type Uy, and (s,.(Xg))

r=

o
€ s —type Uy,
r=0
—_ oo
= (sr(Xl + Xg)) . € s — type Uy,
r=
and

—~— \ OO

A € % and (sr(Xl))

. € s —type Up, = || (sr(Xl)) o € s —type Uy,

r= r=

(iii): If A € £(0,9), B € Ay, (S, A) and D € L(A,Ag), then DBA €
Au, (Q0,Ao), where Qg and Ay are arbitrary Banach spaces. Therefore, since

—_ oo

(sr(B)>ZO € s — type Uy, then (ST(BEA)>

€ s — type Uy,
)

Since s.(DBA)Z [|Dl|s.(B) || 4]l By using condition 3, if ( D] ||A||;?B/))°io e
Uy, we have (sr(D\EA)>

o0
=

€ s — type Uy. This means s — type Uy, is solid.
0
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In view of Theorem 4.3 and Theorem 4.18, we conclude the following properties of the
s — type (cf (V2, T))h space.

Theorem 4.19. If s—type (cg(vg,r))h = {f = (;_(\)?)) cw(S): X € LIN,A) and h(f)
).
then the following conditions are verified:
1. E C s— type (cf (V2, ))
2. A (X —t 3 (V2, d 73(/ ~ —t
ssume (s ( 1))T_ € s— type (5 (V3 T))h an (s ( 2))T:0 € s— type

(cg(Vf,,T))h, then (s,.()/(—l\:Xg))r . € s— type (cg(Vf),T))h.

—_~—

3. If X € R and (ST(X)>O<10 € s— type (cg(vgﬂ'))h, then || (ST(X))OQ € s—

r=0
type (cf (V3 7'))
4. The sequence space (cf (V2, )) 1s solid. i.e., if (;?7))00 , €5 type (c5(v2,7),

—_~——  _ ——~— — "\ OO

and sr(X)<sr( ), for allr € N and X, Y € L(Q,A), then (ST(X)> Y c s—
type (cg (V3 T))

Theorem 4.20. The space “‘T(cg(v‘z ) is not mappings’ ideal, if the conditions (a) and
q’ h
(¢) of Theorem 3.16 are satisfied

Proof. If we choose m =1, n=1, wy = T v = wy, for kK = 3s or v, = 6, otherwise, for
all s,k € N. We have |vk|<|wk| for allk e N, w e (c§ (V2,7 ))h and v ¢ (COS(V?),T))}L.
Hence the space (cj (V2 )) is not solid. ]

5. KANNAN CONTRACTION MAPPING ON ¢ (V2 7)

In this section, we look at how to configure (cg (Vf,, T)) with different h so that there
h

is only one fixed point of Kannan contraction mapping. We construct the existence of a
fixed point of Kannan contraction mapping acting on this space and its associated pre-
quasi ideal. Interestingly, several numerical experiments are presented to illustrate our
results.

Definition 5.1. An operator 1{ Uy — Uh is said to be a Kannan h—conjragtion, if one
gets « € [0, ) with A(VY —VZ) < (h(VY Y) + h(VZ Z)) forall Y, Z € Uy,
An element Y € Uy, is called a fixed point of V, when V(Y) =Y.

Theorem 5.2. If the conditions of Theorem 3.16 are satisfied, and V : (co (V2 )) —

%,

(cg (Vz, T))h is Kannan h-contraction mapping, where h(?) = sup [md (
q

for allY € c§ §(V2,7), then' V has a unique fized point.
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Proof. If Y € ¢5(V2,7), one has VPY € ¢g(V2,7). As V is a Kannan h-contraction
mapping, one gets

h(VIHY —VIY) < (h(lef/ —VIY) + h(VY - VH?)) =

2
h(VIHY — V1Y) < %h(vlf/ —ViY) < (10‘) WV — V2P <

— —

!
a ~ ~
. < h(VY =-Y).
(1—a> v )
So for all I, m € N with m > [, one gets

h(VIY — V™Y < a (h(vlff — VWY RV - Vm—l?))

<a <<1 fo)ll + (lfo)ml) WVY = ).

Then, {V'Y} is a Cauchy sequence in (cg(Vf,, T))h. As the space (cg(Vf),T))h is pre-

quasi Banach space. One has Z € (cg(Vfﬁr))h with lim;_,. VIY=Z. To prove that

VZ=Z. Since h has the Fatou property, one obtains

l
WVZ~-Z)< sup }r>1fh(Vl+1§~/ -vly) < sup }I>1f (la) (VY —Y) =0,

then VZ=Z. So Z is a fixed point of V. To show the uniqueness. Let )7, Ze (cg(Vf), 7))
h
be two not equal fixed points of V. One has

hY —2)<h(VY ~VZ) < a (h(vf/ ~Y)+h(VZ - Z)) —0.
So, Y=Z. [

Corollary 5.3. If the conditions of Theorem 3.16 are satisfied, and V : (cg(vgﬁ)) —

h*q
76) b )
for all Y € cg(Vg,T), one has V has unique fixed point 7 so that h(Vlf/ - Z) <
-1 ~
a (L) h(VY - Y).

11—«

(cg (V%, T))h is Kannan h-contraction mapping, where h(?) = sup [md (‘Vﬁﬁa
q

Proof. In view of Theorem 5.2, one has a unique fixed point Z of V. So

h(V'Y = Z) = h(VIY ~VZ) < a (h(vlff VWY + h(VZ - 2))
-1

:a< a )l WVY - Y).

11—«
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Example 5.4. Assume V' : (cg (V%, (M)) )h — (cg (Vf,, (M)) )h, where h(g) =

q+2 q+2

sup {md (’V%@IH ﬁ)]w for every g € cj <V2 (%)) and
q

g, h(g) €0,1),
£, h(@ e [1,00).

As for each g1, € (COS (Vf,, (2;1%23)) )h with h(g1), h(g2) € [0,1), one has

g2 1 3q1 32
h(Vgi—Vaa) = h(— — Z) < \“/ﬁ(h(f) +h(7))
1

= 5 (MY~ )+ Vi~ @),

For all g1, g2 € (cg (Vg, (%)) )h with h(g1), h(g2) € [1,00), one has

h(Vgr —Vgs) = h(— — %) < 4164 (h(45i~1) 4 h(%))

— = (Vi — 50) + 1V - ).

For all §i, s € (cg (v,%, (2;:23)) ) with (1) € [0,1) and h(ga) € [1,00), we get

WV — V92>—h<——g—2>s L 30y, LA,

N A RV
1 391 492
- 427(h(4 )+ R 5 ))
= = (VG — §0) +h(Vis — @)
V21

Hence V is Kannan h-contraction. As h satisfies the Fatou property. From Theorem 5.2,

one has V satisfies one fixed point 9 € <c‘g (V%, (2;1%23)) )h.

Definition 5.5. Pick up Uy, be a pre-quasi normed (csss) V:U, > U, and Z € Uh
The operator V is called h- bequentlally continuous at Z if and only if, when lim,_, oo h(Y —
Z) =0, then limg_so0 b (VY VZ) =

Example 5.6. Suppose
. 2 (a+1 s{o2 (at1
V(e (v <2q+4))) = (e (75 20 +4 )h’

hZ) = SL;p [md (

where
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for every Ze ( (V2 (;q—i)) )h and

%(bO""_Z)v Zo(a) € [071717)7
1

V(Z) = 177?305 fZ\Q(d) = 17175
%bOa ZO(U’) € (%71]

V' is clearly both h-sequentially continuous and discontinuous at 5 bo € (CO (V2 (Qqq = 4))>

h
Example 5.7. Assume V is defined as in Example 5.4. Suppose {%} c <Co ( ( — )) )h
is such that lim,_eo A(Z™ — Z(©)) = 0, where 2 ¢ (6 (v3. (2122)) ), with h(Z2®) =

q+2

As the pre-quasi norm h is continuous, we have

lim h(VZ® —VZO) = lim h(Z(") - @) :h(@) > 0.

n— oo n—o00 4 5 20

Therefore, V is not h-sequentially continuous at Z(9),

Theorem 5.8. If the conditions of Theorem 3.16 are satisfied with 79 > 1, and V :
(cg(vg, T)) — (CO (V2,7 ))h, where h(Y) = sup [md ()Vf,ﬁ’;l‘ ,6)] , forallY € ey (V2 7).
Suppose

(1): V is Kannan h-contraction mapping,

(2): V is h-sequentially continuous at Z € (CO (V2,7 ))h,

3): there is Y € (cf V2 with {V'Y'} has {ViiY converging to Z.
0 h

Then Z € (co (V2 T))h is the only fixed point of V.

Proof. Assume Z is not a fixed point of V, one has VZ # Z. From parts (2) and (3), we
get

lim h(V4Y —Z)=0and lim h(V5T'Y —VZ)=0.
lj—}OO l]‘—)OO
As V is Kannan h-contraction, one obtains
0<h(VZ-Z)=h ((VZ —VEHY) 4+ (VEY — Z) 4+ (VY — Vljff))

< 22 sup; Ti72h (Vlj+1}7 . VZ) + 22 sup; Ti72h (Vlji} o Z)

—

;-1 o
+ 28uPi i~y ( ) r(VY =Y).
As l; — oo, one has a contradiction. Then Z is a fixed point of V. To show that the
uniqueness. Let Z , Y € (cg (Vf,, T)) be two not equal fixed points of V. One obtains
h

hZ-Y)<hVZ-VY)<a (h(VZ ~2)+h(VY — 17)) —0.

Hence Z = Y. [ ]
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o [ma (|317:1] )] 7
for all Y € (Co (V2 (2qu23)) )h' Since for all /}}I,/}}; € (cg (Vg, (Qqu;’)) )h with
h(Y1), h(Y2) € [0,1), one gets

Example 5.9. Assume V is defined as in Example 5.4. Let h(Y) = sup [m

h(VY: - VYy) = h(if 1ZQ) < V;(h(?’fl) + h(?’?))
_ % (VY7 = V0) +h(VY; - 73)).
For all V1,Y; € (cg (V%, (ﬁ—"‘;’)) )h with h(Y7), h(Y2) € [1,00), one gets
h(VYL = VYs) = h(i? - if) < i(h(f) + h(in))
_ %( (VYi = V) +h(VY; - V2)).

For all Y7,Y; € (cg ( )) ) with h(Y7) € [0,1) and h(Y3) € [1,00), one gets

~ v, Y, 2 3V, 1 4Y,
- —h(2E - 22y < S22y o222
hVYi = VYa) = h( — 5) < o)+ M 5)
2 (3] 1Y,
< = 271 =2
T (R T R(D)
= (h(VV - V) + (VT - T3)).
27
~ Y Y 1
So V is Kannan h-contraction and V?(Y) = ¢ ¥’ h(}:) € .1, Obviously, V is h-
57, h(Y) €[1,00).

sequentially continuous at J e (co (V2 (M)

) )h and {VPY} satisfies {V%Y} con-

vz, (2q+3>) )h is the only fixed point

verges to J. By Theorem 5.8, the point Je (cg )

of V.

/N

Definition 5.10. An operator V : Ay, (2,A) — Ay, (2, A) is said to be a Kannan H-
contraction, if one has « € [0, 1) with H(VT — VM) < ( VT -T)+H(VM — M)),

for all T, M € -AUh (L, A).
Definition 5.11. An operator V : Ay, (Q,A) — Ay, (€, A) is said to be H-sequentially

continuous at M, where M € Ay, (2, A), if and only if, lim, .o H(T, — M) = 0 =
lim, oo H(VT, — VM) =

Example 5.12. If V' : A
(e (73 (22

c§ (V2

2¢+3
~\ ] 2q+4
)]

)))h(Q,A) — .A( )))h(Q,A), where

H(T) = sup [md (‘VZS/J(T/)
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for every T € A (

Evidently, V' is H-sequentially continuous at the zero operator © € A ) .
(cs(vzz2)))
))) be such that lim;_,o, H(TW) — T(©)) =0, where
h

Let {TW)} C /T<

e (V3.(35%

) with H(T(®) = 1. Since the pre-quasi norm H is continuous,
h

one gets

) T7©)  p(0) T7(0)
- G _ 7Oy — 7 TN _ g
lim H(VTY —vT©) jlgroloH( - - ) H( 5 ) > 0.

Therefore, V is not H-sequentially continuous at 7(?).

Theorem 5.13. Suppose the conditions of Theorem 3.16 are satisfied and
V: .Z( ) (Q,A) — ,Z( (4, A). Assume

8 (V2,7)
h h

cé(V%,T))

(i): V is Kannan H-contraction mapping,

(ii): V is H-sequentially continuous at an element M € ,,Z
S(v2
(Co( p7T)

) (Q,0),

(iii): there are G € A (Q, A) such that the sequence of iterates {V"G}

C§(V%,T)>
has a {V'™™ G} converging to M.
Then M € .Z( (2, A) is the unique fized point of V.

h

h

cg(vg,r))
Proof. Let M be not a fixed point of V', hence VM # M. By using parts (ii) and (iii),

we get
lim H(V'™G—M)=0and lim H(V™TG - VM)=0.

T —>00 T —> 00

Since V is Kannan H-contraction, one obtains

0<H(VM-M)=H(VM-V™G)+ (V"G — M)+ (VTG -V™Q))

T —1
<2H (V'™"'G - VM) +4H (V'"G — M) + 4a (10‘) H(VG-G).

As r,, — oo, there is a contradiction. Hence M is a fixed point of V. To prove the
uniqueness of the fixed point M. Suppose one has two not equal fixed points M, J €
A (Q,A) of V. So, one gets

(CS(V?),T))

H(M - J) gh HVM-VJ)< a(H(VM ~ M)+ H(VJ- J)) =0.Then, M=J. =
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< (V3.(352))

Example 5.14. Given example 5.12. Since for all 77,7, € j( ) with
h

H(Ty),H(T,) € [0,1), we have

T, T 1 5T, 5T
H(VT, = V) = H(G — ) < o (HEGH + HEE)
1
= HVT, —T\)+ HVT, —T)).
iz (H(VT = T0) + H(VT, = )
For all Ty, T € X< 2(s (ZM))) with H(Ty), H(T3) € [1,00), we have
P\ q+2
T, T 1 6T 6T
AT =VTy) = H(71 - 72) T H(%) + H(72)>
1
=—(HWVT, - T\)+ HVT, — T)).
o5 (H (VT =) + H(VT, — T5))
For all Ty, T} € /T< 2 (o3 (2q+3))) with H(T3) € [0,1) and H(T) € [1, ), we have
Co\Vp gtz
h
T, 1 5Ty 1 6T
H\VT, - VT Loy (Y —H(22
(VlVQ) (6 7)—@(6)+m(7)
1
< HVT, —T\)+ HVT, —Ty)).
< 4125( (VI =Ty) + HVT: 2))

&, H(T)elo,1
Hence V is Kannan H-contraction and V"(T) = { 8. (T) € o, 1),
I H(T)e[l,00).

7r
Obviously, V is H-sequentially continuous at © € A ( ))) and {V"T} has a

5 (V3

p’( 2q+3

q+2

h
subsequence {V"™™ T} converges to ©. By Theorem 5.13, © is the only fixed point of G.

6. APPLICATIONS

This section introduces some successful applications to the existence of solutions of
nonlinear difference equations of soft functions.

Theorem 6.1. Consider the summable equations

Yy =R+ Y D(qg,r)m(r,Y,), (6.1)
r=0
which presented by Salimi et al. [11], and assume V : (cg(Vg,T))h — (cg(Vg,T)>h,

et
)] ",

where the conditions of Theorem 3.16 are satisfied and h(}N/) = sup {md (‘Vﬁ A;
q

for every Y € & (V2 7), defined by

V¥oeen = (B, +qu, (%) (62)
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The summable equation (6.1) has a unique solution in (COS(V?”T)>}L, if D: N? - R, m:

N xR(A) = R(A), R: N = R(A), Z: N — R(A), there is ¢ so that supqa%q €10,0.5),
and for all g € N we have

> D(g,r)(m(r,Y,) = m(r, ’Zi))‘
reN
ze

Ry =Yg+ Dg.r)m(r,Y,)| +

Ry—Zy+ Y D(g,r)m(r, Z,)
r=0 r=0

Proof. One has

VT =V = o (5307, - v )]

=sup |my
q

Tq
< supeX sup
q q

N

> D(g,r)(m(r,Y;) — m(r, Z,))

reN

=supe® (h(Vf/ ~Y)+h(VZ- Z)) .

2
vp

)

R, —Y,+ > D(q,r)m(r,Y;)
r=0

.0

I
)

By Theorem 5.2, one gets a unique solution of equation (6.1) in (cg(Vf), T)) . m
h

Tq
+supe ¥ sup
q q

Ry~ Zy+ Y D(q,r)m(r, Z,)
r=0

2q+3

o

Example 6.2. Suppose (cg (Vfﬂ (2(1’1_%;)) )h, where h(Y) = Sl;p [md (’Vfﬁfa

forall Y € cg (Vf,, (2q+3)). Consider the summable equations

q+2
Y, = B+ ;}(—1)Q+T<qz:;q2+1)t’ (63
with ¢ > 0. Let Vi of (V2, (25)) — o (2, (2 defined by
V(Y,) = (ﬁ; + ;(1)Q+r(q2:§2“)t)_ (6.4)
Obviously
o v :
;<—1>Q(q2+7g+1) (=17 = (17)
S [ A YRRV AL I T S < VTS G TR
se€ a— q+;0(_1) (q2+r2+1> + By — q+;(_) <q2+7”2+1) ’
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By Theorem 6.1, the summable equations (6.5) have a unique solution in CO (V2 (%))

q+3
~\ ] 2¢+4
)],

Example 6.3. Suppose (co (V2 (2‘1;34)) )h, where h(}N/) = sgp [md (

for all Y € cg <V2 (ﬁ)> Consider the summable equations

2g+4
Y5
+;eq+r(yg+; +1)t’ (6.5)
with ¢t > 0. Let V : ¢ (V2 (;qf;)) —cf (V2 (2qq+4)) defined by
Y5
V(Y, (R+Zwﬂw+;+gv (6.6)
Obviously

[e%¢] Y5 t

Y=t ) (- ¢)

=0 Y24V, +1

~ }73 t __ __ s 795 t

<el||R,-Y, +—§£:eq+r(44444444447) + ]iz—-Z§4-§£:€q+r(““f£é§44i)
r=0 Y3+Y +1 r=0 Z(‘;‘i’Zr +].

By Theorem 6.1, the summable equations (6.5) have a unique solution in c; (V2 (gfi)) .

2¢+3
~ 2q+4
0)]

Example 6.4. Suppose (Co (V2 (2[1‘1:23)) )h, where h(f’) = Sl;p [md (

for every Y € cs <V2 (%)) Consider the non-linear difference equations:

YT’

= fi ﬁﬂ—————— (6.7)

1+P+1

with r,u > 0, Y_o(a),Y_1(a) > 0, for all a € A, and assume V : (V2 (2qq+2 )) —
c§ (Vf), (M)) , defined by

q+2
— > YT 5%
V@;qo—( +) (- “L——————) : (6.8)
=0 1 + 12 +1
Evidently

o0 YT'

> == ((-1) - (1))

=0 Yqufl + l2 +1
e & Y, & zr,
<e Rq — Y;] + ( 1)Q+l 4*3_\/ + Rq _ Zq + Z( 1)q+l Q*i_\/
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By Theorem 6.1, the non-linear difference equations (6.7) have a unique solution in
S (w2 (24+3

(%5 (%7))

Theorem 6.5. Consider the summable equations (6.1), and assume V : (cg(vf,, T))h —
(cg(Vf,, T))h is defined by (6.2), where the conditions of Theorem 3.16 are satisfied with

0 > 1 and h(Y) = sup [md (‘Vfﬁm
q

’5)]7“’ for every Y € 5 (V2,7). The summable

equation (6.1) has a unique solution Z € (cg(vlz,n'))h7 if the following conditions are
satisfied:

(1): If D: N2 5 R, m: N x R(A) = R(A), R: N = R(A), Z: N = R(A),
there is € so that 25X~ sup, ™ € [0,0.5), and for all ¢ € N we have

Y~ D(g,r)(m(r,Y,) = m(r, 27>>|
reN
Ze

Ry =Yy + > D(g,)m(r,Y,)| +

r=0

Ry—Zy+ Y D(g,r)m(r, Z,)
r=0

(2): V is h-sequentially continuous at Z € (cﬁ(V%y)) ,
h
(3): there is Y <c§(v§,,7))h with {V'Y'} has {V5Y} converging to Z.
Proof. One has

hVY —VZ) = sup [md (‘vgv’fq ~VZ,|
q

=sup |mgq
q
< 2K=1supe™ sup lmd (

q q
mgq <|V§

= 2K qupe™ (h(Vf/ ~Y)+h(VZ - Z)) .
q

I

> D(g,r)(m(r,Y,) — m(r, Z,))

reN

v2

p

0

Ry =Yg+ > D(g,)m(r,Yy)
r=0

2
VP

)
I

By Theorem 5.8, one gets a unique solution Ze (cg(vz, 7')) of equation (6.1). [
h

+ 2K~ gup e sup
q q

Ry—Zy+ Y D(g,r)m(r, Z,)
r=0

2q+3

Dl

Example 6.6. Suppose (cg (Vf], (:ZJTJF;)) )h7 where h(f/) = sup [md (’V§|17;|
q

forall Y € ¢ (Vf,, <2qq:23)>. Consider the summable equations

o
Vo= Byt 30 () (69)
r=0
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with ¢ > 0. Let V : ¢§ (v2 (%)) . (v2 (2q )) defined by

— — & Y. t
Vo) = ( —)r (). 1
V( q) Rq"‘;( ) q2+7“2—|—1 (6 0)
Assume V is h-sequentially continuous at Z € (cg (V2. T)) g and thereis Y € (cg (V2. T)) .
with {V!Y'} has {VYY} converging to Z. Obviously

>0 () (- )

r=0

- - &= Y. t . 7 t
+r q —+7r q
R, =Y, + E (1)1 (m) + Ry — Zg + § (=1 (m)
r=0 r=0

By Theorem 6.5, the summable equations (6.9) have a unique solution Z € ¢ <V2 <2qq+23))

5g+3

U

Example 6.7. Suppose (Co (V2 ( qq+13)) )h, where h(Y) = Sl;p [md (

for all Y € cg <V2 (M)> Consider the summable equations

q+1
78
R e () =
with ¢ > 0. Let V : c§ (v2 (%)) . (vg, (ij%f)) defined by
v - (R, +zew( ). (6.12)

=0 Y3+ v, +1
Assume V is h-sequentially continuous at Ze (Co (V2 )) g and thereis Y € (cg(V?g, 7')) .
with {V!Y'} has {VYY} converging to Z. Obviously
0 ?:5 t
Z el (#) (er - er)
r=0 qus + Y;ﬂ +1

- Y5 t VA t
2ol Tor Do (=) [ R 2 e ()
=0 YP+Y. +1 i Zd+Z +1

By Theorem 6.5, the summable equations (6.11) have a unique solution Z € ¢§ ( ( +3 ))

29+3

Example 6.8. Suppose (co (V2 (2(1‘1;53)) )h7 where h(Y) = sup [md (
a

for every Y € cs (V2 (2(1‘%23» Consider the non-linear difference equations:
+l Yr
Y R + E )T —— (6.13)
+ 21 + 1
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with r,u > 0, 3752(“)717?1(@) > 0, for all @ € A, and assume V : c5 (an <2q+3)> —

q+2
c§ (V2 (%)) , defined by

— © YT )
V(Yy), = ( g 1) q+lm) . (6.14)

Suppose V is h-sequentially continuous at Ze (Co (V2 )) , and there is Ye (cg (Vg, 7))
h h
with {V!Y'} has {VYY} converging to Z. Evidently

S -1 (-1 - (1)
=0 Y, +2+1
SO Y, > zZr,
e ||Rg =Yg+ Y (1) —"2 |+ |Ry— Zy+ Yy _(-1)T
1=0 Yo+ +1 1=0 Zg  + 1P +1

By Theorem 6.5, the non-linear difference equations (6.15) have a unique solution Z e
S 2 (2q+3
(73 (%))

In this part, we search for a solution to nonlinear matrix equations (6.7) at D €

A ( . (Q,A), where ©Q and A are Banach spaces, the conditions of theorem 3.16
(V277')>

h
are satisfied, and

W(E) = [my (|v2lsa(c)]

,6)} %q, for all G € .Zl( ) (©, A). Consider the sum-

5 (V3.7)
h

mable equations

50(G) = 5a(P) + 3 Ala,m) f(m, 5(G)), (6.15)
m=0

(Q, A) is defined by

h

and suppose W : .Z( (QA) — .Z(

cg(Vg,T))h cg(Vg,T))

W(G) = (713 + Y Ala,m)f(m, s?@)) I (6.16)
m=0

Theorem 6.9. The summable equations (6.15) have one solution D € A( ) (,A),

5 (V2,7)

if the following conditions are satisfied:
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(a): A:N? 5 R, f: N xRA) — ( ), P e LIQ,N), T e LIQ,A), and for
every a € N, there is k so that sup, k™ € [0,0.5), with

3 Alam <f<m,m>-f<m,m>)\

meN

2K (50(P) ~ 5a(G) + Y Ala,m) m,sﬂc?»‘
meN

+/£Ks/a_(\/fsa ZAam msm(T)),
meN

(b): W is U-sequentially continuous at a point D € Z(

) (Q2,40),

s (V2,7)
h

(c): there is B € A ) (Q,A) so that the sequence of iterates {W*B}

COS(V%,T)

h
has a subsequence {W% B} converging to D.

Proof. Suppose the settings are verified. Consider the mapping W : A (

) (QA) —

cg(vg,‘r) X

A (Q, A) defined by (6.16). We have
(o),

T

1
6)] i

-

o

> Aasm) (£m,5m(G)) = f(m, 5 (1))
meN

2
Vo

Y(WG — WT) = sup |:md (

< supk’® sup |:md ( v
a a
sup k"% sup |:md (
a a

=supr™ (U(WG — G) + U(WT —T)).

2 |sa(P) = (@) + 3 Ala,m)f(m, 5m(G))
meN

e

(T)—sa )+ Z A(a,m)f(m, sm(T))
meN

V

In view of Theorem 5.13, one obtains a unique solution of equation (6.15) at D €
A (Q,A). m
(cscv2.m)
h
Example 6.10. Assume the class A (Q,A), where
(cé‘(vz’(zié :;o>)
o . % N h
U(G) = sup [md (‘v§|sa(a)| o)} " forall Ge A (Q,A).
a ( S(v2 (n+2)a O))h

Consider the non-linear difference equations:

tan(2m + 1) cosh(3m — a) cos” |sa/2\(/ G)| ’ (6.17)

g(\(?) —(2a+3) 1 Z

m—0 sinh? |s,—1(G )|+smma+1
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(7)) = A
)

§ (V3 (52)0)
h

)(97 A)

1
c(‘? (V,Q,,( 212 )oo)

WhereaZQandr,q>OandletW:fT<

be defined as

W(G) = <e (2a+3) 4 Z tan(2m + 1) cosh(3m — @) cos” [sa—a(G )> I (6.18)
m=0 sinh? |s,_1(G)| + sinma + 1

Suppose W is W-sequentially continuous at a point D € .Zl( (v (e )) (Q,A), and
ats
there is B € A Y. )) (€, A) so that the sequence of iterates {I;/GB} has a
subsequence {W% B} coanterglnghto D. Tt is easy to see that
— ot

cosh(Em — ) <o 150 2(G) (ianam + 1) ~ tan(2m + 1))

m=0 sinh?|s,_1(G)| + sinma + 1

a+1
- —~
< % —(2a+3) _ 5. + Z tan(2m + 1) cgs_ljgm - a) cos” [$4—2(G)]
m=0 sinh? |s,—1(G)| + sinma + 1
a+1
- —~ e
+ Z2at9) _ 5, + Z tan(2m + 1) co/sllgm —a)cos” |sq—2(T)]
m=0 sinh? |s,_1(T )|—|—Smma—|—1

By Theorem 6.9, the non-linear difference equations (6.17) have one solution

De Z< - 0)>}L(Q,A).

1
Cg(vfw( Ziz

2 3
(V2.(352)220)

Example 6.11. Assume the class A ( ) (Q,A), where

U (G) = sup |m ‘VQ;:G/
(©) = p ma |73 S

,6)}337“,@ auGefT( ) (Q, A).

h

Consider the non-linear difference equations (6.17) and let

W:j(

(V3,25 0)

(V3.2 0)

(Q,A) > A (Q,A)
), ),

be defined as (6.18). Suppose W is ¥-sequentially continuous at a point

De .Z( ) (€2, A), and there is B € ./T( ) (©, A) so that

cg(vg,(ia:;)a o) Cg(v27(2aar23)a )

L )
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the sequence of iterates {IW®B} has a subsequence {W?% B} converging to D. It is easy
to see that

2a+3
2a+4

cosh(3m — a) cos” |sa 2(G)]
m=0 sinh?|s,_1(G)| + sinma + 1

(tan(?m +1) — tan(2m + 1))

2043
00 - 2a+4
< i “onra) _ Sa )+ Z tan(2m + 1) Cfl\lgm - a) cos” |$q—2(G)]
25 m=0 sinh? |s,_1(G)| + sinma + 1
N THE
oo Za+
+ L e—(2a+3) _ S/\—/ )+ Z tan(2m + 1) cgsililgm —a)cos” |8q—2(T)]
25 —0 sinh?|s,_1(T )|+s1nma+1

By Theorem 6.9, the non-linear difference equations (6.17) have one solution

DeA (Q,A).
e ),

5(V2, (28t )

7. CONCLUSION

In this paper, we have explained sufficient settings of the space ¢ (V2 7) equipped with
the definite function h to be pre-quasi Banach (csss). The Fatou property of various pre-
quasi norms h on cg (V2 7) has been investigated. The structure of the mappings ideal by
this space and extended s—soft functions have been explained. We btudy enough setups on

it such that the class A < ) is simple Banach and the closure of § = A® ( We

s(V%,T) cg (V%,T)) N

explain enough setups on it such that A4 ( s (w2 )) is strictly contained for different powers
Vi, T

and backward generalized differences, and the space of every bounded linear mappings

which sequence of eigenvalues in (cg (Vg,f))h equals A ( - )) . The existing results

CO P’T
may be established under a wide range of flexible conditions. We construct the existence
of a fixed point of Kannan contraction mapping acting on this space and its associated
pre-quasi ideal. Interestingly, several numerical experiments are presented to illustrate
our results. Additionally, some successful applications to the existence of solutions of
nonlinear difference equations of soft functions are introduced.
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