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Abstract : In this note we establish a common fixed point theorem for a quadruple
of self-mappings satisfying a generalized contractive condition in a normed space
which extends the result of Rashwan [2]. We also prove some fixed point theorems
with asymptotic regularity condition for a quadruple of mappings. These theorems
generalize and extend results of Sastry et al. [3] and Zeqing Liu et al. [4].
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1 Introduction

The following definitions were used in [1] and [2] respectively.

Definition 1.1 Let (N,]||.||) be a normed space. Then T; and T» be two self-
mappings of N called a generalized contractive pair of mappings if

| |z = Tha|[[1 — [lo — Toyl]

Hﬂx—ﬂmwumx@x—m

1+ ||z — Thz|| ’
e = Tollll = Il — Tyell] ITse — i1 — lly — Towl)
1+ |z — Tayl| ’ 1+ ||Tie — y| ’
|ly — Toyll1 — IITlév—yH}
L+ [ly — Tayl| 7

for all z,y in X, where 0 < ¢ < 1.

Definition 1.2 Let 77 and T, be two self-mappings of a Banach space B. The
Mann iterative process associated with T7 and T3 is defined in the following
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manner. Let xg be in NV and let

Topy1 = (1 — can)Ton + conTiT2y,

Tony2 = (1 = cang1)Toant1 + Cony1 o201,
forn =0,1,2,..., where ¢, satisfies (i) ¢co = 1, (ii)) 0 < ¢, <1, n=1,2,... and
(iii) limy— oo ¢ = h > 0.

In [1], Pathak proved the following common fixed point theorem:

Theorem 1.3 Let X be a closed conver subset of a normed space N and let Ty
and Ty be two continuous self mappings satisfying Definition 1.1 on X. Let xq be
an arbitrary point in X. Then sequence of Mann iterates {x,} associated with Ty
and Ty is defined by

Tont1 = (1 — con)@on + c2nT1T2m,
Zont2 = (1 — cant1)Tont1 + Cant1T2T2n 41,

form =0,1,2,..., where {c,} satisfies conditions (i), (ii) and (iii) of Definition
1.2. If {x,} converges to u in X and if u is fized point of of either Ty or Ty, then
u is the common fixed point of Ty and Ts.

In [2], Rashwan extended Theorem 1.3 for three mappings as follows:

Theorem 1.4 Let X be a closed convex subset of a normed space N. Let Ty and
Ts be mappings of X into X and [ a continuous mapping of X into X such that

[fz —Thz||[1 - |[fz — Toyll]
Tz —T: < gmax T — , )
[T 2yl < q {|f fyll 1+ |[fz — Thal]

fx = Toy||[t — [|fx — Thal|] [Tz — fylll = [lfy — Toyll]

1+ || fx — Tyl ’ 1+ [Tz — fyl| ’
| fy — Toy|l[1 - ||Tha — fyI]}
1+ || fy — Tayl| ’

Ifx = fyll < [|The — fl| + [|Tie — Toyll + || T2y — fyll,

for all z,y in X, where 0 < ¢ < 1, and the sequence {fx,} associated with Th and
Ts is given by

frant1 = (1= c2n) fo2n + c2nT1T2n,
fronte = (1= c2nt1) fo2n41 + Cant1T2T2n41,
forn=0,1,2,..., where {c,} satisfies conditions (i), (i) and (iii) as given above

and xg is an arbitrary point in X. If {fx,} converges to a point u in X, then u
18 a common fized point of Ty, To and f.
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2 Main Results

We extend Theorem 1.4 for a quadruple of self-mappings as follows:

Theorem 2.1 Let X be a closed convex subset of a normed space N. Let Ty, Ty
be mappings of X into X and let f and g be injective and continuous mappings of
X into X satisfying

— Thz||[t — || fz = Toyll]

fx
[To — Toyl| < qmax{uzgyn, I

1+ ||fz — Tiz|| ’
I[fe —Toyl|[1 — [Ifz — Thzl|] [[Tiz —gyll[l — [lgy — Toyll]
L+ || fz — Toyl| ’ 1+ [|Thz — gyl ’
llgy — Toyl||[1 — IITlx—gyll]} 2.1)
1+ |lgy — Tayl|
|fz — foyl| < |The — fa|| +||Tiz — Toyl|
+ T2y — gyll + llgy — fal| (2.2)
llgy — gfz|| < ||Tvx — gyl| + | T1x — Tayl|
+ [Ty — fx|| + |lgy — fz| (2.3)
for all x,y in X, where 0 < q < 1,
(1 =N f(X) + ATy (X) C g(X), (2.4)
(1= p)g(X) + pTr(X) C f(X) (2.5)

for all A,y € (0, 1], the sequence {x,,} associated with the mappings T1, To, [ and
g is defined by

Ton+1 S g_l[(l - C2n)fx2n + CQnT1$2n]a (26)
Tant2 € fH(1 = cont1)9%2n41 + C2ng1ToTon41] (2.7)
n=0,1,2,..., where xg is an arbitrary point in X and {y,} is the sequence defined
by Yon—1 = fron—1 and Yo, = gxo, forn =1,2,... and {c,} satisfies conditions

(), (i1) and (iii) given above. If {y,} converges to a point u in X, then w is the
unique common fized point of Ty, T, f and g.

Proof. Since f and g are injective and satisfy conditions (2.4) and (2.5), the
sequence {x,} defined by equations (2.6) and (2.7) is unique. Also from equation
(2.6), we have

Tyay, = 9Zon+1 — (1 — can) faon

;
Con

and so
n - 1 - n n
lim Tyxs, = lim gTam1 — ( Cn) %2
n—oo n— oo Con
u—(1—h)u

=——=u.

h
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Similarly

lim T2$2n+1 = Uu.

n—oo
From equation (2.2), we have

|| fron — fgxontil] < |Thaon — faon|| + ||Tizon — ToZont1]|
+[[T2w2n+1 — 922011l + [[922n41 — fr20]ls

and so
lim ||fo2, — fgTantall = lim [|y2n — fyzns1l] = |Ju— ful] <0.
n—oo n—oo

It follows that u = fu.
Also from (2.3), we have

922041 — gfTon|| < [|ThT2n — g2oni1]] + [|T122n — ToT2p 41|
+ || Tox2n41 — fron|| + ||922n41 — fronta]]s

and so
lim ||groni1 — gf22n|l = lim |[y2ni1 — gyonl| = [lu — gul| < 0.
n—oo n—oo

It follows that u = gu.

Further, using inequality (2.1), we have

llu — Toul| < |lu— grant1|| + [|g72n+1 — Toul|
< lu = gzantal| + [[(1 = con) fr2n + c2nT172, — Toul|
< lu = gzant1l| + (1 = can)|[fr2n — Toul| + con||T1z2, — Toul|
<[ = gzont1l] + (1 = can)|[ fr2n — Toul|
— Thzon|[1 — [| fzon — Toul]]
1+ || fron — Tixon||

)

i
+62nqmaX{|fxzn—gu|, [f2n

|[fz2n — Tou||[1 — |[f2on — Thaon]|]
1+ foQn - T2u||
|[Thz2n — gul|[1 — [lgu — Toul]]
L+ [[Th22n — gul|
|lgu — Toul|[1 — ||[Th@2, — gull] }
L+ |lgu — Toul| .

)

)
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Assuming that Thu # u, we have on letting n tends to infinity

[ Toul] < 0+ (1= )l — Toul|

|[u — Toul| |[u — Toul|
+ hgmax < 0,0, U,
I { L+ |[u—Toul|” 7 1+ [Ju — Toul|
|[u — Toul|
< (1-"h)||lu—-Thul| + hg———"——
< (1= W)llu = Toul + o =

< (L= h+ hq)|lu — Trul|
< ||u —TQUH,

a contradiction, and so u = Thu.
Similarly

|u—Tull < |lu— fronioll + | f22nt2 — Thul
<lu = frony2| + (1 = c2nt1)92n+1 + c2nt1ToT2n41 — Thul|
< lu = franga|| + (1 — cant1)llg22n+1 — Tru|
+ cont1||T1u — Toxopn 1|
< lu = fronia|| + (1 = cant1)llgz2n4+1 — Thul|
+ Cap+1¢max {Hfu - g$2n+1‘|7
[ fu—Thul [ = [[fu — Towoni|l]
L+ || fu — Tyl ’
[ fu — Towanpa |1 — || fu — Thul]
L+ || fu — Toxoni|l
[Thu — gzont1[[l — 922041 — Tozont1]]]
L+ ||Tvu — gzon4||
lgz2n+1 — Tozantal[l — [|Thu — grans] }
14 |lgz2ns1 — Toong1]| '

)

)

Assuming that Tu # u, we have on letting n tend to infinity

llu —Thul| <0+ (1—h)||u—Thul|+

b fo =Tl - Tia|
"1+ |ju =Tl 71+ [Ju— Thul|
hgl[u — Thul|
<1-~hlu—-"Tull + ————
< (1= h+ ha)llu— Tyal

< [Ju = Tyul],

a contradiction, so that u = Tiu. We have therefore proved that u is a common
fixed point of T1,T5, f and g.
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To prove the uniqueness of u, suppose that v is a second common fixed point
of Ty, Ts, f and g. Then
[lu —vf| = |[Tyu — Too|

[lfu = Tyul[[1 — || fu — Tool]
< gmax u — gv||, ,
[1fu = Tooll[1 = |lfu— Trall] |[Tyu — goll[1 — [lg — Tool]

1+ |[fu—Too| ’ 1+ [|Tiu — gvl] ’
||9U_T2U|[1_||T1U_9U||]}
1+ [lgv — Tovl|
—ullll = llu —
— g e - Ll ol
1+ |ju—ul
[u = ol[[1 = JJu = wl]] [lu—2l|[1 —[lv— o]
Ltfu—off 7 I+flu—v|
[lv = [[[1 — |lu— o]
1+ ||lv =1
[lu — vl [lu— vl
= — 0 0
qInaX{|U U||7 71+||'U/_UH,1+HU_’UI|’
= q|lu—vl],
a contradiction and so v = v. This proves the uniqueness of u. O

When f = g = Ix the identity mapping on X, conditions (2.2) and (2.3) are
trivial and we have the following corollary:

Corollary 2.2 Let X be a closed convex subset of a normed vector space N. Let
Ty and Ty be mappings of X into X satisfying

||z = Tha||[1 — [lo — Toyl]

|Ti — Toyl] < qmax{nm—m,

14+ ||x — Ty ’
e = ToyllL  ll — Tyall] |[Tiz — ylllL = lly — Tayll
1+ ||z — Tyl ’ 1+ [|Thz — y]| ’
lly — Toyll[1 - IITw—yI]}
1+ ||y — Toyl| ’

for all x,y in X, where 0 < q < 1,
1-XNX+)MN1(X)CX,
(1— WX + uTo(X) € X,
for all A\, € (0,1], the sequence {x,} is defined as in Theorem 1.3 and {c,}

satisfies conditions (i), (ii) and (iii), given above. If {x,} converges to a point u
in X, then u is the unique common fized point of Ty and Ts.
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Example 2.3 Let X = [0,1] C R, where R is the set of real numbers with the
usual norm and 77,75, f,g: X — X

" 22/3

S R

47 2T 4 ’

/3

Tl,’E:
fe=2? gr=uzx

Clearly the mappings ¢! and f~! defined by

gtz =2 and flz =22

exist.
Suppose that {y,} is a sequence of elements of X such that

Yont1 = GZant1 = (1 — con) faon + c2nT1Ton,
Yont2 = franto = (1 — cant1)9%2n+1 + Cont1T2Ton41,

and
_n+1
2n+1
If 2o = %, then with the help of equations (2.6) and (2.7), we obtain the
sequence {x, }, where

Cn

z1 =g~ (1 = co) fzo + coTrao)
3
fa-nr(3)+5)=(5)"
1[(1 —c1)gz1 + 1 Toxq ]
10-5)s+56) 1

g
I~

I~
(31128)3
g
[

I

[

(1 — CQ)fo + CQTle]

3.5 128( +%)} ’

[(1 — 03)91‘3 =+ 03T21'3,]

357, 128( + 51T72) (3+ 3.51;28( + %))r

and so on. Then

Y1 =49gr1 = 3
17
= e =3
17 17
Ys = 93 (3.5.128)( t512)

vi =t = ﬁ@ * %) (3+ 3.51.128 (2+ %))
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and so on. It is evident that y, — 0 as n — oo.
We note that T7, Tb, f and g are continuous and satisfy all the conditions of
Theorem 2.1 with 0 < g = % < 1. Indeed we have

| Ty — Toyll

1 2

Lo =4t

< (U= 21 + 1y 21D (=2 = y'/3]))
- 4

_ Iz =y
- 2

< Wz —gyll
—= 2 .

Further, 0 is the common fixed point of 77,75, f and g.

3 Fixed Point Theorems with Asymptotic Regu-
larity Condition

Let R denote the set of nonnegative real numbers, W : RT™ — R™T be a continuous
function such that 0 < W (t) < t for all t € R and let T}, T, f and g be selfmaps
on a metric space (X, d). For a point g € X, if there exists a sequence {y, } in X
such that

Yon = T1%2n = gT2n41,

Yont+1 = 12Zont1 = fTonto2,

forn =0,1,2,..., then O(T1,T5, f,g9,x0) = {yn : n = 1,2,...} is called the orbit
of (Th,Ts, f,g) at xg. T1 and T5 are said to be orbitally continuous at x¢ if and
only if they are continuous on O(T1,Ts, f, g,20). X is said to be orbitally complete
at xo if and only if every Cauchy sequence in O(T1, 75, f,g,2) converges in X.
The pair (T1,Tz) is said to be asymptotically regular (a.r.) with respect to (g, f)
at x if there exists a sequence {y,} in X such that

Yon = Tlen = gT2n+1,

Yont+1 = LoTons1 = fTonto,

forn=0,1,2,... and d(yn,yn+1) — 0 as n — oo.
Zeqing Liu et al. [4] proved the following theorem :

Theorem 3.1 Let f, g and h be selfmaps on a metric space (X, d) and let fh = hf
or gh = hg. Suppose that there exists a point xo € X such that (f,g) is a.r. with
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respect to h at xo, X is orbitally complete at xy, and h is orbitally continuous at
Zo. If

holds for all x,y € X, then f,g and h have a unique common fized point in X,
where

M (x,y) = max{d(hx, hy), d(hz, fz),d(hy, gy), d(hz, gy), d(hy, fz)}.

4 Main Result

Now we present our second main theorem :

Theorem 4.1 Let T1,Ts, f and g be selfmaps on a metric space (X,d) and let
Tif = fT1 and Tog = gT5. Suppose that there exists a point g € X such that
(Th,Ts) is a.r. with respect to (g, f) at xo, X is orbitally complete at xo, and g, f
are orbitally continuous at xg. If

d(Tye, Toy) < M (,y) = W(M (z,y)) (4.1)

holds for all z,y € X, then T1,T5, f and g have a unique common fized point in
X, where

M/ (CL’, y) = maX{d(fxa gy)? d(fl‘, Tlm)v d(fxa sz), d(T1$7 gy)a d(gy, T2y)}

Proof. Since (T7,T3) is a.r. with respect to (g, f) at zg, there exists a sequence
{yn} in X such that
Yon = T1Z2n = gT2n+1,

Yont1 = 1oTont1 = f$2n+2,
forn=20,1,2,... and

lim d(yn, yn+1) = 0. (4.2)

n—oo

In order to show that {y,} is a Cauchy sequence, it is sufficient to show that
{y2n} is a Cauchy sequence. Suppose that the result is not true. Then there will
be a positive number € such that for each even integer 2k, there are even integers
2m(k) and 2n(k) such that 2m(k) > 2n(k) > 2k and

A(Y2m(k), Y2n(k)) > €. (4.3)

For each integer 2k, let 2m(k) be the least even integer exceeding 2n(k) and
satisfying (4.3) so that

d(Y2m (k) —2+ Yon(k)) < € (4.4)
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Then for each even integer 2k,

A(Yam (k) Yon(k)) < AYamk)—2> Y2nk)) + A Y2mk)—25 Y2m(k)—1)
+ d(Yom(k)—1> Y2m(k))-

From (4.2), (4.3), (4.4) and the above inequality we have,

i d(yomk)s Yan(r)) < € (4.5)

Using the triangular inequality and putting d(yn, yn+1) = dn, we obtain

|d(Y2m(k)+15 Y2nk)) — AY2m k) Yonk))| < domr),

ld(Y2m(k)+15 Y2nk)+1) = AY2mk)+15 Yan k)| < dan(r),
|d(Y2m(k)+2> Yonk)+1) = AY2mk)+15 Yon)+1)| < dom(i)+1,
ld(Y2m(k)+2> Y2nk)) = A Y2m)+15 Yonk))| < dom(i)+1,

and from (4.2), (4.5) and the above inequalities, we have

| /\

hm d(me(k +15 Y2n(k

| /\

hm d(me(k)-i-la Yon(k)+1

\ /\

)
)
hm d(me(k)+27 Yon(k)+1)
)

| /\

hm d(y2m(k)+27 Y2n(k
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It follows from (4.1) that
d(Yon(k)+1: Yomk)+2) = AT2Tonk)+1> T1Tom(k)+2)
= d(TaZan (k) +15 T1T2m (k) +2)
< max {d(fx2m(k)+2a 9Zan(k)+1)s A fTamk)+2: T1T2m (k) +2)
d(fromm)+2> ToTon(k)+1)s AT1Zom (k) +25 9T2n(k)+1);
A(gZ 20 (k)11 ToTon (k) +1 )}
- W(d(fom(k)+27 9Ton(k)+1), A fTamk)+2> T1%2m (k) +2)5
d(fT2m k) +2> ToTon(k)+1)s AT1Zom (k) +25 9T2n(k)+1);
d(gZ2n(k)+15 T2$2n(1c)+1)})
< max {d(me(k)+1a Yon(k))> AY2m(k)+1> Yom(k)+2)
d(Y2m(k)+1> Y2n(k)+1), AY2m(k)+2> Y2n (k) )s
d(y2n(k)7 Yon(k)+1 )}
- W(d(me(k)+1a an(k))7 d(me(k)+17 y2m(k)+2)7
d(Yam(k)+1> Y2n(k)+1) AY2m (k) +2> Y2n(k))s
d(y2n(k)7 y2n(k)+1)}> :

As k tends to infinity, we have
e < max{e,0,¢,¢,0} — W(max{e,0,¢,¢,0}),

or

e <e—Wi(e).

That is, W(e) < 0, which implies € = 0, a contradiction. Hence {y2,} is a Cauchy
sequence.

Since X is (T1,T3, f,g) orbitally complete at z(, there exists a point z such
that 4, — z as n tends to co.

Now applying (4.1) to d(gxan+1,T2z) and d(T1z, fra,+2) and letting n tend
to infinity, we have

d(gz2nt1, Toz) = d(Th22n, T22)
< max{d(fwan,g2), d(fr2n, T172n), d(fr20, T22),
d(T1w2n, g2),d(gz, T22)}
— W(max{d(fzan, 92), d(fr2n, T1z20), d(fT20, T22),
d(Ty2zan, g2),d(gz,T22)})
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or
d(z,Tyz) < max{d(z,gz),d(z,2),d(z,T2z),d(z,92),d(gz,T2z) }
— W(max{d(z, gz),d(z, 2),d(z,T2z),d(z, gz),d(gz,T2%)})
or
d(zv TQZ) < HlaX{d(Z, gZ), d(Z, Z)a d(z7 TQZ)? d(Z, gz)v d(gz7 TQZ)}
— W(max{d(z, gz),d(z, 2),d(z,T22),d(2,92),d(gz,T2z)})  (4.6)
and
d(Thz, frons2) = d(Thz, Towon41)
< max{d(fz, gx27l+1)7 d(fZ, le)a d(fZ, T2I2n+1)7
d(T1z, gT2n11), d(9T2n41, ToTany1)}
- W(max{d(f& g$2n+1)7 d(fZ, le)7 d(fZ, T2x2n+1)>
d(T1z, grant1), d(gon+1, Toxani1)})
or
d(le7 Z) < maX{d(fz, 2)7 d(fZ, le)) d(fZ, Z)v d(lev Z)v d(Z, Z)}
— W(max{d(fz,2),d(fz,T1z),d(fz,2),d(T1z,2),d(z,2)})
or

d(lea Z) < max{d(fz, Z)v d(fZ, le)v d(fza Z)7 d(lea Z)a 0}
— W(max{d(fz,z),d(fz,Tiz),d(fz,z),d(T1z, z),0}). (4.7

Since T3 f = fT1, we have T fron10 = fT1Ton42 — f2.
Again, since T} is orbitally continuous at xg we have by (4.1)

d(T1 fant2, frony2) = (T fronto, Toxoni1)
< max{d(f front2, 972n+1), A(f fron+2, T1 fT2n42), d(f front2, Tavont1),
d(Th frant2, 9T2n+1), d(gT2n+1, ToTon1)}
= W(max{d(f fr2n+2, gT2n+1), d(f fr2n+2, T1 fT2n12),
d(f fron+2, Towant1), d(T1 frony2, gTon+1), d(gT2nt1, TaTont1)})
<max{d(fz,2),d(fz f2),d(fz,2),d(fz,2),d(z,2)}
— W(max{d(fz,2),d(fz, fz),d(fz,z2),d(fz,z),d(z, 2)}).

Letting n — oo, we have
d(fz,z) <d(fz,z) — W(d(fz,z),

which implies fz = z.
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Similarly if Tog = g5, then Togront1 = gloxont+1 — g=.

Since T, is orbitally continuous on zg, then we see on applying (4.1) to
d(gzon+1, Tegran+1) and letting n — oo, we obtain gz = z.

In equation (4.6), if we put z = gz, then we get Toz = z. Again in (4.7), if we
put z = fz, then we get T1z = z. Thus z is a common fixed point of T7,T5, f and
g. Uniqueness of z is obvious. This completes the proof of the theorem. O

Remark 4.2 When f = g, Theorem 3.1 strictly extends Theorem 2.1 of Liu
Zeqing et al. [4]. Furthermore, taking W(t) = (1 —r)t : r € (0,1), we obtain
Theorem 1 of Sastry et al. [3].
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