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Abstract Due to the significance of the variational inequality which related to solve various problems
in other branches of sciences and engineering, in this paper, we introduce a new algorithm for finding
solution of this problem by using Bregman method in real reflexive Banach spaces. Under some mild
conditions, the convergence result is exactly proved. Our result improved and extended some previous

results in the literature.
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1. INTRODUCTION

Throughout this paper, let E be a real reflexive Banach space with the topological dual
E* and the function f : E — (—o00,00) be a proper, lower semicontinuous and convex
with the effective domain domf = {z € F : f(z) < co}. Given any z € int(domf), the
direction derivative of f at x in the direction of y € E is denoted by f'(z,y), that is,

t—0+ t

(1.1)

Recall the differentiable function that will be used in this paper, the function f is called
Gateauz differentiable at z if the limit as ¢ — 0 in (1.1) exists at any y € E. The
function f is said to be Fréchet differentiable at x if the limit (1.1) is attained uniformly
in |ly|| =1 and = € E. It is easily claimed that every Fréchet differentiable function is
Gateaux differentiable and if f is Frechet differentiable, then it is continuous but if f is
Gateauz differentiable, then it is not necessary that f is continuous [1].
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The Variational Inequalities (VI) problem of Fichera [2] and Stampacchia [3] is the
problem which aim to find a point 2* € C such that

(Az*,y —x") >0, Vy € C, (1.2)

where F is a real Banach space with its dual space E*, the norm and the dual pair between
E* and E are denoted by || - || and (-, ), respectively. Let C' be a nonempty, closed and
convex subset of E, A: E — E* is a given operator. The solution set of VI is represented
by VI(C,A). This is a fundamental problem in optimization theory and captures various
applications such as mathematical programming, partial differential equations, optimal
control and so on.

Several surveys dedicated to solve various problems in other branches of sciences and
engineering and their applications have appeared (see [4—11]).

Due to its significance in various fields, there were many researchers tried to make the
method improvement for solving VI, the one classical method is the projection method
given by the following iterative algorithm,

Tpe1 = Ho(z, — ApAzy,). (1.3)

In 1976, Korpelevich [12] proposed the Extragradient Method (EM) for solving VI with
monotone and Lipshitz continuous mapping A in the finite dimension Euclidean space.
EM is a two-projection process and is defined by

o € C,
yn = He(zn — anAx,), (1.4)
Tng1 = Ho(x, — anAyn),

where n > 1 and «,, € (07 %) The EM is one of the most well known method which
attracted all researchers to improve and applied this method to the real-world problems.
By the way, in the EM (1.4), the calculation of two projections onto the feasible set C' is
required which might not be easy and may affect the efficiency of the method.

Later, in 2000, Tseng [13] introduced T'seng’s extragradient method for solving mono-
tone variational inequalities in a real Hilbert space.

{ Yn = HC(xn - ann)7

1.5
Tn4+1 = Yn — a(Ayn - A.’L‘n), ( )

where A is monotone and L-Lipschitz continuous from C into H and « € (0, %) It was
proved that this method converges weakly to a point in VI(C, A). Note that this modified
method to decomposition in convex programming and monotone variational inequalities.

In 2018, Yang et al. [14] presented the following modification of the subgradient extra-
gradient method with adjustment step size for solving monotone variational inequalities.

yn = He(zn — andxy,),
Tpy1 = 1_‘[Tn (xn - OénAyn)y (16)
T,={zx € H:(x, — anATy — Yn, T — yn) < 0},

where ay, > 0, € (0,1) and o, is adaptive updated as follows:

. I n*yn”2+”$n+l *ynHQ .
f (Ax, — A — >0
Qpy1 = i {M 2{Axy — AYn, Tpt1 — Yn) 3 (AT Yns Tnr = Yn) > 0,
Qo otherwise.
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The weak convergence of the algorithm was established without the knowledge of the
Lipschitz constant of the mapping.

In this paper, motivated and inspired by Tseng [13] and Yang et al. [14], we introduce
the following algorithm

Yn = ch(vfil(vf(zn) - 'YnAxn))v
zn = VUV f(yn) = vn(Ayy — Azy)), (L.7)
Tp41 = Vf‘l(aan(u) + (1= an)Vf(zn)),

where

20 — ynll® + 120 — yl® .
min , if (Azy, — Ayn, 20, — >0,
T+l = {M 2(Az, — Ayn,2n —ya) " (A2n = Ayn, 20 = yn)
Tn otherwise.

we prove that {z,} converges strongly to the point Héx under some suitable condition
imposed on the parameters.

2. PRELIMINARIES

In this section, we begin by recalling some preliminaries and lemmas which will be use
in the proof.

Let E be a reflexive Banach space with the norm || - || and E* the dual space of E.
The Legendre function f : E — (—o00, 0] is defined in Bauschke et al. (see [15]). The
function f is Legendre function if and only if it satisfies the following two conditions:
(L1) int(domf) # 0 and f is Gateaux differentiable with domV f = int(domf);

(L2) int(domf*) # @ and f* is Gateauz differentiable with domV f* = int(domf*).

Since E is reflexive Banach space, we always obtain (9f)~! = 9f* (see [16, p. 83]).
This, by (L1) and (L2), implies the following facts:

(i) Vf is a bijection with Vf = (Vf*)~! (see [17, Theorem 5.10]);

(ii) ranVf = domV f* = int(domf*) and ranVf* = domVf = int(domf) (see [18],
p-123),

where ranV f denotes the range of V f.

Definition 2.1. ([19, 20]) Let f : E — (—o00, +00] be a convex and Gateaux differentiable
function. The function Dy : domf x int(domf) — [0, +00) defined by

Dy(z,y) = f(x) = f(y) = (& =y, V),

is call the Bregman distance with respect to f.
By the definition, we know the following two important properties: the two point identity,
for any z,y € int(domyf)

the three point identity [21] for any = € domf and y, z € int(domf),
Dy(x,y) = Dy(x,2) — Dy(2,y) + (x =y, Vf(2) = V[(y)). (2.1)

Definition 2.2. ([22, Proposition 2.1]) If f : E — (—o0,400] is uniformly Frechet
differentiable and bounded on subsets of E, then V f is uniformly continuous on bounded
subsets of E from the strong topology of E to the strong topology of E*.
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Definition 2.3. (Bregman [19]) Let f : E — (—o0,+00] be convex and Gateaux dif-
ferentiable function. The Bregman projection of = € int(domf) onto a nonemtry closed
convex set C' C int(domf) is the unique vector Il (x) € C satisfying

Dy (It (2), ) := inf{Df(z,y) : x € C}.

it is know from [23] :

2 =Tk (z) <= (Vf(x) - Vf(z),y —2) <0, Vy € C. (2.2)
We also know the following equivalence
Dy(y, L (2)) + Dy (L (x), 2) < Dy(y,x), Yy € C,z € int(domf). (2.3)

A convex and differentiable function f is strongly convex if there exists a constant o > 0
such that

f(@) > f(y) + (V(y),w —y) + 2|« —y|%, ¥ € domf, and y € int(dom ).

From the definition of Bregman distance, we have

Dy(w,y) > Gl — . (24)
Following [20, 24], the function Vy : E x E — [0, +00) associated with f defined by

Vi(z,z*) = f(z) — (x,z") + f*(2"), Ve € E,z* € E*.
Vy is non-negative and Vy(x, 2*) = Dy(z, Vf*(2*)) for all x € F and z* € E*. Moreover,
by the subdifferential inequality, it is easy to see that

Vi(z,z") + {y", VI (a") —x) < Vp(z,2" +y"), (2.5)

for all x € E and z*,y* € E*. In addition, if f : E — R U {+oc0} is a proper lower
semicontinuous function, then f* : E* — RU{+o0} is proper weak lower semicontinuous
and convex function. Hence, V¢ is convex in the second variable. Thus, for all z € E

N N
Dy <Z,Vf* (Z tlva(xi))) < Ztin(z,ri),

where x; C E and t; C (0,1) with Zi\il t; = 1.

Lemma 2.4. ([15]) Let f : E — R be a Gateauz differentiable and totally convex func-
tion. If xg € E and the sequence {Ds(xo,zn)}o, is bounded, then the sequence {x,}2,
is also bounded.

Lemma 2.5. ([15, Proposition 2.2]) If z € int(domf), then the following statement are
equivalent:
(i) The function f is totally conver at x,
(i) For any sequence {x,} C domf,
lim D¢ (y,,z) =0= lim ||y, —x ||=0.
n—oo n—oo
We say that the function f is sequentially consistent ([23, p.9]) if for any two sequences

{z,} and {y,} in int(domf) and domf, respectively such that the first one is bounded
and

lim D¢ (yn,z,) =0= nhﬁngo | Y — zn ||=0. (2.6)

n—roo
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Lemma 2.6. ([25, Lemma 2.1.2]) The function f : E — (—o0,+00] is sequentially
consistent if and only if the function f is totally convex on bounded subsets of E.

Moreover, if f is a Lagendre function, Fréchet differentiable and bounded on bounded
subsets of E, then for any two sequences {z,} and {y,} in domf and int(domjf), we have

lim D¢(yn,2n) =0= lim ||y, — 2, ||=0= lim | Vfy, — Vfaz, |=0.
n—o00 n—o00 n— o0
Lemma 2.7. ([26]) Assume that {s,} is a sequence of nonnegative real number such that
Snt+1 < (1 - ﬁn)sn + Bnbn, Vn > 1,

where {Bn} is a sequence in (0,1) and {b,} is a sequence such that

(1) Yoy B = 00,
(i) limsup,,_, . by, < 0.

Then lim,, o S, = 0.

Lemma 2.8. ([25]) The function f is totally convaz on bounded subsets if and only if it
1s sequentially consistent.

Lemma 2.9. ([27]) Consider the VI(1.2). If the mapping h : [0,1] — E* defined as
h(t) = Atz + (1 — t)y) is continuous for all x,y € C (i.e., h is hemicontinuous), then
M(C,A) Cc VI(C,A). Moreover, if A is pseudo-monotone, then VI(C,A) is closed,
convex and VI(C, A) = M(C, A).

3. MAIN RESULT

In this section, we discuss a strong convergence of Bregman projection algorithms
for solving pseudo-monotone variational inequalities. Let C' be a nonempty, closed and
convex subset of a reflexive Banach space E. The function f: E — RU {400} is strongly
coercive Legendre function which is bounded, uniformly Fréchet differentiable and totally
convex on bounded subsets of E and its gradient V f is weak-weak continuous, x,, — x
implies that Vf(x,) — Vf(x). The mapping A : E — E* is pseudo-monotone, i.e., for
all z,y € E, (Az,y — x) > 0 implies (Ay,y — z) > 0 and Lipschitz continuous with a
constant L > 0. The solution set of VIs is nonemty, that is, VI(C, A) # (. Now, we
propose a new projection algorithm for solving VIs of psudo-monotone mappings.

Algorithm 1:

Given v > 0 and p € (0,0), where o is a constant given by (2.4). Let z1,u € E be
arbitrary. Set n =1

Step 1. Compute

Yn = Hé(vf_l(vf($n) = MnAzn)).
If x,, = y,, or Ay, = 0, then stop and y,, is a solution of VIs. Else, do Step 2.
Step 2. Compute

Zn = Vf_l(Vf(yn) = Yn(Ayn — Azp)),
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where

- Ayny Zn — yn>

] Nen = yall® + 120 — yall® ,

; f (Axy — Ayn, 2 — yn) > 0,

Tn+1 = i {u 2<A$n Tn 1 < T, Yny Zn yn>
Tn otherwise.

Step 3. Compute

Tpy1 = Vfil(anvf(u) + (1 = an)Vf(za)).

Set n:=mn+ 1 and go to Step 1.

Theorem 3.1. The sequence {z,} generated by Algorithm 1 converges strongly to a
point HV“:E provided that lim,, ., o, =0 and Z _q Qp = O0.

Proof. First, we prove that {x,} is bounded. Let z € VI(C, A), then

Dy(zyn) = Dy(z 10 (Vf (VS (@n) = mAza))
< Df('z» (vf(xn) TnAzy))
= f(») - f( n) = (Vf(@n) = ¥ ATn, 2 — yn)
= f(2) = f(yn) = (Vf(@n), 2 = Yn) + 10 (ATn, 2 — Yn)
= f(2) = f(zn) = (Vf(@n), 2 — x0) + (Vf(20), 2 — 20)
+f(@n) = f(yn) = (Vf(@n), 2 = yn) + Yn(ATn, 2 — Yn)
= f(2) = fl@n) =(Vf(@n), 2 — zn) — fyn) + f(zn)
HVf(@n), Yn — n) + 7n<Amnv — Yn)
= Df( n) — (ynaxn)+7n< _ynann>' (31)

By the definition of Bregman distance, we have

(Yn) — 1 (Ayn — Azy))
Fn) = m(Ayn — Azy), 2 — 25)
VYn)z — 2n) + lAYn — ATn, 2 — 25)
fWn)sz = yn) +(Vf(Un): 2 — yn)

+f(n) = f(zn) = (VF(Yn)s 2 — 2n) + 1 (Ayn — AT, 2 — 20)
= f(2) = fyn) = (Vf(n)sz = yn) — f(2n) + f(yn)

+ )y 2n — Yn) + Y (Ayn — ATp, 2 — 2p)
= Dy(z,yn) — Df(zn,yn) + Y (Ayn — Ay, 2 — 2). (3.2)

Dy(z,2,) = Dy(z, v

Il
.

Substituting (3.1) into (3.2), we get

Df(zvzn) < Df(zvxn) - Df(ynafn) - Df(znayn) +'7n<AxnaZ - yn>
+Yn(Ayn — Ay, 2 — 2)
= Dy¢(z,2n) = Df(Yn,Tn) — Di(2n,Yn) + 1 (ATn, 2 — yn)
Y0 (Ayn, 2 — 2n) — YulATpn, 2 — 2,)
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Df(z, Tp) — Df(ymxn) - Df(Zmyn) + Yl ATp, 20 — Yn)

Y {AYn, 2 — 2n)

Df(zaxn) - Df(yna-rn) - Df(znvyn) + 'Yn<A33n7 Zn — yn>
—VnlAYn, Yn = 2) + 0 (AYn, Yn — Zn)

Df(z’ zn) - Df(ynaxn) - Df(znvyn) + 'Yn<Al’n — Ayp, 25 — yn>
Y (AYn, yn — 2)-

Since A is pseudo-monotone and z € VI(C, A), we have

By the definition of 7,41, we have

Dy(z,2n)

Using (2.4), we have

IN

Df(za xn) - Df(ynvxn) - Df(zruyn) + 7n<A1'n - Ayna Zn — yn>
Df(zv xn) - Df(ymxn) - Df(zmyn)

+ In 7n+1<Amn _Aynazn _yn>
Yn+1
Df(zaxn) _Df(ynaxn> _Df(znvyn)
noy
+5 = (llzn = gal® + 120 = yal)
Yn+1
B In 2
Df(zaxn)_Df(ynaxn)‘f'g an—ynH _Df(znayn)
Tn+1
+5 Tz — g%
’)/n+1

Df(Z,Zn) < Df(Z,l‘n) - (1 - M%) Df(ynaxn)

g ’YnJrl

- (1 B ) D (Zns Yn)- (3.3)

g f}/n—l-l

By Algorithm 1, we note that

Df(za xn-‘rl)

< Di(2, VI anVf(u) + (1 = an)Vf(z0))

< anDy(z,u) + (1 — an)Dy(z, 2p)

< maX{Df(Zvu)an(zaxn)}

< max{Dy(z,u),Ds(z,x1)}. (3.4)

Hence, {D¢(z,zy)} is bounded. Using [28] we obtain that {z,} is also bounded. Conse-
quently, we see that {V f(z,)},{zn}, {yn} are bounded.
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From (2.5), we obtain

Df(Z,anrl) =

IN

IN

IN

Vi(z anV () + (1 — an)V £ (20)

Vi (2, @n¥ £(u) + (1 — 00)V f(2n) — an(V () — VF(2))
Han(Vf(u) = Vf(2), Tnt1 — 2)

Vf(z, anVf(2) + (1 —an)Vf(zn) + an(Vf(u) = VI(2),2n41 = 2)
anVi(2, Vf(2)) + (1 = an)Vi(2,V f(zn)

+an(Vf(u) = Vf(2), 2ns1 — 2)

(1 —apn)Ds(z,2n) + an(Vf(u) = Vf(2),2nt1 — 2)

(I —an)Dy(z,2n) + an(Vf(u) = Vf(2),n41 — 2). (3.5)

Afterward, we show that the sequence {x,} generated by Algorithm 1 converges strongly
to an element in VI(C, A).

Case I: Let z € VI(C, A). Suppose that exists ng € N such that {Dy(z, f(z,))} is mono-
tonically non-increasing for n > ng. Since {D¢(z, f(x,))} is bounded, {D¢(z, f(zy))}
converges and therefore

Dy(z, f(2n)) =

D¢(z, f(znt1)) = 0 as n — oo.

We consider the following inequality

D¢(z,2n41) <

Df(z, Vf_l(aan(u) + (1 - an)vf(zn))

@D (210) + (1 — ) Dy (2, 2)
< anDy(z,u) + (1 — an)[Df(z,2,) — (1 _E ) D¢ (yn, Tn)
0 Tn+1
i Y
—|1-= D Zny Yn
(1- 222 ) Dyten
This implied that
m Yn
(=) (1= 225 ) IDy(gnn) + Dslenm)] < alDs(e) = Dyl

+D¢(z,2n) — Df(2, Tpt1).

From (3.5) and «a,, — 0, we get

Di(z,2n41) < Df(2,20).

This implies that

lim (D (2, 2041) — Dy(z,,)) = 0. (3.6)

Moreover, we get

lim <1— L

n—o0 g

Hence

Tn
"Yn+ 1

) (Dt (Yn, Zn) + D (20, yn)] = 0.

lim Df(yn,a?n) = hm Df(znayn) =0.

n—roo
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We obtain
Jim {lyn — zpll = lim_ [z, — ynll = 0. (3.7)

We consider the following inequality

[2n = znll < 20 = ynll + [lYn — 2all-
From (3.7), we get

lim ||, — z,] = 0.

n—oo
Furthermore,

Di(2n, Tns1) Dy (zn, VI anV f(u) + (1 — )V (zn))

<
< O‘an(Zm u) + (1 - O‘n)Df(Zna Zn)
— 0, n — oo.

Therefore

nh_{I;o [2n = @n4a | = 0.
Consider

lzn — g1l < |on — 20l + 120 — g |-
‘We obtain

lim ||z, — p41] = 0.

n— o0

By the boundedness of {z,}, there exists a subsequence {z,, } of {x,} such that z,, — Z.
We now show that zZ € VI(C, A). From

Y = Le(VFTH V(@) = YnATny),
it follows from (2.2) that

(Vf(@n) = Az, =V f(yn,), € = yn,) <0, Vo € C, (3.8)
which implies

(Vf(@n) = VYne): @ = Yn) < Yoy (A0, = Yny), V2 € C,
or equivalently

T

y L — ynk> + <Axnk,7ynk - l'nk> < <A£an7x - xnk,>7

Vo e C. (3.9)

Since f is uniformly Frechet differentiable,V f is uniformly continuous on bounded subsets
of E and so ||[Vf(zn,) — Vf(yn,)ll = 0 as & — co. Form (3.9) with the fact that
limy s c0r,, =7 > 0 and {Ax,, } is bounded, we can show that

likm inf(Ax,, ,x — x,,) >0, Vo € C. (3.10)
— 00

Let {ex} be a sequence in (0,1) such that {e;} as k — oco. For any k > 1, there exists a
smallest number N € N satisfying

(A2, & — Ty, ) + €, >0, Vk € N.
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This implies that
<Axnk7x+6kynk - l’nk> >0, VkE €N,

for some w,, € F satisfying (Ax,,,w,,) = 1 (since Az,, # 0). Since A is pseudo-
monotone, we obtain

(A(z + epwp,,), T + €pwp, — Tpn,) >0, Yk € N.
Thus

(Az,z—xp, ) > (Az—A(z+erwn, ), THERWn, —Tn, ) —€x{Az, Wy, ), VE € N. (3.11)
Since ¢, — 0 and A is continuous. Thus, we have

likn_1>i£f<Ax,x — T, >0, Ve el

Hence

(Az,z —2) = klim (Az,z — zp,) >0, Vz € C.
— 00

From Lemma 2.9, we obtain Z € VI(C, A). Next, we show that {x, } convergence strongly
to z.
Since E is reflexive and {z,} is bounded, there exists a subsequence {x, } of {x,} such
that

limsup(V /(1) — VF(2), 2y 1 — ) =

lim
n— 00 k—o0

(Vi) = V), 2n1 = 2). (3.12)
On the other hand, since || p,+1 — Zn, ||— 0 and z,, — Z as k — oo we have from (2.5)
and (3.12)
limsup(V f(u) — Vf(2), Tn,+1 — 2) lem (Vf(u) = Vf(2),n,4+1 — 2)
n— o0 oo
= (Vf(u) =Vf(2),2—-2)
< 0. (3.13)

By Lemma 2.7 and (3.13), we can conclude that lim, . Df(z,2,) = 0. Therefore, by
Lemma 2.5, x,, convergs strongly to z. The proof is completed.

Case II: Suppose that Dy(z,V f(xy)) is not monotonically decreasing. Let ¢ : N — N for
all n > ng be defined by

on =max{k € N: o < i1}
Obviously, ¢ is nondecreasing, ¢(n) — oo as n — oo and
0 < Dy(2,2pm)) < Dy(z,Zpmy41), YN > ng.
Following a similar argument to Case I, we get
I Zon) = Vo) 17 0, | Zomy+1 — Te(ny =0,

as n — 00 and Qy(z,n)) C VI(C, A), where Q(2,(,)) is the weak subsequential limit
of {Zy(n)}. We can show that

limsup(V f(u) — Vf(2), Tym)+1 — 2) < 0.

n—oo

From (3.8), we have

Dy (2, 2pn)+1) < (1= Yo(m)) D (2, Zp(n)) + Yoo(m) (VI (1) = V[ (2)), Zpny+1 — 2)-
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Since Dy (2, Ty(n)) < Dy(2, Tpm)41), We get
0 < Df(z’xtp(n)Jrl) - Df(zvxgo(n))
< (= 7%m)Dr (2 2om) + Vo) (VI (1) = VI(2), Zon)11 = 2) = Dy (2 To(m))
therefore, from (3.13), we have
Dy(2,240m)) < (Vf(u) = Vf(2),2om)4+1 — 2) = 0 as n — oo.
Consequencely, we obtain, for all n > ng,
0< Df(zv Igo(n)) < maX{Df(Zv xcp(n))a Df(zv x«p(n)-ﬁ-l)} = Df(zv xtp(n)-i-l)'

Thus
D¢(z,2,) = 0 as n — oo.

Hence, from (2.6)

lim ||z, —z| =0.
n—o0
We concluded that {z,,} converge strongly to z. This completes the proof. [
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