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1. INTRODUCTION

Let E be a compact subset of the complex plane C such that C\ E is simply connected
and FE contains infinitely many points. From now on, the set E will satisfy this condition.
Let p be a finite positive Borel measure with infinite support supp(u) contained in E.
We can write u € M(E) and define the corresponding inner product by

(g, By = / g ORDAu(C), g, € Lou).
Let
pn(2) == k2" +--, K, >0, n=0,1,...,

be the orthonormal polynomial of degree n with respect to p having positive leading
coefficient; that is, (Pp,Pm)y = Onm. By H(E) and P,,, we denote the space of all
functions holomorphic in some neighborhood of E and the space of all polynomials of
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degree at most m, respectively. In order to simplify our notation, for F' € H(E), we
define

(F)n = (F,pn)p-

Definition 1.1. Let F' € H(FE) and € M(FE). For any pair of integers n > 0 and m > 1,
there exists QI ,,, € Py, such that Qf ,, # 0 and (Q4, ,,,F)nyr =0 forallk =1,2,...,m.
The associated rational function

X5 _0(@hmE) i)
D

n,m

T
R}, o =

is called an (n,m) standard orthogonal Padé (SOP) approximant of F with respect to p.

Next, let us define the standard Padé-Faber approximation. Let ® be the unique
Riemann mapping function from C\ E to C\B(0, 1) satisfying ®(co) = oo and ®'(c0) > 0.
For any p > 1, we define

I',:={2€C:|®(2)|=p} and D,:=EU{ze€C:|0(2)| < p},

as the level curve of index p and the canonical domain of index p, respectively. We
denote by po(F') the index p > 1 of the largest canonical domain D, to which F' can
be extended as a holomorphic function. The Faber polynomial of E of degree n, where
z€D,,n=0,1,2,...,is defined by the formula

B (2) = L/F ) .

2 t—=z
P

It is easy to check that

D, (2) =

Z’)’L

cap”(E)

where cap(FE) is the logarithmic capacity of the set E. The n-th Faber coefficient of
F € H(F) with respect to ®,, is given by

7, :_L/ FOe) ,

- 21 r, @’I’L-ﬁ-l(t)

+ lower degree terms,

where 1 < p < po(F). For any integers n > 0 and m > 0, it is known that

[(I)n]m:{(lj 7 Z;: (1.1)

Moreover,
lim [@,(2)Y" = |®(2)], (1.2)
n— oo

uniformly on each compact subset of C\ E.

Definition 1.2. Let F' € H(F). For any pair of integers n > 0 and m > 1, there
exists Qﬁm € P, such that Qf’m % 0 and [QE’mF]nJrk =0forallk =1,2,...,m. The
associated rational function
Z:?:0[ E,mF]j(I)j

E

n,m

E . _
R, ., =

is called an (n,m) standard Padé-Faber (SPF) approximant of F with respect to E.
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In order to find QF ,, or inm in Definitions 1.1 and 1.2, one has to solve a homo-
geneous system of m linear equations on m + 1 unknowns. Therefore, for any pair of
integers (n,m) € Ny x N, polynomials hhm and Qfﬁm always exist but they may not be
unique. Since Q% , and QF . are not the zero function, we normalize them to be “monic”
polynomials. Unlike the classical Padé approximants, for any (n,m) € Ny x N, R}, ., and
Rf’m may not be unique. The rational functions R}, ., and Rf}m are natural extensions
of R, ., and were introduced by Maehly [1] in 1960. Almost all of the studies of SOP
approximants considered the case where the support of the measure p is a subset of a
finite interval or the unit circle (see [2—11]). Many recent results were dedicated to the
convergence of SOP approximants on row sequences. The pioneering one in this direction
was the work of Suetin [10] where he proved an analogue of Montessus de Ballore’s theo-
rem for SOP approximants when F = [—1, 1]. Bosuwan, Lépez Lagomasino, and Saff [12]
and Bosuwan and Lépez Lagomasino [13] investigated the convergence of row sequences
of SOP approximants corresponding to a measure supported on a general compact set F.
Studies of the convergence of SPF approximants on row sequences can be found for exam-
ple in [4, 5, 10, 14]. The main advantage of the study of row sequences of SOP and SPF
approximants is that these rational functions allow us to locate singularities of F' € H(F)
near a compact set F. We would like to point out that there are related constructions

called modified orthogonal Padé and modified Padé-Faber approximants (see [15, 10]).
For interested readers, we also refer to recent developments of vector orthogonal Padé
and Padé-Faber approximants (see [17-22]).

The main goal of this paper is to extend the following result [15, Theorem 2.1]:

Theorem 1.3. Let F € H(E) and u € Reg;(E). Fiz m € N and denote by P* and PE
the sets of all zeros of QY ,,, and Qf’m, respectively. Assume that one of the following
conditions holds.

(a) The cardinality of P¥ is at least 1 for all n sufficiently large and
: : 1
ngﬁﬂ:gg{\d (€ PR} <oo.

(b) The cardinality of PE is at least 1 for all n sufficiently large and

. . E
ngfﬂ:;]pv{\d :CE€P,} <oo.

Then, either F is a polynomial or po(F') < oo.

Theorem 1.3 provides us analytic properties of the approximated function when the
sets of all zeros of Q}, ,, or Qfm are uniformly bounded for m fixed. The first result of this
kind appeared earlier in [23] where the authors considered incomplete Padé approximants.
In this paper, we prove that Theorem 1.3 can be extended from the case that m is fixed
to the case that the indices m are uniformly bounded.

The outline of this paper is as follows. We keep all needed notations and auxiliary
lemmas in Section 2. The main results and their proofs are in Section 3.

2. NOTATIONS AND AUXILIARY LEMMAS

For all analytical studies of SOP approximation, we need to limit our interest to some
classes of measures in M(FE).
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Definition 2.1. Let y € M(E). Then p € Reg; (E) if and only if
: 1/n _
Jim [p,(2)[ " = [@(2)],
uniformly on each compact subset of C\ E.

Definition 2.2. Let ¢ € M(E). Then p € Regj(E) if and only if € Reg,(F) and
there exist ng € N and ¢ > 0 such that k,,_1/k, > ¢, for all n > ny.

Domains of convergence of orthogonal and Faber series are shown in the following
lemma.

Lemma 2.3. Let € Reg,(F). Suppose that
L := limsup |e, |*/™.
n— oo

(a) If L = 0, then X052 cnpn(2) and X5 ocn P, (2) converge uniformly on each
compact subset of C.

(b) If 1 < L < o0, then X5 gcnpn(z) and X5 e, @, (2) diverge for all z € C\ E.

(¢) If 0 < L < 1, then X952 gcnpn(z) and 352 ¢, Py (2) converge uniformly on each
compact subset of Dy /1, and diverge for all z € C\ Dy r.

Proof of Lemma 2.5. We will consider only the orthogonal polynomial case. The proof of
the Faber polynomial case is similar and relies on equation (1.2).

(a) Assume that L = 0. Let p > 1 be fixed. By u € Reg, (E),
limsup |epa (2)]'" =0 p =0,

n— oo

for all z € I',. Then, there exists N € N such that

|enpn(2)] < 2% (2.1)

for all n > N and z € I',. By the maximum-modulus principle, (2.1) holds for all
n > N and z € D,. By the Weierstrass M-test, £2° c,py(2) converges uniformly
on D,. Since p is arbitrary, 35 ¢, p,(2) converges uniformly on each compact
subset of C.
(b) Assume that 1 < L < 0. Fix z € C\ E. By 1 € Reg; (F), and since
lim sup[e,pa ()| = L@ (2)] > 1,
n—oo
there are infinitely many n such that |c,p,(2)| > 1. Hence, X2 ¢, pn(z) diverges
for all z € C\ E.
(¢) Assume that 0 < L < 1. Set
1

Let us show that Y 7 ¢,pn(2) converges uniformly on each compact subset of
D,,. For any compact subset K C D, choose 1 < ¢ < p such that K C D, C D,,.
Since p € Reg, (F), for any z € I',, there is 6 > 0 such that

n— 00

lim sup \cnpn(z)\l/n =7 -1-9.
p

This implies that for sufficiently large n,
len VM pa(2)| Y <1 =6, zeT,.
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Using the maximum modulus principle, we have
|enpn(2)] < (1=6)",
for all z € D, and sufficiently large n. Then, Y~ (F),pn(2) converges uniformly
on K. o o

Next, let us show that Y ¢,pn(z) diverges for all z € C\D,,. Let z € C\ D,,.
By 1 € Reg;(E), and since
lim sup ‘Cnpn(z)‘l/n > P =1,

p

n— o0

> o CnPn(z) diverges for all z € C\ D,

Next, we will show that if F' is entire, then orthogonal polynomial and Faber polynomial
expansions converge to F' uniformly on each compact subset of C.

Lemma 2.4. Assume that F is entire.

(a) If u € Regy(E), then lim, o0 [(F)p|Y/™ =0 and 222 (F),pn(2) converges to
F(2) uniformly on each compact subset of C.

(b) Then, lim, o0 |[F]n|™ = 0 and £ [F],,®,(2) converges to F(z) uniformly
on each compact subset of C.

Proof of Lemma 2.4. (a) Since F' is entire, po(F') = co. It follows from [24, Theo-
rem 6.6.1] that
1
lim [(F),|'/" = —— =0.
Jm [P =

By Lemma 2.3, ¥2° (F),,p,(z) converges uniformly on each compact subset of
C.

Next, we show that the series converges to F. Let F; be the uniform limit.
Obviously, F; € H(C). Since C\ F is connected and F' € H(FE), there is a sequence
of polynomials { f,, } nen with deg(f,,) = n such that lim,,_, || F— fn ||z = 0, where
| - l& is the sup-norm on E. Then,

1/2
0< tim (17 = R)EPAG)) < plE)2 fim 1F = fulls =o.

So, fn converges to F'in Lo(u). Since
1/2

0< lim / (F = S (F)upa)(2)Pdpa(2)
§=0

n—oo

n—oo

< lim (/I(F— fn)(Z)IQdM(Z))l/2 <0,

the partial sums of orthogonal polynomial expansion also converge to F' in Lo (p).
Therefore, F' = F} p-a.e. in E. Since F is entire, F(z) = Fi(z) for all z € C.
(b) The proof for the Faber expansion case is similar and is well-known. We refer
to [20] for the proof.
]
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The next lemma (see [25, p. 583] or [26, p. 43] for its proof) gives an estimate of Faber
polynomials ®,, on a level curve. For completeness, we provide the proof here.

Lemma 2.5. Let p > 1. Then, there is ¢ > 0 such that for every n € Ny,
[@nllr, < cp”,
where || - ||, is the sup-norm on T,.

Proof of Lemma 2.5. Let p > 1 and choose p; and ps such that 1 < ps < p < py. Let
z € I',. Recall that
1 O (t)

O, (2) = — dt, 2€D,, n=012....
(Z) 271 FPlt_Z o P n

Then % as a function of ¢ is analytic in a neighborhood of the closure of D, \D,,,

except for a simple pole at the point ¢ = z. The residue at the pole is

lim (¢ — 2) 2 g ).

t—z t— 2z
By the Cauchy residue theorem, for qi(? at t = z we get
O (t O (t O (t o (t
/ ( )dt:/ ( )dt—/ ( )dt:QWiRes ( ),z =2mid" (2).
r _r._t—=z r. t—=z r_ t—=z t—z

P1T T P2 P1 P2

Then, for all z € T,
1 (¢t
D, (2) :<I>"(z)—|——/ ( )dt.
FP

211 t—=z
2

Since p2 < p < p1, then ||®,[|r, < cp", for all n > 0, where ¢ does not depends on n. m

The following technical lemma, whose proof may be found in [13, Lemma 3|, is mainly
used in the proofs of our results. Again, for completeness, we provide the proof here.
Lemma 2.6. If a sequence of complex numbers (An)nen has the following properties:

(a) th—>oo ‘AN|1/N =0
(b) there are No € N and ¢ > 0 such that |An| < cE32 1| Ax| for all N > Ny,

then there exists N1 € N such that Ay =0 for all N > Nj.

Proof of Lemma 2.6. Given the assumptions, there is M € N such that for all N > M,

1 oo
]AN|1/”<C+—2 and [Ay|<c > |Axl. (2.2)
k=N+1

Claim that for any non-negative integer n,

= (55) ()"

Then, letting n — oo, we see that |Ax| = 0. To prove the claim, we use the principle
of mathematical induction on n. When n = 0, the formula follows immediately from the
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first inequality in (2.2). Now, assume that (2.3) holds for n; we will show that (2.3) holds
for n + 1 as well. In fact,

00 0o c n 1 k
s 30 wise 3 (55) (o)

k=N+1 k=N+1

:C( ¢ )” (ciz)NH

c+1 1-— c#—%
c n+1 1 N
() ()
This completes the proof. L]

A simple observation concerning an inner product of orthonormal polynomials is shown
in the following lemma.

Lemma 2.7. Let p, be the orthonormal polynomial of degree n. Then,
Km—m

<Zmpn—m7pn>p - Ko 5

where m,n € Ny and n > m.

Proof of Lemma 2.7. We know that

n—1
Ky —
Zmpnfm = < TI; m) Pn + Z<Zmpnfm;pj>,upj'

n ]:1

By the orthonormality of p,,, we get

n—1
Rn— Ky —
<Zmpn—m7pn>u = < ( 7[; m) Pn + g <Zmpn—mapj>upjapn> = an .

n ]:1

Lemma 2.8. Let (Qn)neny = (Zézl qn,jzj) be a sequence of monic polynomials such

that deg(Qy) = 1, < M for some M > 0 and P,, be the set of all zeros of Q.. Suppose
that P, is nonempty for every sufficiently large n and

ng%:;}gﬂd 1 € Py} < oo.

Then, there exists ng € N such that
sup{|qn,;| : 0 <j <l,,n>ng} < oo.
Proof of Lemma 2.8. From Vieta’s fomulas, one obtains that
Z <H C’LW) = (_1)ln_an,j7 j:1727“'7ln7
1<y <ig <<y, —j<ln \ V=1
where (; € P, for all j =1,...,1,. Since

: : <
NHzlfM,f;R{m (€Pp}<oo and I, <M,
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there exists ng € N such that for each j € {1,2,...,1,} and for all n > ny,

ln_] ln_j
=l Y (H c) <% (H m) <L
1§i1<i2<"'<ilnfj§ln ’Y:l 1§i1<i2<"'<il"7j§ln ’Y:]'
for some 0 < L < oco. This completes the proof. [

Lemma 2.9. Let p,, be the orthonormal polynomial of degree n. Then, for all v,n,m,k €
Noand 7 =0,...,m,

(27 Doy Pt | < 0.

Proof of Lemma 2.9. By the Cauchy-Schwarz inequality and the orthonormality of (p, ),
for all n,m,k,v € Ng and j = 1,...,m, we obtain

1/2
(27 pvs Prtie) ul < 1127w ll2llPrskll2 = (/ \szulzdu(2)>
E

1/2
. 1/2 : 1/2
< (I1=¥1l5) ( / !pu|2du(2)> < (1%]5)"* < .

Lemma 2.10. Let m,n € Ny such that m < n. Then, [z ®,_.,|, = cap™(E), where we
recall that cap(E) is the logarithmic capacity of the set E.

Proof of Lemma 2.10. By making use of the equality (1.1) and applying Lemma 2.4 for
the Faber expansion of z2™®,, ,,, the proof of this lemma is very similar to the proof of
Lemma 2.7. We leave this for the reader. [

3. MAIN RESULTS AND THEIR PROOFS

An extension of Theorem 1.3 is stated in the following theorems.

Theorem 3.1. Let F' € H(E), u € Regi(F), and (n,m,) € Ng x N. Suppose that there
exists M > 0 such that mp, < M for all n € No, P ., is nonempty for all sufficiently
large n, and

inf : o .
nuf, sup{[c]: ¢ € P, } <00

Then, either F is a polynomial or po(F) < oco.

Proof of Theorem 3.1. Suppose that the assumption is true. We want to show that if F' is
entire, then F' is a polynomial. Let Qf ., (2) := ZZLO n,j7°, with g1, =1 (QF ,, is a

monic polynomial). By our assumption, there exists M > 0 such that 1 <, <m, <M
for all sufficiently large n. By the definition of standard orthogonal Padé approximants
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and Lemma 2.4, for every k =1,2,..., my,,
ln, oo In o
0 :< n,Mn n+k Z l/qn,j z pv>n+k - Z <F>an,j<szv>n+k
j:O 1/:0 ]:0 v= n+k—j
0o ln—1 0o
= Z (F) <z Pu)ntk + Z Z F)ugn, (2 pl/>n+k
v=n+k—ly, j=0 v=n+k—j
o0
—(F)nihto (" Pkt nsk + D (FD (D)
v=n+k—Il,+1

ln—1

+ Z Z VQn,j z pu>n+k

=0 v=n+k—j

By Lemma 2.7, we have

oo
K: k_ln
0= "l (), + Y (F)lE )
Fn+k v=n+k—l,+1

ln—1

+) Z FYyn (2D )ik (3.1)

7=0 v=n+k—j

Using Lemma 2.8, since infx>arsup,>ny{[¢] : ¢ € Py, } < oo, there are ¢; > 0 and
ng € N such that

sup{[qn ;| : 0 < j <ln,n >no} < ci. (3.2)

Applying Lemma 2.9, for all n, k,v € Ng and j = 1,...,[,, then there exists ¢y > 0 such
that

(=" pu)nsk| < c2. (3.3)
Since p € Reg](F), there are c3 > 0 and ny € {n € N: n > ng} such that for all n > nq,

Fnthln > 0. (3.4)
Rn+k

The equation (3.1) implies that for all k =1,2,...,m, and for all n > nq,

0o
Rn4+k—1,
— e (Fhngkt, = >, ()l pu)nt
Rn+k v=n+k—Il,+1
ln—1
+ Z Z VQn,j z pu>n+k
7=0 v=n+k—j
Then,
00
Rn+k—1,
ARG T D SNt WELS 9
Rn+k v=n+k—1,+1
ln—1 fe’s)

+ Z Z ’<F>anyj<szu>n+k’~

7=0 v=n+k—j
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Hence, by (3.2), (3.3), and (3.4),

e’} l,—1 00
sl(FYnsh-t | <o Y [F)l+ce > > ()l
v=n+k—Il,+1 71=0 v=n+k—j
So,
(Fhniroil <es Y [(F)l,
v=n+k—I1,+1

where ¢4 is a positive constant which does not depend on n and k. For every n > ni, we
choose k = l,, in the previous inequality and we obtain, for all n > n,

(o)

(F)al <ea Y [(EF)l.

v=n-+1

By Lemma 2.4, since F' is entire, lim,,_, |(F>n|1/” = 0. Using Lemma 2.6 when A, =
(F)y, because the above inequality holds and

lim |A,|Y" = lim [(F),|*" =0,
n— oo

n—oo

then (F'),, = 0 for all sufficiently large n and F' is a polynomial. [

Theorem 3.2. Let F € H(FE). Suppose that there exists M > 0 such that m,, < M for
alln € Ng, PE s nonempty for all sufficiently large n, and

My,

inf : E .
Nuf, sup ] ¢ € P, } <00

Then, either F is a polynomial or po(F) < co.

Proof of Theorem 3.2. Suppose that the assumption is true. We shall follow the same
plan by proving that if F' is an entire function, then F' is a polynomial. Assume that F
is entire. By Lemma 2.4, Y >° [F],®,(z) converges uniformly to F(z) on each compact
subset of C. Let inmn(z) = Z;":O qn,j27, with g, = 1. By our assumption, there
exists M > 0 such that 1 <[, <m, < M for all sufficiently large n. By the definition of



Remarks on the Boundedness of Poles of Padé-orthogonal and Padé-Faber approximants 157

standard Padé-Faber approximants, Lemma 2.10, and (1.1), for every k = 1,2,... my,,
l

ln o0 n o0
0 :[QE,mF]n-i-k = Z[F]quj (27 @]tk = Z Z [E0qn i [27 Pulnt
j=0v=0 7=0v=n+k—j
[’} l,—1 %)
= Z [F]I/[Zlnq)u]n—l—k + Z Z [F]an,j [Zj (I)V]n-i-k
v=n+k—I, Jj=0 v=n+k—j
:[zln (I)n+kfln]n+k[F]n+kfln + Z [F]V[Zlnq)u]wrk
v=n+k—Il,+1
ln—1 oo

+ Z Z an,] < (b ]n-i—k

7=0 v=n+k—j
)

=(cap(E))" [Flush-t, + D [Fllz"®lns
v=n+k—Il,+1
l,—1 e’}

+ Z Z VQn,] z (p ]n-l—k (35)

7=0 v=n+k—j

Using Lemma 2.8, since infy >z sup,sn{[¢| : ¢ € PF,, } < oo, there are ¢; > 0 and
ng € N such that

Sup{’Qn,j‘ :0< J < lnyn > nO} <c. (36)

Let p > 1. Using Lemma 2.5 and the M-L inequality, for j = 0,...,0l,, k =1,...,my,
and n, v € Ny,

v

L/ (V)| g

TP =
|27 @0 ]k Iri drth+1(z)

= n "

Clearly, there exists c3 > 0 such that for all n € N,
(cap(E))"™ > c. (3.8)
The equation (3.5) implies that for all k =1,2,...,m, and for all n € N,

In n
—(cap(B)) " [Flotk—t, = Y. [Fll2"®]urs
v=n+k—Il,+1
In—1

+ Z Z VQn,j z (I) ]n-l—k

7=0 v=n+k—j

Then,
In n
(cap(E) " [Flotk—1. ] < > FZ" ®ulnkl
v=n+k—1,+1
ln—1 0o

+ 35S s [# il

7=0 v=n+k—j
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Hence, by (3.6), (3.7), and (3.8),

o0

C2 v
I Flnsk—t, | <= > |[Flup”]
p v=n+k—Il,+1

ln,—1 o)
C1C2
2SS
7=0 v=n+k—j
So,
oo
[Flosh-,0" <ea > [[Flup”l,
v=n+k—I,+1
where ¢4 is a positive constant which does not depend on n and k. For every n > ng, we
choose k = l,, in the previous inequality and we obtain for all n > ny,
o
[Flnp" < ca Y |[FLp”l.

v=n-+1
By Lemma 2.4, since F' is entire, lim,, o |[F]n|1/” = 0. Using Lemma 2.6 when A, =
[F]np", because the above inequality holds and
lim |A,[" = p lim |[F],|'™ =0,
n—oo

n— o0

[F],, = 0 for all sufficiently large n and F is a polynomial.
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