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τ (τ, τ ′)

(n + 1)

n

τn

Xn

n̄ = {1, . . . , n} α

n̄ α(x) ≤ x x ∈ n̄

(n+ 1)

{fi |
i ∈ I} I τ = (ni)i∈I

fi X = {x1, x2, x3, . . .}

Xn = {x1, . . . , xn} Wτ (Xn) n τ
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Xn xj ∈ Xn 1 ≤ j ≤ n
fi(t1, . . . , tni) t1, . . . , tni ni fi
i ∈ I Wτ (X) τ

I = {1, 2}
τ = (3, 3) f1 f2

x1, x2, x3, f1(x2, x1, x3), f2(x2, f1(x2, x1, x3), x1) ∈ W(3,3)(X3),

x4, f2(x4, x1, x3), f1(x2, x5, x1) /∈ W(3,3)(X3).

S̃n(S̃n(Z̃, Ỹ1, . . . , Ỹn), X̃1, . . . , X̃n) ≈ S̃n(Z̃, S̃n(Ỹ1, X̃1, . . . , X̃n), . . . , S̃n(Ỹn, X̃1, . . . , X̃n))

S̃n(λj , X̃1, . . . , X̃n) ≈ X̃j , 1 ≤ j ≤ n
S̃n(λj , X̃1, . . . , X̃n) ≈ λj , j > n
S̃n(Ỹ ,λ1, . . . ,λn) ≈ Ỹ

S̃n Z̃, Ỹ1, . . . , Ỹn, X̃1, . . . , X̃n, Ỹ λj

n = 1
·(·(a, b), c) = ·(a, ·(b, c))

G
G

(n + 1)

(n + 1) Sn
g

n ≥ 1,
Sn
g : Wτ (X)n+1 → Wτ (X)

t, t1, . . . , tn ∈ Wτ (X)

t = xi 1 ≤ i ≤ n Sn
g (xi, t1, . . . , tn) := ti.

t = xi n < i Sn
g (xi, t1, . . . , tn) := xi

t = fi(s1, . . . , sni)
Sn
g (t, t1, . . . , tn) := fi(Sn

g (s1, t1, . . . , tn), . . . , S
n
g (sni , t1, . . . , tn)).

(Wτ (X), Sn
g , (xj)j≥1) (n + 1, 0, 0, 0, . . .)

Wτ (X) (n+1) Sn
g

(Wτ (Xn), Sn
g ) xi

(Wτ (Xn), Sn
g , (xi)i≥1)

A ni A
nj A A = (A, (fA

i )i∈I , (γA
j )j∈J)

(τ, τ ′) τ = (ni)i∈I fA
i : Ani → A i ∈ I

τ ′ = (nj)j∈J γA
j ⊆ Anj j ∈ J nj

A τ
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A = (A, (fA
i )i∈I)
((2), (2))

(τ, τ ′)
n ∈ N n

(τ, τ ′)

t1, t2 n τ t1 ≈ t2 n
(τ, τ ′)

j ∈ J t1, . . . , tnj n τ γj nj

γj(t1, . . . , tnj ) n (τ, τ ′)
F n (τ, τ ′) ¬F n

(τ, τ ′)
F1 F2 n (τ, τ ′) F1∨F2 n

(τ, τ ′)
F n (τ, τ ′) xi ∈ Xn ∃xi(F ) n

(τ, τ ′)

F(τ,τ ′)(Wτ (Xn)) F(τ,τ ′)(Wτ (X)) :=
⋃

n∈N F(τ,τ ′)(Wτ (Xn)) n
(τ, τ ′) (τ, τ ′)

(τ, τ ′)

(τ, τ ′) = ((3), (2)) f
γ F((3),(2))(W(3)(X3))

x1 ≈ x3, x2 ≈ x2, f(x1, x2, x3) ≈
x1, f(x2, x2, x2) ≈ f(x1, x3, x1), γ(x1, x2), γ(x3, x3), γ(x2, x3), γ(f(x3, x3, x2), f(x1, x3, x1)).

¬, ∃,∨

τ
Sn
g

τn

(n+ 1)

(τ, τ ′)
I J

Rn
g :

(
Wτ (X) ∪ F(τ,τ ′)(Wτ (X))

)
× (Wτ (X))n → Wτ (X) ∪ F(τ,τ ′)(Wτ (X))

t ∈ Wτ (X) Rn
g (t, s1, . . . , sn) := Sn

g (t, s1, . . . , sn)
t1 ≈ t2 ∈ F(τ,τ ′)(Wτ (X)) Rn

g (t1 ≈ t2, s1, . . . , sn)

Rn
g (t1, s1, . . . , sn) ≈ Rn

g (t2, s1, . . . , sn).
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γj(t1, . . . , tnj ) ∈ F(τ,τ ′)(Wτ (X)) Rn
g (γj(t1, . . . , tnj ), s1, . . . , sn)

γj(Rn
g (t1, s1, . . . , sn), . . . , R

n
g (tnj , s1, . . . , sn))

F ∈ F(τ,τ ′)(Wτ (X)) Rn
g (¬F, s1, . . . , sn)

¬Rn
g (F, s1, . . . , sn).

F1, F2 ∈ F(τ,τ ′)(Wτ (X)) Rn
g (F1 ∨ F2, s1, . . . , sn)

Rn
g (F1, s1, . . . , sn) ∨Rn

g (F2, s1, . . . , sn).

∃xi(F ) ∈ F(τ,τ ′)(Wτ (X)) Rn
g (∃xi(F ), s1, . . . , sn)

∃xi(R
n
g (F, s1, . . . , sn)).

WF(τ,τ ′) := Wτ (X) ∪ F(τ,τ ′)(Wτ (X)).

(n+ 1)

R
n
g : (WF(τ,τ ′))

n+1 !→ WF(τ,τ ′)

R
n
g (a, b1, . . . , bn) =

{
Rn

g (a, b1, . . . , bn) a ∈ WF(τ,τ ′), b1, . . . , bn ∈ Wτ (X),

.

|I| = 1 = |J | (τ, τ ′) = ((2), (2))
f γ WF(τ,τ ′)

(2) ((2), (2))

a1 x1, a2 f(x1, x3),
a3 f(f(x4, x1), x2), a4 f(x5, x1) ≈ x1,

a5 γ(x6, f(x2, x1)), a6 γ(x3, f(x2, x1)) ∨ ¬(f(x4, x1) ≈ x7),
b1 f(x2, x1) b2 x3

a1, a2, . . . , a6, b1, b2 WF((2),(2))

R
2
g(a1, b1, b2) = S2

g(a1, b1, b2) = b1 = f(x2, x1),

R
2
g(a2, b1, b2) = S2

g(a2, b1, b2) = f(b1, x3) = f(f(x2, x1), x3),

R
3
g(a4, b1, b2, a3) = R3

g(a4, b1, b2, a3) f(x5, b1) ≈ b1,
f(x5, f(x2, x1)) ≈ f(x2, x1),

R
2
g(a5, b1, b2) = R2

g(a5, b1, b2) = γ(x6, f(b2, b1)), γ(x6, f(x2, f(x2, x1)))

R
2
g(a6, a3, a4) R

4
g(a1, a5, b2, a3, a4)

(WF(τ,τ ′), R
n
g ) (n + 1)

(WF(τ,τ ′), R
n
g , (xj)j≥1) (n + 1, 0, 0, 0, . . .) (WF(τ,τ ′), R

n
g )

s ≈ t A

(WF(τ,τ ′), R
n
g )
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a, b1, . . . , bn, d1, . . . , dn WF(τ,τ ′) R
n
g

S̃n R
n
g

Z̃, Ỹj , X̃j 1 ≤ j ≤ n a, bj , dj
R

n
g (R

n
g (a, b1, . . . , bn), d1, . . . , dn) ≈ R

n
g (a,R

n
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn))

a, b1, . . . , bn, d1, . . . , dn τ a
(τ, τ ′) b1, . . . , bn, d1, . . . , dn τ

a, b1, . . . , bn, d1, . . . , dn τ
R

n
g (R

n
g (a, b1, . . . , bn), d1, . . . , dn) Sn

g (S
n
g (a, b1, . . . , bn), d1, . . . , dn).

j = 1 . . . , n R
n
g (bj , d1, . . . , dn) Sn

g (bj , d1, . . . , dn)

R
n
g (a,R

n
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn))

Sn
g (a, S

n
g (b1, d1, . . . , dn), . . . , S

n
g (bn, d1, . . . , dn))

Sn
g Sn

g (S
n
g (a, b1, . . . , bn), d1, . . . , dn) =

Sn
g (a, S

n
g (b1, d1, . . . , dn), . . . , S

n
g (bn, d1, . . . , dn))

a F (τ, τ ′) b1, . . . , bn, d1, . . . , dn
τ R

n
g (R

n
g (a, b1, . . . , bn), d1, . . . , dn)

Rn
g (R

n
g (a, b1, . . . , bn), d1, . . . , dn) j = 1, . . . , n R

n
g (bj , d1, . . . , dn)

Rn
g (bj , d1, . . . , dn) j = 1 . . . , n

Rn
g (bj , d1, . . . , dn) τ

Rn
g (a,R

n
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn))

Rn
g (R

n
g (a, b1, . . . , bn), d1, . . . , dn) Rn

g (a,R
n
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn))

a a
γj(a1, . . . , anj ) Rn

g (R
n
g (γj(a1, . . . , anj ), b1, . . . , bn), d1, . . . , dn)

Rn
g (γj(a1, . . . , anj ), R

n
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn)) a

s1 ≈ s2 s1 s2 Rn
g (R

n
g (s ≈ t, b1, . . . , bn), d1, . . . , dn)

Rn
g (S

n
g (s1, b1, . . . , bn) ≈ Sn

g (s2, b1, . . . , bn), d1, . . . , dn)
Sn
g (S

n
g (s1, b1, . . . , bn), d1, . . . , dn) ≈ Sn

g (S
n
g (s2, b1, . . . , bn), d1, . . . , dn)

j = 1, 2 Sn
g (S

n
g (sj , b1, . . . , bn), d1, . . . , dn)

Sn
g (sj , S

n
g (b1, d1, . . . , dn), . . . , S

n
g (bn, d1, . . . , dn))

Sn
g (S

n
g (s1, b1, . . . , bn), d1, . . . , dn) ≈ Sn

g (S
n
g (s2, b1, . . . , bn), d1, . . . , dn) Rn

g (s1 ≈
s2, Sn

g (b1, d1, . . . , dn), . . . , S
n
g (bn, d1, . . . , dn)) a

Rn
g

Rn
g (R

n
g (¬a, b1, . . . , bn), d1, . . . , dn) = Rn

g (¬a,Rn
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn))

Rn
g (R

n
g (∃xi(a), b1, . . . , bn), d1, . . . , dn) = Rn

g (∃xi(a), Rn
g (b1, d1, . . . , dn), . . . , R

n
g (bn, d1, . . . , dn)).

a F1 ∨ F2

(WF(τ,τ ′), R
n
g )

a, b ∈ WF(τ,τ ′) ⊕ : (WF(τ,τ ′))
2 !→ WF(τ,τ ′)

a⊕ b = R
1
g(a, b).

(WF(τ,τ ′),⊕)
n = 1 (WF(τ,τ ′),⊕)
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(WF(τ,τ ′),⊕)

(τ, τ ′) = ((2), (2)) f
ρ

A = {x1, f(x2, x4), x3 ≈ x5, ρ(x3, f(x2, x2))}

WF((2),(2)) ⊕

⊕ x1 f(x2, x4) x3 ≈ x5 ρ(x3, f(x2, x2))
x1 x1 f(x2, x4)

f(x2, x4) f(x2, x4) f(x2, x4)
x3 ≈ x5 x3 ≈ x5 x3 ≈ x5

ρ(x3, f(x2, x2)) ρ(x3, f(x2, x2)) ρ(x3, f(x2, x2))

⊕ A
x1, f(x2, x4) ρ(x3, f(x2, x2)) A

(ρ(x3, f(x2, x2))⊕ x1)⊕ f(x2, x4) ≈ ρ(x3, f(x2, x2))⊕ (x1 ⊕ f(x2, x4))

(ρ(x3, f(x2, x2))⊕
x1)⊕ f(x2, x4) = ρ(x3, f(x2, x2))⊕ f(x2, x4) = ρ(x3, f(x2, x2))

ρ(x3, f(x2, x2)) ⊕ f(x2, x4) ρ(x3, f(x2, x2)).

(A,⊕)
(WF((2),(2)),⊕).

X

(WF(τ,τ ′), R
n
g , (xj)j≥1)

S̃n R
n
g λj xj

1 ≤ j ≤ n X̃k bk ∈ WF(τ,τ ′) R
n
g (xj , b1, . . . , bn)

b1, . . . , bn
τ R

n
g (xj , b1, . . . , bn) = Rn

g (xj , b1, . . . , bn) = bj
λj

xj j > n
b1, . . . , bn ∈ Wτ (X) R

n
g (xj , b1, . . . , bn) = Rn

g (xj , b1, . . . , bn) = xj

Ỹ a ∈ WF((τ),(τ ′)) λj

xj 1 ≤ k ≤ n R
n
g (a, x1, . . . , xn) ≈ a

R
n
g (a, x1, . . . , xn) = Rn

g (a, x1, . . . , xn). a
τ Rn

g (a, x1, . . . , xn) = Sn
g (a, x1, . . . , xn) = a a

a s ≈ t Rn
g (s ≈ t, x1, . . . , xn) =

Sn
g (s, x1, . . . , xn) ≈ Sn

g (t, x1, . . . , xn) = s ≈ t a γj(t1, . . . , tnj )
Rn

g (γj(t1, . . . , tnj ), x1, . . . , xn) = γj(Sn
g (t1, x1, . . . , xn), . . . , Sn

g (tnj , x1, . . . , xn)) = γj(t1, . . . , tnj ).
a C4 Rn

g (¬a, x1, . . . , xn) =
¬Rn

g (a, x1, . . . , xn) = ¬a Rn
g (∃xi(a), x1, . . . , xn) = ∃xi(Rn

g (a, x1, . . . , xn)) = ∃xi(a)
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F1 F2 Rn
g (F1 ∨ F2, x1, . . . , xn) =

Rn
g (F1, x1, . . . , xn) ∨Rn

g (F2, x1, . . . , xn) = F1 ∨ F2.

τn

X T (X)
X n̄

{1, . . . , n} ≤ X = n̄ Tn T (X).

ODn = {α ∈ Tn | ∀k ∈ {1, . . . , n},α(k) ≤ k}
Tn

n τn = (n, . . . , n︸ ︷︷ ︸
|I|

) I

fi n i ∈ I

i ∈ I fi n α ∈ ODn

n τn
fi(xα(1), . . . , xα(n)) n τn
t1, . . . , tn n τn fi(t1, . . . , tn)
n τn

WODn
τn (Xn) n τn

τ3 = (3, 3, 3) f, g
h

f(x1, x1, x1), g(x1, x2, x3), h(x1, x2, x2) ∈ WOD3
τ3 (X3),

(
1 2 3
1 1 1

)
,

(
1 2 3
1 2 3

)
,

(
1 2 3
1 2 2

)
∈ OD3

g(f(x1, x1, x1), h(x1, x2, x2), g(x1, x2, x3)) ∈ WOD3
τ3 (X3).

f(x2, x3, x1), g(x1, x3, x2), f(x3, x3, x1), h(x2, x2, x2) /∈ WOD3
τ3 (X3),

(
1 2 3
2 3 1

)
,

(
1 2 3
1 3 2

)
,

(
1 2 3
3 3 1

)
,

(
1 2 3
2 2 2

)
/∈ OD3.

WODn
τn (Xn) n τn

Sn : (WODn
τn (Xn))

n+1 → WODn
τn (Xn)

Sn(fi(xα(1), . . . , xα(n)), t1, . . . , tn) := fi(tα(1), . . . , tα(n))
Sn(fi(s1, . . . , sn), t1, . . . , tn) := fi(Sn(s1, t1, . . . , tn), . . . , Sn(sn, t1, . . . , tn)).
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(WODn
τn (Xn), Sn)

τ ′m = (m, . . . ,m︸ ︷︷ ︸
|J|

)

j ∈ J (τn, τ ′m)
n,m ≥ 1

n ∈ N n
(τn, τ ′m)

s, t n τn s ≈ t
n (τn, τ ′m)
t1, . . . , tm n τn γj

τ ′m γj(t1, . . . , tm) n
(τn, τ ′m)

F n (τn, τ ′m) ¬F
n (τn, τ ′m)
F1 F2 n (τn, τ ′m)

F1 ∨ F2 n (τn, τ ′m)

FODn

(τn,τ ′
m)(W

ODn
τn (Xn)) (τn, τ ′m)

(τ4, τ ′3) = ((4, 4, 4, 4), (3, 3, 3))
f1, f2, f3, f4

γ1, γ2, γ3
t1 = f1(x1, x1, x1, x1), t2 = f2(x1, x1, x2, x2),
t3 = f4(x1, x2, x3, x4), t4 = f4(x1, x2, x1, x3),
t5 = f3(x1, x2, x2, x1), t6 = f2(x1, x1, x1, x2),
t7 = f1(x1, x2, x3, x3), t8 = f4(x1, x2, x2, x4)

WOD4
τ4 (X4)(
1 2 3 4
1 1 1 1

) (
1 2 3 4
1 1 2 2

) (
1 2 3 4
1 2 3 4

) (
1 2 3 4
1 2 1 3

)

(
1 2 3 4
1 2 2 1

) (
1 2 3 4
1 1 1 2

) (
1 2 3 4
1 2 3 3

) (
1 2 3 4
1 2 2 4

)

4̄

t1 ≈ t1, t3 ≈ t2, γ1(t4, t5, f3(t6, t7, t8, t1)) ∈ FOD4

(τ4,τ ′
3)
(WOD4

τ4 (X4)).

≈,¬ ∨

¬(t1 ≈ t1),¬(t2 ≈ t1),¬(γ3(t7, t6, t5)), (t4 ≈ t3) ∨ (t1 ≈ f4(t3, t6, t1, t2))

(t5 ≈ t7) ∨ ¬(t4 ≈ t2), (¬(γ3(t4, t1, t7)) ∨ (t7 ≈ t4)) ∨ γ2(t5, t6, t2).

m, n
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Rn : FODn

(τn,τ ′
m)(W

ODn
τn (Xn))× (WODn

τn (Xn))n → FODn

(τn,τ ′
m)(W

ODn
τn (Xn))

s, t ∈ WODn
τn (Xn) Rn(s ≈ t, s1, . . . , sn)

Sn(s, s1, . . . , sn) ≈ Sn(t, s1, . . . , sn).
t1, . . . , tm ∈ WODn

τn (Xn) Rn(γj(t1, . . . , tm), s1, . . . , sn)
γj(Sn(t1, s1, . . . , sn), . . . , Sn(tm, s1, . . . , sn)).

F ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn)) Rn(¬F, s1, . . . , sn)

¬Rn(F, s1, . . . , sn)
F1, F2 ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn)) Rn(F1 ∨ F2, s1, . . . , sn)

Rn(F1, s1, . . . , sn) ∨Rn(F2, s1, . . . , sn)

(τ3, τ ′3) = ((3, 3, 3), (3, 3, 3))
h1, h2, h3 η1, η2, η3

R3 : FOD3

(τ3,τ ′
3)
(WOD3

τ3 (X3))× (WOD3
τ3 (X3))

3 → FOD3

(τ3,τ ′
3)
(WOD3

τ3 (X3))

s1 = h1(xγ(1), xγ(2), xγ(3)), s2 =
h2(xκ(1), xκ(2), xκ(3)) s3 = h3(s2, s1, s1) WOD3

τ3 (X3) γ κ

OD3 γ =

(
1 2 3
1 2 2

)
κ =

(
1 2 3
1 1 3

)

s ≈ t g1(x1, x1, x1) ≈ g2(x1, x2, x2) R3(g1(x1, x1, x1) ≈
g2(x1, x2, x2), s1, s2, s3) S3(g1(x1, x1, x1), s1, s2, s3) ≈
S3(g2(x1, x2, x2), s1, s2, s3) S3

g1(s1, s1, s1) ≈ g2(s1, s2, s2).

η3(s3, s2, s1) FOD3

(τ3,τ ′
3)
(WOD3

τ3 (X3))

R3(η3(s3, s2, s1), s1, s2, s3) S3

η3(S
3(s3, s1, s2, s3), S

3(s2, s1, s2, s3), S
3(s1, s1, s2, s3)).

≈,¬ ∨
3̄

(WODn
τn (Xn),FODn

(τn,τ ′
m)(W

ODn
τn (Xn)), S

n, Rn)

(τn, τ ′m)
ODn(τn, τ ′m)

(τn, τ ′m)

ODn(τn, τ ′m)
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Z̃ F FODn

(τn,τ ′
m)(W

ODn
τn (Xn))

Ỹ1, . . . , Ỹn X̃1, . . . , X̃n

p1, . . . , pn, q1, . . . , qn F s ≈ t
Sn Rn(Rn(s ≈ t, p1, . . . , pn), q1, . . . , qn)

Sn(Sn(s, p1, . . . , pn), q1, . . . , qn) ≈ Sn(Sn(t, p1, . . . , pn), q1, . . . , qn)
Sn(s, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))
≈ Sn(t, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))
Rn(s ≈ t, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))

F γj(u1, . . . , um) u1, . . . , um ∈
WODn

τn (Xn)
Rn(Rn(γj(u1, . . . , um), p1, . . . , pn), q1, . . . , qn)

Rn(γj(Sn(u1, p1, . . . , pn), . . . , Sn(um, p1, . . . , pn)), q1, . . . , qn)
γj(Sn(u1, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn)), . . . ,
Sn(um, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn)))
Rn(γj(u1, . . . , um), Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))

F

Rn(Rn(¬F, p1, . . . , pn), q1, . . . , qn)
Rn(¬Rn(F, p1, . . . , pn), q1, . . . , qn)
¬Rn(Rn(F, p1, . . . , pn), q1, . . . , qn)
¬Rn(F, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))
Rn(¬F, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))

F1 F2

Rn(Rn(F1 ∨ F2, p1, . . . , pn), q1, . . . , qn)
Rn(Rn(F1, p1, . . . , pn), q1, . . . , qn) ∨Rn(Rn(F2, p1, . . . , pn), q1, . . . , qn)
Rn(F1, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))
∨Rn(F2, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))
Rn(F1 ∨ F2, Sn(p1, q1, . . . , qn), . . . , Sn(pn, q1, . . . , qn))

ODn(τn, τ ′m)
β ∈ ODn

t ∈ WODn
τn (Xn) β ∈ ODn t β

tβ := fi(xβ(α(1)), . . . , xβ(α(n))) t = fi(xα(1), . . . , xα(n))
tβ := fi((t1)β , . . . , (tn)β) t = fi(t1, . . . , tn)

β ∈ WODn
τn (Xn) tβ n

τn t

t ∈ WODn
τn (Xn),β, γ ∈ ODn.

tγ◦β = (tβ)γ .

F (τn, τ ′m)
β ∈ ODn Fβ

F s ≈ t Fβ = (s ≈ t)β := sβ ≈ tβ
F γj(t1, . . . , tm) Fβ = (γj(t1, . . . , tm))β := γj((t1)β , . . . , (tm)β)

(¬F )β = ¬(Fβ) Fβ

(F1 ∨ F2)β = (F1)β ∨ (F2)β (F1)β , (F2)β
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β =

(
1 2 3 4
1 2 2 4

)
∈ OD4

(t3 ≈ t5)β

(f4(x1, x2, x3, x4) ≈ f3(x1, x2, x2, x1))β

f4(x1, x2, x3, x4)β ≈ f3(x1, x2, x2, x1)β

f4(x1, x2, x2, x4) ≈ f3(x1, x2, x2, x1) ∈ FOD4

(τ4,τ ′
3)
(WOD4

τ4 (X4)).

γ2(t4, t6, t8) ∈ FOD4

(τ4,τ ′
3)
(WOD4

τ4 (X4)) γ2(t4, t6, t8)β

γ2(f4(x1, x2, x1, x3)β , f2(x1, x1, x1, x2)β , f4(x1, x2, x2, x4)β),

γ2(f4(x1, x2, x1, x2), f2(x1, x1, x1, x2), f4(x1, x2, x2, x4)).

F ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn))

ODn

F FODn

(τn,τ ′
m)(W

ODn
τn (Xn))

Fγ◦β = (Fβ)γ

γ,β ∈ ODn.

F ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn)) F

s ≈ t

Fγ◦β = (s ≈ t)γ◦β = sγ◦β ≈ tγ◦β = (sβ)γ ≈ (tβ)γ = (sβ ≈ tβ)γ = ((s ≈ t)β)γ = (Fβ)γ .

F γj(s1, . . . , sm) s1, . . . , sm ∈ WODn
τn (Xn) (sk)γ◦β =

((sk)β)γ 1 ≤ k ≤ n

Fγ◦β γj(s1, . . . , sm)γ◦β
γj((s1)γ◦β , . . . , (sm)γ◦β)
γj(((s1)β)γ , . . . , ((sm)β)γ)
(γj((s1)β , . . . , (sm)β))γ
(γj(s1, . . . , sm)β)γ
(Fβ)γ

F Fγ◦β = (Fβ)γ

(¬F )γ◦β = ¬(Fγ◦β) = ¬((Fβ)γ) = ¬(Fβ)γ = (¬Fβ)γ .

F1 F2 (F1 ∨ F2)γ◦β = (F1)γ◦β ∨
(F2)γ◦β = ((F1)β)γ ∨ ((F2)β)γ = ((F1)β ∨ (F2)β)γ = ((F1 ∨ F2)β)γ
Fγ◦β = (Fβ)γ F ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn))

ODn(τn, τ ′m)

Rn(Fβ , s1, . . . , sn) = Rn(F, sβ(1), . . . , sβ(n)) = Rn(F, s1, . . . , sn)β

F ∈ FODn

(τn,τ ′
m)(W

ODn
τn (Xn)) s1, . . . , sn ∈ WODn

τn (Xn)
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(WF(τ,τ ′),⊕)
ODn(τn, τ ′m)

n

k

S(n̄i, Yi)

K∗(n, r)
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n
k n

v

((n); (m))

((n), (m))

(τ2, 2)

(2; 2)
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